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Chapter 1

Introduction and Motivation

The continuity equation, also known as transport equation, advection equation or con-
servation of mass formula, is one of the vital equations in mathematical physics. It is
the basic equation of fluid mechanics and appears in its direct form e.g. in the Vlasov
equation and as part of the Navier-Stokes equations. It also describes the flow of the
position density of the Schrodinger equation.

In this thesis we want to present a possibility to use this equation for the numerical
computation of the solution of the partial differential equation (PDE) it “originates
from”. The class of equations we are going to treat is given in the following definition

and our presentation will be using the Schrodinger equation as the showcase PDE.

Definition 1.1 (evolutionary PDE with underlying continuity equation).
Let 1 < p < co. We will call a partial differential equation (PDE) of the form

Oy = Fi(y), Yo = Yin, (1.0.1)

with right hand side Fy: LP(R%, K) — LP(R%, K) an evolutionary PDE with underlying

continuity equation, if

e it has a unique solution (¢4);er € C! (R, LP N C*(R%, K) \ {0}) for each ¢y, €
LP N C>(R%,K) \ {0},

p
e the corresponding probability density p; = HLZZ)']’L fulfills the continuity equation
tilp

for some current (j)ier € C* (R, L' N C>°(RY, RY)).



1. INTRODUCTION AND MOTIVATION

Numerical methods for many of the mentioned PDEs face at least some of the

following challenges:

(1) high dimensions,

(2) unbounded domains (e.g. Q = R%),
(3) structure preservation,

(4) high oscillations.

We will mainly address the first two difficulties, while (3) and (4) will be treated
only in the case of the Schrodinger equation.

(1) and (2) make it impossible to discretize the whole domain and much effort
has been spent in order to filter out the “significant part”, which we will call region
of interest, for a proper discretization. In the case of the Schrodinger equation, this
was often realized by the use of so-called semiclassical methods, which, in the most
simple example, transport the region of interest via classical trajectories. In [Hel81],
Heller presents such a method, which chooses the approximant from a linear span of
Gaussian functions, the centers of which are initially chosen in the region of interest
and propagated classically. For more sophisticated methods, see e.g. [Lub0§] for an
overview or [Fao09] for a special example.

Semiclassical methods reach their limits, if the behavior of the quantum mechan-
ical system differs significantly from the classical one. In these situations, classical
trajectories can leave the region of interest after a short period of time.

It is surprising that only few approaches make use of the density p; = [¢¢|? to
determine the region of interest. One of these methods was presented by Kormann and
Larsson in [Korl2], who modified Heller’s approach by adapting the region of interest
and setting the centers of the Gaussian basis functions manually. However, this appears
to be a difficult choice to make. Therefore, they decide on equidistant centers and equal
widths for all Gaussians, though the method itself allows for more general settings.

Our work can be seen as an automation and generalization of their algorithm. We
explain why equidistant centers, equal widths and radial symmetry are poor choices.
Instead, the presented method selects suitable centers and covariance matrices and
adapts them in time and space automatically. The trouble of choosing a proper region

of interest is avoided.



We also choose the approximant from a linear span of Gaussian functions. In order
to place the centers of the basis functions in the region of interest, we exploit the
density function p; in the following way: the higher it gets (in some region), the finer
we discretize (the more basis functions we put in this region). This way, only the
relevant part of R? is discretized.

This formulation of the idea might not sound much different to the previous one,
however, we hope that the reader will find its realization elegant:

Roughly speaking, instead of manually checking the values of p; and adapting the
basis functions at each time step, we use of a transport map from Py, to P, to deter-
mine the centers (see Sections orfor details). The Jacobian of said transport map
yields proper covariance matrices for the Gaussian basis functions, see the discussion
in Section

The adaptation in time happens automatically by solving properly chosen ordi-
nary differential equations (ODEs) for the centers and the covariance matrices, which
originate from the evolution of the transport map. For this purpose, it is crucial to un-
derstand the connection between the continuity equation and its characteristic ODEs,
see Section In the case of the Schrodinger equation, the resulting propagation of
the centers happens along Bohmian trajectories.

The propagation of the coefficients (the approximant is a linear combination of the
basis functions) does not lie in the focus of our discussion. We will use the Galerkin
approximation associated with the constructed manifold, which in the case of the
Schrédinger equation is referred to as Dirac-Frenkel variational principle and provides

strong error estimates. It is explained in detail in Section

The thesis is structured as follows:

In Chapter [2| we will introduce the main ideas of and some theory on the continuity
equation, its probabilistic viewpoint and its connection to transport maps (Section.
We also present a new method of applying the continuity equation to the construction of
transport maps and sampling points (Section . This is followed by an introduction
to the Schrédinger equation and its numerical treatment (Sections and , with
special focus on the Bohmian interpretation of quantum mechanics. In this context, we
also illustrate the concept of phase space by explaining the ideas behind the Fourier,

FBI and Wigner transforms and their connection (Section [2.6). In Section we
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study a generalization to the concept of convolutions required for the choice of a suited
approximation space, while Section [2.8.2| provides us with the proper tool to analyze
its approximation properties.

Chapter [3| starts with a motivational outline of how to construct a reasonable ap-
proximation space in arbitrary dimensions (Section. Once the approximation space
is chosen, the resulting algorithm to solve a PDE with underlying continuity equation
is determined and written down in detail in Section Section [3.3| presents a rigorous
error analysis of the constructed approximation space.

In Chapter [4] the algorithm is finally applied to the Schrodinger equation with two
different potentials, followed by a short conclusion of our results in Chapter

Appendix [A] demonstrates some connections between quantum mechanics in phase
space and Bohmian mechanics, while Appendix [B]aims to analyze a new type of phase
space transforms, which generalize the FBI transform and emerged from a collaboration

with my colleagues Johannes Keller and Stephanie Troppmann.



Chapter 2

Basics and Notation

2.1 Probability Theory and Transport Maps

We will start by introducing some standard notation from probability theory.

Definition 2.1 (probability space, uniform distribution). A set  with a o-algebra
B C 2% is called measurable space (Q,B). If it is further equipped with a probability
measure P: B — [0, 1], it is called a probability space (€2, B,P).

If Q C R? (d € Ny is the dimension), we will always assume that the o-algebra is
the Borel o-algebra B(£2) on €. In this case and if the probability measure P is given
by a probability density function p € L'(Q,Rxo), lpllLi) = 1, we will denote it by
P,:

P,(B) = / p(x)dx for all B e B(Q).
B

P, for p=1o0n Q = (0, 1)¢ will be called the uniform distribution and denoted by Pyy;.

Definition 2.2 (random variable, pushforward measure, transport map, expectation
value, variance, standard deviation).

Let (Q1,B1,P) be a probability space, (€22, B2) a measurable space and X: Q; — Q9
a measurable map (i.e. X~1(B) € By for all B € By). Then X induces a probability

measure on (€9, By) via
Px(B) :=P (X (B)) for all B € By
and we call
e X an o-valued random wvariable on €y,

o Px the probability distribution of X and X Px-distributed,
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Px the pushforward measure of P (by X): Px = Xy4P,

X a transport map from P to Py,

Ep(X) := X dP the expectation value of X, if X is real-valued,
951

o Vp(X) :=Ep ([X — Ep(X)F) the variance of X,

e op(X) :=+/Vp(X) the standard deviation of X.

We will use the notations Ep, Vp and op, if X = Id, and E,(X), V,(X) and 0,(X),
if P is given by the probability density p. When talking about the distribution Px of
a random variable X : Q; — g, the domain (21, B1,P) is often omitted and only the

codomain (g, B2, Px) is mentioned.

Let us state two simple properties of transport maps:

Lemma 2.3. Let (21, B1,P1), (Q2, B2, P2), (23, B3, P3) be probability spaces and X : €
Qs, Y: Qo — Qg be transport maps from P; to Py, from Py to P3 respectively, i.e.
X#Pl = PQ, Y#PQ = Pg. Then:

(i) Y o X is a transport map from P; to Ps.
(ii) If X is a bijection, then X ! is a transport map from Py to PP;.
Proof. (i) For all B € B we have:

Pyox(B) =P (X1 (Y7H(B)) = XyP (Y 1(B))
=Po(Y (B)) = Y4P2(B) = P3(B).

(ii) For all B € By we have:
X5'Pa(B) = Po(X(B)) = X4P1(X(B)) = Py(B).
O

We are going to use transport maps to generate P-distributed points for a given
probability measure P. Before elaborating this issue, let us first specify the term “IP-
distributed points”. Following our definition (see below), this formulation can refer to
Monte Carlo points (i.e. independent realizations of a P-distributed random variable),
quasi-Monte Carlo points or just equidistant points in (0,1)¢, if P = Py,;. What all

these sets of points have in common is characterized by the following definition.
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Definition 2.4 (distribution of point sequences). Let 2 C R? be a domain and P be a

probability measure on ). A sequence of finite point sequences ((ng)’ .. ,:I:E\J,V))) Ve
€

in Q, often laxly denoted by the sequence (x1,...,xx) or even by the points z1,...,zxy,

will be called P-distributed, if for each B € B(2)

lim — =P(B).
Ngnoo Z XB ( )

Remark 2.5. In the case of the points z; € Q2 C R? being independent realizations of
a Px-distributed random variable X : (1, B1,P) — (Qq, B2), the convergence has to be

understood in an “almost surely” sense and can be proven by the law of large numbers:

NIEHOONZXB (M) —E(ypoX)=1-P(X € B)+0-P(X ¢ B) = Px(B).
In this case (Monte Carlo points) and the one of quasi-Monte Carlo points, one can
give convergence rates, which are, roughly speaking, O(N -1/ 2) in the Monte Carlo case
(again in an “almost surely” sense) and O(log(N)?N~1) in the quasi-Monte Carlo case,
see e.g. [Nie92 Theorems 1.1, 2.11 and 3.8]. For point sequences with even higher order
of convergence, see [Dicl0]. Equidistant points have a convergence rate of O(N~/%),
which is known as the “curse of dimensionality”, since the number of points needed to

reach a certain precision grows exponentially with the dimension.

Example 2.6. Equidistant points in (0,1)¢ given by

2% — 1 2%y — 1\ 7T
{yl)vyN}:{< ! yeeey >

o o kje{1,...,n} Vj}, (2.1.1)

where n € N and N = nd, are P, ,i-distributed.

Proof. We only have to consider sets of the form B = (0,a;1] x - -+ x (0, aq], since they

form a generator of the Borel o-algebra on (0,1)?, which is closed with respect to

intersections.
N
1 2ky — 1 2ky — 1
Fowm g 3 Thow (357) ~112 3 v (57)
Jj=1 kq=1£=1 =1 k@ 1
41 2%y — 1 41 2nay + 1
:H— ke : ¢ < ay :Hf k:g:k:g§#
n 2n n 2
/=1 /=1
d d
12 1 n—00
=1I- {"angJ 22 T ag = Puwi(B).
n

(=1
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Let us return to the issue of generating P-distributed points for a given probabil-
ity measure IP. Naturally, transport maps X from Py to P, can be used to transform
P,-distributed points into Py-distributed, which is the statement of the following propo-

sition.

Proposition 2.7. Let Q1,09 C Rd, P be a probability measure on 24, X: Q1 — Qs a
(Borel-) measurable map and 1, ..., 2y P-distributed points in €.
Then X(x1),...,X(zy) are Px-distributed points in 5.

Proof. For each B € B(€2) we have:

N

N
. 1 . 1 -1
Jim = > Xz (X (7)) = ngr;onilxm—l(B)] (zj) =P (X~H(B)) =Px(B).

J

O]

The natural question arising here is, of course, how to construct a transport map
from P; to Py, once the probability measures are giverﬂ

We will always assume that we are able to produce Py;-distributed points (e.g. by
choosing equidistant points as in ), therefore and in view of Proposition we
are mostly interested in a transport map from Py,; to P and, if it is bijective, in its

inverse. Let us give a characterization of this kind of transport maps:

Lemma 2.8. Let O C R? be a domain, p € C(f2) be a probability density function
and R € C! (Q, (0, l)d) be a C'-diffeomorphism. Then R is a transport map from P,
to Pyp; if and only if |det DR| = p.

Proof. By the transformation formula we obtain for each B € B(Q):
Puni(B) = / ldy = / |det DR(z))| dz and
B R-1(B)
RyENB) =B, (RB) = [ plo)as
R=1(B)

Therefore the continuity of p and DR implies that the equality Pun = R4P,(B) holds
if and only if p = | det DR]. O

!One could also ask for an “optimal” transport map from P; to P, where optimality is usually
defined by the minimization of a cost functional, e.g. ¢(X) = le | X (z) — x|*dP1(x). This is the

standard question of Optimal Transport, see e.g. [Vil08], which will not concern us here.
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This lemma already answers the question as to how to produce P,-distributed points

in one dimension:

Corollary 2.9. Let p € C ((a,b),Rsg) be a probability density function (—co < a <
b < o0) and R: (a,b) — (0,1) its cumulative distribution function. Then R is a C*-

diffeomorphism and R~ is a transport map from Pyy,; to P,.

Proof. Since p is positive and continuous, R is a C'-diffeomorphism. Lemma and

Lemma yield the transport map property of R, 0
1
P
. &

L i
0.8 e Y
0.6 TN i

/| N
X / N\

o4l / \ :

0.2 A \ / \ i

Pl N——"
0 — e S~
! T haid ! | | |
-1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

Figure 2.1: The inverse of the cumulative distribution function R of p is a transport map
from Pypi to P,. Therefore the points z; = R™!(y;) are P,-distributed, if the points y; are
Puni-distributed (here equidistant in (0,1)).

Constructing transport maps from P; to P2 in higher dimensions is a much harder
task, since finding an “anti-derivative” R of p with |det DR| = p is complicated, and
will be treated in a special case in Section We will use the continuity equation as
a technique for the construction. The continuity equation is crucial for this thesis and

will be dealt with in the following chapter.

2.2 The Continuity Equation

The continuity equation is probably the most essential tool in this thesis, since a lot of

theoretical and practical results are based on it. We will use it to

e explain and formalize Bohmian Mechanics (see Section [2.4)),
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e derive the theory of quasi-Bohmian trajectories (see Section and Definition

E50).

e build up the initial set of Py-distributed points x;0, j = 1,..., N, by constructing
a transport map Ry L from Py to Py (see Section ,

e propagate P;-distributed points x;, the transport map R; and its Jacobian D, R;

in time (see Proposition Proposition and Corollary below).

The continuity equation describes the continuous flow of a conserved quantity along a
velocity field v; in terms of its density function p;, such as a liquid flowing in a stream
of water, electrical charge moving in an electrical field or the probability distribution
describing the position of one or more objects. The third example is the one which
will be crucial for us; therefore, we will choose it in order to present the ideas of the
continuity equation, for which we will discuss two possible points of view:

The first starts with an initial random variable Xj, € R? describing the (collective)
position of objects (most often d = 3n, where n is the number of objects), which is
P, -distributed, pi, : R? — R>(o being a probability density function. Assume that
the movement of these objects is governed by a well-known (possibly time-dependent)

velocity field v, : R — R, i.e. we consider the initial value problem
Xt = Ut(Xt) s X() = Xin (221)

(since Xj, is a random variable, all X; also become random variables).
In this case, the probability density function p; of X; will be governed by the continuity
equation

Oipr = —div(pv) 5, po = pins (2.2.2)

i.e. the continuity equation tells us how the probability density will evolve in time. The
vector field

Jt 1= prug: R? — RY

is referred to as current, fluz, current density or flux density and describes the direction
and amount of the quantity which flows through a unit area perpendicular to the
direction of the current per time unit.

The second point of view starts with a time-dependent probability density function
pr : RY — R>p, which fulfills an equation of the form for some velocity field

10
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v : R4 — R?. Let us consider a P,,,-distributed random variable Xj,, which we want
to evolve in such a way that it stays IP,,-distributed for all times ¢. Then choosing it
as the solution of is one correct possibility, since it will guarantee that X; stays
P,,-distributed.

Remark 2.10. While in the first case the resulting continuity equation is given uniquely,
the choice for v; in usually is not. Consider for example a radially symmet-
ric and time-independent probability density p; = po : R? — Rsq, e.g. pi(z) =
cos(t) —sin(t)

_ x yield a
sin(t)  cos(t)

72 exp (—|2|?). Then both choices v; = 0 and ¥ (z) = (
P,,-distributed X;.

The connection between the ordinary differential equation (2.2.1]) and the partial differ-
ential equation (2.2.2)) described above has been treated in high generality by, among
others, Ambrosio, DiPerna and Lions (see e.g. [Amb08a), [Amb04], [DiP89]), who treat

the continuity equation

d
P = —dv(Pw),  Pu=Py, () €[0,T] RY, (2.2.3)

in the distributional sense, i.e.

d
— pdP; = / vl Vi dP for any test function ¢ € C’é’o(Rd).
dt Rd R4

We choose to quote the following result:

Proposition 2.11. Let " > 0 and (®¢).cpo1) : R?Y — R? be the flow of the ODE

(2.2.1), where
v=()epm € L' ([0,7), =R, RY)).

Then for any initial probability distribution P;, the continuity equation (2.2.3)) has the

unique solution

Py = @4 4Py, ie. / pdP; = / ©(®y(2)) dPiy(z)  for any ¢ € C°(RY).
Rd R4
In other words, ®; transports Py, to P;.

Proof. See e.g. [Amb08al Proposition 2.1]. O

11
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In some of our applications of the continuity equation we will not have the bound-

edness of vy € L and even the weaker assumption (see also [Amb08a])

[[o]]
1+ |z

ve Ll ([O,T],Wl"x’(Rd,Rd)) ,

loc

el ([o, 1], LOO(Rd))

can not be guaranteed.

Therefore we state another result, which relies only on v; being locally Lipschitz.
However, it assumes that P, solves the continuity equation and concludes “only”
the transport property of the ODE:

Proposition 2.12. Let (Pt).c(o,r) be a continuous (in the weak sense) family of Borel
probability measures solving the continuity equation (2.2.3)) with respect to the family

of Borel vector fields (v;)yc[o,7], which satisfies the following conditions:
T
Q) / (o (2)| dPy () dt < oo,
0 JRrd

T
(i) / (sup |vg| + Lip(vy, B)> dt < oo for every compact B C RY, where Lip(v;, B)
0 B

denotes the (minimal) Lipschitz constant of v; in B.

Then Pp-almost every X, € R? the ordinary differential equation (2.2.1) has a unique
solution (X¢)ejo,7) and its flow ®; transports Pg to IP; for each ¢ € [0, 7.

Proof. See [Amb08bl, Proposition 8.1.8] O

Remark 2.13. If the probability measures P’y = IP,, are given by a family of probability
density functions (p¢)ieor) € CH (R4, Rx) and the velocity field fulfills (v¢)iepo7] €
CHR'™4 RY), the condition (ii) in the above proposition is always fulfilled as well as

the continuity of (P;);c(o,77- Condition (i) can then be replaced by
pivy € L (RY, RY) for each t € [0, 7.

Further, if the assumptions are fulfilled for every T' € R, the result can be extended
from the interval [0, 7] to all of R.

Another version of this result, which is tailored to the theory of Bohmian mechan-
ics, was proven by Teufel and Tumulka [Teu05] and shows the existence of Bohmian

trajectories (we present a slightly weaker version):

12
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Theorem 2.14. Let (p;)icr be a time-dependent probability density which solves the
continuity equation (2.2.2)) for a velocity field v;, such that

J = (pt, prve)eer € C! (RHd,RHd) .

For Xi, = x € R4\ N, where NV; := {x € R? | p;(z) = 0}, there exists a maximal

solution
(@e(2))e(ry ity = Xtdre(ry oy
of (2.2.1) and we set for t € R:

Qy(x) if te(ry,7)
(I)t: Rd N Rdu {<>}’ q)t(l') — t( ) ( T )
& otherwise.

If for every T'> 0 and r > 0

T
/ / ’pt(x) divvt(x)) + ‘pt(fv)vt(x)Ti‘dxdt < 00,
0 JeuBO)N\0) 2]

then for P, -almost every Xi, € R? the ordinary differential equation (2.2.1)) has a
unique solution (X¢)yec[0,00) and the flow ®; transports Py, to P, for each ¢ > 0:

IPPt - q)t#]P)po-
Proof. See [Teu05, Theorem 1]. O

Corollary 2.15. Let (p;)ter, (v¢)ier and (®;)icr fulfill the assumptions of Proposition
and Remark (or alternatively of Theorem [2.14]). Further, let (2, B,[P) be a
probability space and Yy € C! (Q, Rd) be a transport map from P to P,,. Then

(i) Y; := ®; oY) is a transport map from P to P,,,
(ii) its Jacobian ¥, = D,Y; solves the variational equation

0V (z) = Dyve(Ye(x)) - We(x).

Proof. (i) is a straightforward application of Lemma [2.3|to the results of Proposition
2.12| (or alternatively Theorem [2.14]).

(i) The differentiability of Y; is guaranteed by Yy € C* and ®; € C! (the latter follows

from v; € C'). A simple computation shows:

0 D,Y; = Dasat(q)t © Yb) =D, (Ut o Y;‘/) = [(vat) © }/t] - DY,

13
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Corollary though simple to prove, gives us the possibility to find transport
maps Y; to P,, for each ¢t > 0, once we have found a transport map Yy to Py, by
just solving the ordinary differential equation [2.2.1] In other words, we can produce

IP,,-distributed points from PP, -distributed points (based on Proposition [2.7)!

The last question left is the existence of the initial transport map Yy and how to
construct such a transport map numerically, which leads us to the next section. Sur-

prisingly, the continuity equation will play an important role once again.

2.3 Existence and Construction of Transport Maps

In this section we will address the existence of transport maps and construct a transport
map in a special case. Both issues make use of the continuity equation in the following

way:

(1) Assume we want to construct a transport map from P, and P, , where pin, pan €
L'(R%) are probability densities. Choose a time-dependent probability density
(Pt)iefo,1]> With po = pin and p1 = pn. The obvious choice, but by far not the only

interesting one (especially for numerical computations) is
Pt = (1 - t)pin + pfin-

(2) The next step (which is the difficult one) is to find a (possibly time-dependent)

velocity field (v).e(o,1], such that (p¢)ejo,1] solves the continuity equation
8tpt = — diV(pt’Ut),
in the upper case — div(pwvr) = Opt = Pein — Pin-

(3) By Proposition the flow (®¢).¢(0,1) of the ordinary differential equation #; =
v¢(z¢) is a transport map from P,, to P,,. In particular, ®;—; transports P, to
P

Pfin "

Let us start with a result on the existence, the idea of which was first presented
by Moser in [Mos65] for compact manifolds. Roughly speaking, he follows the above
steps and shows the existence of (v¢);ejo1]- For a summary see e.g. [Vil08, Appendix
to Chapter 1]). It was later generalized to non-compact manifolds by Greene and

Shiohama.
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2.3 Existence and Construction of Transport Maps

Lemma 2.16. Let p1,po € C ((O, l)d,R>o) be two positive probability density func-
tions. Then there exists a transport map X € C* ((0,1)4,(0,1)?) from P, to P,,.

Proof. Since p; and po are probability densities,
p1(B) < o0 and p2(B) < 0o
for all B € B ((0,1)%). The claim follows from [Gre79, Theorem 1]. O

Proposition 2.17. Let p € C®°(R% R+() be a positive probability density function.
Then there exists a transport map R € C* (]Rd, (0, 1)d) from P, to Pyp;.

Proof. We will prove this result by first pushing forward P, to a proper probability
measure P; on (0,1)% and then apply the upper lemma.

Consider a Gaussian density g(z) = 7~ 1/2 e~*" in one dimension and its cumulative
distribution function G(z) = § (1 + erf(z)). Then

X;: R — (0, 1)d, Xi(z) == (G(x1),...,G(xq))

is a C°°-diffeomorphism and a transport map from P, to P;, where

P

7 ox!
[det DyXy| ~ 17

p=

since the transformation formula implies for all A € B ((0, l)d)

1% —1 p(ﬂl‘)
P ox dy = P det DX (x
/A<|dethX1| 1 >(y) y /Xll(A) \dethXl(x)]| 1(@)

= / p(x)dz.
X174

1

From |det D, X, (z)| = H?:l g(zj) = 7=42¢=1e* we deduce that j € C° ((0,1)%,R>0)
is a smooth and positive probability density, therefore there exists a transport map
Xo e O™ ((0, 1)<, (0, 1)d) from Pj; to Py by Lemma As a consequence,

Y = Xp0X; € C% (Rd, (0, 1)d)

is a transport map from P, to Py, by Lemma [2.3(i). O

Now let us discuss how to produce IP,-distributed points by constructing a transport

map from P,; to P,,.
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2. BASICS AND NOTATION

We will treat the special case of p being a weighted sum of normal distributions.
In the general case of p € S(R?), one would have to first approximate p by a weighted
sum of normal distributions and then apply our construction, which in this case would
only give an approximate transport map.

Let us start with an introductory example:

Example 2.18. Assume we are able to produce P,, -distributed points, where
pm(x) = p(.%‘) = (271')7‘1/2 e*|$|2/2

is the standard normal distribution, and our aim is to sample Py, -distributed points,

where

K

K
pfn(T) = Zwk plr — ay) with aj, € R, wy, > 0, Zwk =1, (2.3.1)
k=1 k=1

is a weighted sum of shifted standard normal distributions. Defining

K
Pyt = p(r — tay), pr = Z W Pkt and Vk,t = G,
k=1

it 15 easy to see that each pyi, k=1,...,K, solves a continuity equation:

div(prvi) (@) = vkt (@) Vore (@) + pry(a) div oy (@) = 2, Vp(x — tag) = —0ipr(2).
—_———

=divzi=0

By linearity of the derivatives 0, and div, the probability density p; solves the continuity

equation
K K K
Oipr = wpOppy = — Y _wpdiv(prgong) = —divie  for  jii= Y Wepksvks
k=1 k=1 k=1

By Proposition [2.13, the flow ®; corresponding to the velocity field

. K
vy = Jt Zkzl WE Pkt Ok
t - = 3

K
Pt Yy WhPkt
is a transport map from P, to P,, for each t. In particular, ®;—1 is a transport map

from Py, to Py .

A straightforward generalization of the upper ideas is given in the following propo-

sition:

16



2.3 Existence and Construction of Transport Maps

b > J L I 01

L o po-distributed points xy b | e pi-distributed points xy

{4
Lt

Trajectories xj ¢

Figure 2.2: P, -distributed points are transported to P, -distributed points by solving

proper initial value problems.
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2. BASICS AND NOTATION

Proposition 2.19. Let (pgt)icjo,1), ¥ = 1,..., K, be time-dependent probability den-

sity functions, which fulfill the continuity equations

Orprt = — div(pg vpe) = — div jiy, Pk,0 = Pin,

where the initial density p;, coincides for all k =1,..., K. Then

N K
Pt = Z Wk Pkt where the weights wg > 0 fulfill Z wi = 1,
k=1 k=1

solves the continuity equation

K
Oipr=—divj,  po=pm,  for =Y wpjks
k=1

Proof. As in the upper example, this is a consequence of the linearity of differentiation:

K K
Oipr =Y w Oupry = — Y wi div(jr,) = —div ji.
k=1 k=1

Corollary 2.20. In the situation of Proposition if p; and

. K .
It Zk:l Wk Jk,t
Ut = — =K

Pt Zk:1 WPkt

fulfill the assumptions of Proposition the flow (®;):cr corresponding to the ordi-
nary differential equation
.j?t = Ut(CUt) (232)

is a transport map from P,, to P,, for each t € [0, 1].

We would like to give another application of the upper Proposition and Corollary,
which is slightly more general than the previous example and is based on the following

lemma:

Lemma 2.21. Let X : (Q,B,P) — R? be an N/(0,Id)-distributed random variable,
a € R? and B € R¥? an invertible matrix. Then Y = a + BX is an N(a, BBT)-

distributed random variable. In other words, z + a + Bx is a transport map from

N(0,1d) to N (a, BBT).

18



2.3 Existence and Construction of Transport Maps

Proof. For all A € B(R?) the transformation y = a + Bz yields:

P(YeA) =P (X eB ' (A-a))

= (27r)_d/2/ e~ *1/2 4y
B—1(A—a)
1
= (212 det(B) ! [ exp [—2@ —a)TBTB T (y - a)] y,
A
i.e. Py is given by the probability density function
1
plu) = (2m) P det (BB exp |3y~ (BB - )|

O

Example 2.22. Again, we assume that we are able to produce P, -distributed points,
where

pin(z) = p(x) 1= (27T)_d/2 e~ lzl?/2

is the standard normal distribution, and our aim is to sample Py, -distributed points,

where ppr, is a weighted sum of shifted (not necessarily standard) normal distributions,

K
1
pfin(x) = (2m) "2 Zwk | det By| ™! exp —i(x —ap)"(BeB) Yz —ax)|, (2.3.3)
k=1

where ay € R, wy, > 0, Zle wr = 1 and BkBg is the Cholesky decomposition of the
k-th covariance matriz. For K =1 (or alternatively for each k = 1,..., K separately)

Lemma (together with Proposition and Corollary tells us how to get
Py, -distributed points . For each k =1,..., K we have:

o The solution of the initial value problem

T = vm(a:t), vm(x) =ar + (Bk — Id).’L‘o, xo = Xin

s given by
xy = xo + tag + (B — Id)zg] = tag + [tBr + (1 — t)1d]zo.

o If Xy isP,, = N(0,1d)-distributed, then x; is Py, = N (tag, BMB; ;) -distributed
by Lemma where By, :=tBy, + (1 —t)Id and

_ _ 1 _
pre(x) = (2m) 2| det By~ exp *5(1“ — tay)"(By By ;) Yo —tay)| .
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2. BASICS AND NOTATION

e By Proposition the probability density (pit)icr has to be the solution of the
continuity equation
atplc,t = - diV(jk,t), Jkit = Pk,tVk,ts PEk,0 = Pin

and x1 15 py1-distributed. This can also be seen by direct computation instead of

using Lemma and Proposition[2.13

The case K > 1 follows by the same argumentation as in FExample or from Propo-

sition and Corollary [2-20;
Both imply that the probability density function

K
pr(x) = Z Wk Pkt
k=1

solves the continuity equation
K .
. Zk:1 WEJk,t
= S
Zk:1 Wk Pkt

By Proposition [2.13, the flow ®; corresponding to the initial value problem

Oipy = —div(pgvy)  for  wy

Ty = Ut(xt)a Lo = Tin,

is a transport map from P, = N(0,1d) to P,,. In particular, ®1—1 is a transport map

from Py, to Py .

Remark 2.23. So far, we have discussed how to transport N'(0,1d) to a weighted sum
of normal distributions. In order to (approximately) transport Pyyi-distributed points

to P,-distributed points for a given probability density p, we have to
(i) approximate p by a weighted sum of normal distributions pgy,
(ii) transport the Pyp;-distributed points to A(0, Id)-distributed points,

(iii) transport the N(0,Id)-distributed points to P, -distributed points by the upper

algorithm.
The second step (ii) can be performed by the transport map
Y:(0,1)% = RY, Yi(y) = V2erf 1 (2y; — 1), j=1,...,d

This follows from Corollary [2.9] and the fact that the standard normal distribution fac-
torizes. Alternatives are the Box-Muller method (see [Box58]) and comparable trans-

formations.
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2.3 Existence and Construction of Transport Maps

> J L I 01

L o po-distributed points xy b e pi-distributed points xy

Poo ¢

{4
Lt

,
.
(hosssmt

Trajectories xj ¢

A »&‘éﬁ"o;‘(

Figure 2.3: P, -distributed points are transported to P, -distributed points by solving

proper initial value problems.
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2. BASICS AND NOTATION

For our algorithm, we will not only need ®;—; for constructing P,-distributed points,
but also its Jacobian ¥;—; = D,®;—. The latter can be computed by solving a vari-
ational equation along with the ordinary differential equation , which is the
statement of the following proposition (this is basically a reformulation of Corollary

2.15).

Proposition 2.24. Let (®;)cr be the flow corresponding to the ordinary differential

equation
i’t = Ut (l’t) y

where v; € C! (Rd,Rd) is a velocity field. Then the propagation of the Jacobian

U, = D,®, is given by the variational equation
8t\11t = [(Dxfl)t) (e] CI)t] . \I’t, ‘1’0 = Ed.

Proof. &9 = Id implies ¥y = E;. The rest of the proof is analogous to the one of
Corollary (with Yp = Id). O

2.4 The Schrodinger Equation and Bohmian Mechanics

In quantum mechanics, the state of a d-dimensional physical system (often d = 3n,
where n is the number of considered particles) with potential V' € C1(RY,R) at time
t is described by the so-called wave function 1, € L*(R%, C), ||¢]|z2 = 1. The time

evolution of the wave function is given by the Schridinger equation
. 1
Oy =Hyy , H= _iA +V o, g =Y. (2.4.1)

The Schrodinger equation was introduced by Erwin Schrodinger in 1926 (see [Sch26])
in a time-independent version, i.e. in form of an eigenvalue problem.

The theory on the existence and uniqueness of solutions of relies on the
self-adjointness of the Hamiltonian H (see e.g. |Guslll Theorem 2.16]). However, not
all potentials V yield a self-adjoint Hamiltonian H. A discussion of this issue can be
found in [Ree75]. We will always assume that H is a self-adjoint operator on L?(R%).

Since a self-adjoint Hamiltonian implies a unitary propagation

Y= e "y,
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2.4 The Schrodinger Equation and Bohmian Mechanics

the L?-norm of the wave function is preserved in time, so the above criterion |||/ ;2 = 1

is meaningful. We will also assume that V' grows at most polynomially:
FeN3IC>0: V(z)<C+|z))* forall z € R

The probability density function p;(z) = |¢;(z)]? is usually interpreted as the posi-
tion density for the system to be found in state z € R? at time ¢ (and that is what we
mean by the above formulation “the state is described by the wave function”). This
interpretation dates back to a paper of Max Born, in which he introduced this so-called
Born rule in a footnote, see [Bor26], and can now be found in every textbook on quan-

tum mechanics.

In his famous papers from 1952 (see [Boh52al and [Boh52b]), David Bohm proposed an
alternative to the standard interpretation, the so-called Copenhagen interpretation of
quantum mechanics in terms of hidden variables, suggesting that the particles follow
deterministic trajectories, which are governed by the wave function. The randomness
described by the probability density p; originates only from our lack of knowledge on
the initial position of the particles.

In the resulting theory, which is usually referred to as Bohmian mechanicsﬂ or de
Broglie-Bohm theory, the system state, previously described only by the wave function
1y, is extended by the (collective) position of the particle(s) ¢; € R? (again d = 3n,
where n is the number of particles, is the most common case), which evolves in time in

the following way:

Gt = ve(qe , Ut =38
(@) (n

Since the initial position qq is afflicted by some uncertainty, so is the position ¢; at

o[vﬂ 0= i (2.4.2)

any time ¢ € R. Following the Born rule, ¢; may therefore be viewed as a IP,,-distributed
random variable. In order to guarantee that ¢; actually stays IP,,-distributed for all
times ¢t € R, the formula for the velocity field v; in had to be chosen in such a
way, that p; fulfills the corresponding continuity equation:

Proposition 2.25. The time-dependent probability density function p; = 1| solves

the continuity equation

Orp + div gy = 0, where j; = prog = S [1h, V] .

'For a beautiful presentation of Bohmian mechanics see e.g. [Dur09]
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2. BASICS AND NOTATION

Proof. By the Schrodinger equation (2.4.1)), we have
_ _ 1. - 1_ - 1 - 1 -
Orpt = Oyt e + Py Opthr = 27'A¢t e — ngt Yy — 27.1/% Ay + 2V¢t (o

(Ve DAYy — heAdpy) = —% div (¢ Vipy — Vi) = —divj; .

1

T2

O
Remark 2.26. In summary, if we choose o as a P,,-distributed random variable or
N P,,-distributed initial points g;o, j = 1,..., N, the resulting trajectories of
will stay IP,,-distributed for all ¢ > 0, as long as the assumptions of Theorem are
fulfilled (for a detailed discussion, see [Teu0f]). The trajectories (gj:) e are called
Bohmian trajectories.

This property is of high interest for the numerical treatment of the Schrodinger
equation, since the points g;; stay in the “region of interest” (the region where v, is
far from zero, the higher p; is in some region, the more points will be lying there) for
all time, see Figure

Figure 2.4: Bohmian trajectories stay |i;|>-distributed for all times t. The example
shown here is described by formula (4.1.1]).
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2.4 The Schrodinger Equation and Bohmian Mechanics

Remark 2.27. We will use further notations for the velocity field v;. Namely, under
the additional assumption that v;(z) # 0 for all z € R?, we obtain from rewriting
Yy = exp(T;) = Ryexp(S;) (Ry and S; being real-valued):
\Y%
v =S [J’t} = Q[VTy] = VS,
t

The Schrodinger equation can be reformulated to:

HRy =—3RAS, — VR]VS,,

(2.4.3)
S, =-3VSiP+ 2R -V,
T, = %(ATt +VIJVT,) —iV. (2.4.4)

Remark 2.28. Before Bohm’s publications of the equations for v¢, they were indepen-
dently discovered by Erwin Madelung in 1926 ([Mad27]) and Louis de Broglie in 1927.
However, they were not well received by the scientific community, which made them fall
into oblivion for over 20 years. Bohm revived, extended and stood up for this theory

and by now, though still lacking acceptance, it has has taken a more prominent role.

Let us say a few words about the theory of Madelung, who gave a hydrodynamic
formulation of quantum mechanics by considering PDEs for the pair (p; = R?, vy =

VS;), which provides a beautiful, self-consistent theory:

8tpt = - diV(PtUt),

1 A,/
;= —-VV =2V (yvtP + pt)
2 N
(the first equation is, of course, just the continuity equation). The flow along one

trajectory is given by the ODEs
i’t =Pt ‘= ’Ut(ZCt),

A
Dt = Opv(2¢) + Dyvg(wy) - \LUL =-V (V + 2\/\/[?7) (@),

which look a lot like classical equations of motion except for the additional term

V. . AVpe
quant -— 2./pt ’

v (xt)

which is added to the potential V. This term was later referred to
as quantum potential, meaning that it has to be added to the usual potential in order
to pass from classical to quantum mechanics. Note that the quantum potential depends
on p; and thereby indirectly on the wave function, so the Schrodinger equation still has
to be solved in some way for the computation of Bohmian trajectories (this observation

also holds for the upper reformulations of v;).
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2. BASICS AND NOTATION

2.5 The Dirac-Frenkel Variational Principle

Following the presentation in [Lub08, Chapter II.1], we will now introduce the Dirac-
Frenkel ansatz for approximating the solution of the Schrédinger equation on a smooth
submanifold of the Hilbert space it is defined on.

In Subsection we will explain how this ansatz has to be modified in the case

of time-dependent parametrized submanifolds.

Assume that the wave function vy lies in a Hilbert space (H, (-, -)) and is the solution

to the abstract Schrédinger equation

Yy = —iHy (2.5.1)
with linear and self-adjoint Hamiltonian H. Assume further that it is approximated
by us € M, where M is a smooth submanifold of H and let 7, M denote the tangent
space of M in the point u. The Galerkin ansatz in this context is to construct the
approximation u; by choosing its time derivative u; € T,, M in such a way that the
residual of the Schrédinger equation applied to wu; is orthogonal to the tangent space
T,,M:

Choose u; € Ty, M such that (4, +iHus , v) =0 for all v € T, M.

In other words, u; is the best approximation of —iHwu; in T,, M or the orthogonal

projection of —iHu; onto T, M:

This ansatz, called the Dirac-Frenkel variational principle or variational approxi-
mation, has quite a few remarkable properties listed in [Lub08, Chapter II.1], amongst
others conservation of the norm ||u|| (under weak additional assumptions) and the to-
tal energy (uy, Huy) in time and the existence of the following a posteriori error bound

for the approximant w:

Proposition 2.29. The error of the variational approximation at time ¢ is bounded
by

t
e = ]| < Ilo — o +/ dist (—iHu, , Ty, M) ds.
0

Proof. See [Lub08, Chapter II.1, Theorem 1.5]. O
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2.5 The Dirac-Frenkel Variational Principle

2.5.1 Time-dependent, Parametrized Manifolds

As mentioned in the introduction, our approximation manifold will be a complex linear
space spanned by Gaussian basis functions, which adapt in time and space to the
function v, we want to approximate. This makes our manifold time-dependent: M; :=

spanc {n1¢,...,nn,¢}. More generally, let
My = {xule) | cER™} C M

be a time-dependent smooth manifold parametrized by a map x; : R™ — H which is

differentiable in time. Again, ¢y will be approximated by
Yy~ up = xi(cr) € My,

but in contrast to the time-independent case, the time derivative of u; lies in an affine
linear space, namely the tangent space of M; in u; shifted by the time derivative of x;
in ¢

€ xier) + Ty, My =: Ty, M,.

Projecting the right-hand side of the Schrédinger equation (2.5.1]) orthogonally onto the
affine space Tut M, corresponds to subtracting the shift o = x¢(c¢) from the right-hand
side, projecting the result —¢Hu; — o onto T),, M; and then adding the shift again:

. ! . .
U = PﬁtMt (—iHuy) = oy + Pr,, m, (—iHuy — oy) (2.5.3)

rot = Xt(Ct)

Pr(f — o)

Figure 2.5: Projecting f := —iHu; onto an affine linear space T=0,+T by subtracting
the shift o, from f, projecting the result onto T and adding o; again.
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2. BASICS AND NOTATION

Therefore, the time-dependent formulation of the Dirac-Frankel variational principle is:

Choose 1 € ’ﬁtMt such that (4 +iHu; , v) =0 Vv € Ty, M.

The error analysis looks very close to the unmodified version and the proof goes anal-

ogously:

Theorem 2.30. Let M; = {x:(y) | y € R™} C H be a time-dependent smooth mani-
fold and its parametrization x; : R™ — H be differentiable in time. The error at time

t of the variational approximation u; = x¢(c¢) € My is bounded by
t
Jur =l < o= ]+ [ dist (=i, = aler) T, Ma) .
0

Proof. Let e; := uy — ¢y, P+ :=1d — Pr, m, and oy = Xt(ct). Subtracting l) from
(2.5.3) yields:
ét = —’iH@t — PJ' (—iHut - O't) .

Since H is self-adjoint, taking the inner product with e; on both sides and considering

its real part leads to:

%<ét,6t> = %<—iH€t,6t> —§R <PL (—ZHUt —O't),et>
~—_——
=0
d 1, .
— edigled < [P (=ifu = o)) lled
— %Hetﬂ < dist(—iHut—at,%tM).

O]

The norm of the approximant u; is again conserved, but this time the total energy

is not:

Proposition 2.31. The norm of the variational approximation wu; is conserved, i.e.

% ||lu¢]] = 0, while the total energy is perturbed in the following way:
d i
%<Ut,H’UJt> = —2§R<O't | P (Hut)>,

where again o; := x¢(ct) and P+ :=1d — Pr,, m,-
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2.5 The Dirac-Frenkel Variational Principle

Proof. Using the abbreviations f; = —iHu, U = oy + wy with wy € T, My we get:

d
a(ut ‘ Hut> = 2§R<ut ’ Hut) = 2§R<O’t —+ wy ’ Hut) = —2%(0} + wy | —iHUt>
= 23 [(oy | i — o + PH(fr — 00)) + (we | )]
= —2%[(0} + wy | Ut> — <O’t | O't> + <G't ’ Plft> — <O't | PLO't>]
'iLt <PJ‘O't|PJ‘O't>
=-2 %(O’t | PLft>
= 2R(0y | PL(Huy)),
d . )
d—(ut | ug) = 2R (ue | Ug) = 2R(uy | —iHug) =2 (uy | Huy) = 0.
t ~——

eR

2.5.2 Application to a Time-dependent Vector Space

We will now derive the ordinary differential equations for the coefficients and the ap-
proximation error when applying the variational principle to a time-dependent vector
space

My :=span{nit,...,nN+}

with basis functions 714,...,mn+ € H, which are differentiable in time.

Proposition 2.32. Let u; = Z;V:1 ciMit € My = span{niy,...,nn} be the varia-
tional approximation of the wave function ¢ and H = —%A + V be the Schrodinger
operator. Then the coefficients ¢;; and the error bound E; from Theorem [2.30] fulfill

the ordinary differential equations:
Atét = BtCt y (254)

Et = \/(C:Gt — C?Bt) Ct, (255)

where

Ar = ((nj | 77k,t>)j,k:1,...,N )
By = (e | Okt))j je1.. v -
Gt (<9j,t ‘ ek,t>>j,k:1,...,N ’
Ct (

ijt)j:L...,N ’

) i ) .
Oj0 = —njt + §A7]j,t —iVne Vi=1,...,N.
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Proof. The application of the variational principle leads to (for all j =1,...,N):

N .
! . ) ) i .
0= (mj¢| W+ iHu) = <77j,t | E ChotMhet + Chet ket — QCk,tAUk,t + le,tVnk,t>
k=1
= Gk,t

N N ,

. . ? .

— Z Chyt (), 4 = Z Ck,t <77j,t ’ Mkt + iAnk,t - ZV"7k7t>
k=1 ~ k=1

=: ajk,t

=: bjk .t

<~ Aiéy = Biey .

By Theorem the error bound Fj for ||u; — 1| is the solution of the initial value
problem
Et = dist (—ZHUt —O't,’];tMt) y E() = ||U() _¢0H7

where as usual oy = x¢(cr) = Z;Vﬂ ¢t N+ the shift of the tangent space. Since
Ty, My = My, we have to find the best approximation w; = Z;\le djmje of (—iHuy—oy)
in M; and compute its distance to M;. The best approximation step leads to the same
formula for d; as we got for ¢;:

For all j =1,..., N we have

! .
0= <77j,t ’ wr — (—ZHUt - Ut <77], de tNk,t — *thATIkt + ZthVnkt + ck mk t>

N N
— de,t Mt | Met) = ch,t <77g t | Aﬂkt — V0t — 1k t>
k=1 k=1
<~ Audy = Byey .

The computation of the distance is an application of the theorem of Pythagoras:

diSt(—iHUt — O¢, Mt)2 = H — ’LHUt — 0t — thQ
= || = iHuy — ol |* — fJwe||?
N
:ch,tcm Bia | 8ea) = D7 aclis (i | o)
k=1 k=1 5’__’
- gjkt =05kt

= C;Gtct — d:Atdt
= (C:Gt — C;Bt) Ct.
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2.5 The Dirac-Frenkel Variational Principle

Example 2.33. Let H = L*(R,R) and M; C H be spanned by the basis functions (see
Chapter@

2€j i 2, -
nj,t(x) = T exp (_ej}t (a: - xjyt) + ij,t(x - xj,t)) )

where €;; > 0, pjt, v+ € R are properly chosen parameters. We omit the index t and

denote xji, := xj — Ty, pjk = pj — Pk- Using Wolfram Mathematica 9.0, we compute:

2 2 .
Gl = | ) = 1| —— (e;e8)F exp Aejenty + pjy — dilerps + €Pr)Tjn
00 J € + € €j 4(63 + 6k) )
gk . aég
a (e —x = 26;T ik — 1Dk,
o1 = | ( k)"k) 2(e; + er) 2¢;x 5 — ipji
ik 2 6’8 2
J | (e — — 2e.: _ ) i€ T
Qo - <"7J | (o = 1) M) 4(6] +€k)2 [ (fj + €x) (pjk + Zejx]k) ] )
ik aly
J o7V | (o — — 00 e (. Vi€l s 9 .
ayy =((s —z;)n; | (e — 2p)0k) i(e, + )2 2(e; + ex) — (pjx + 2iejzjx) (pjr — 2ienzir)]
ik aly
j N | o — e V290, ) — 00 . _
aty =((s = z;)m; | (* — ) m) = 8(e; + )3 [Zpyk 2pjk<261 €k )Tk
2ipjk [3(€j + ex) + 2€5(e; — 26k)xj2~k] + 4z, [26? + ejex — €2 — QE?kaE?k] },
ik
agy =((s — %’)2%’ | (o — o) k)
jk
a .
~16(¢; e k) Db dindi(es — o) — 4% [3(e; + er) + adu(e] + e — dejen)] -
Sipjkxjk(Gj - Ek) [3(6]‘ + Gk) - 26j6k13§k] +
12(ej + ex)? + 8x?k(e3 + € — 36?6k 3ejer) + 16€2€k$]k}
ik . kj ik . kj ik . kj
ajg ==ag] ’ a5y = agy ) @y = ay -

This implies the following results for As, By and Gy:

1
2€jt 4 2 .
nje(T) = exp (—ej (z — 2j0) 4+ ipje (@ — x540))

Vi, () = r) [~ 2¢; (v — 37]) + ij]
Anj(z) = :v) [(—2€j(z — ;) +sz) — 2¢]
ni(x) [4(€;)(x — ) — diejp;(z — z;) — (p;)* — 2¢;]
n;(z <46] (z — %)2) &+ (2¢j(x — xj) —ipj) T + i(z — x5)p; | ,
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0;(x) = —nj(w)+ %Anj(m) —iVn(z) = n;(z) {(l’ — ;)% (& +2i (¢)7)) +
—_—
::F%
(x — x5) (—2€525 — ip; + 2€;p5) + (-:Zj +ipjz; — %(pj)2 - i€j> —iV(x)],

::F{ .
::1"?J

bk = (nj | 6k) = aboT§ + apy Tt + afsTs —i(n; | Vi),

gk = (0| 0) = alfTITS + ahfTITE + afSTYTS + affTI0S + affT{Tf + afSTirs+
+ T3S + i TITE + alsT3rs + (n; | Vi)
i {(Th+ i@ — ) + T — 2;)2) my | Vi)
+3 <V17j | (FIS + F’f(m — ) + Fg(:p — xk)Q) 77k> .

Note that all integrals exist since we assumed that V grows at most polynomially

(see Section }

2.6 Phase Space Transformations

In this section, we will discuss three transformations, which will be important for a
deeper understanding of quantum mechanics and its Bohmian interpretation (see Sec-
tion , adapted convolutions (see Section and , and which prepare us for Ap-
pendices [A| and B} the Fourier transform, the Fourier-Bros-Tagolnitzer (FBI) transform
and the Wigner transform.

All three transformations can be viewed from various perspectives and we will try
to present two of them. The first is the quantum mechanical point of view, where
the phase space is the Cartesian product of position space and momentum space. The
second viewpoint is time-frequency analysis, where the phase space is the Cartesian
product of time and frequency (in this case the dimension is d = 1 and f is usually
considered real-valued). In the following, S(R%,C) will denote the Schwartz space of

rapidly decreasing functions.

Definition 2.34 (Fourier transform). The Fourier transform F : S(R%,C) — S(R?,C)
is defined by

FI©=m™” | fly)e ™V dy.
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2.6 Phase Space Transformations

The Fourier transform has many important properties, which can be found in e.g.

[Fol89], from which we will only use the following:

Proposition 2.35 (Plancherel Theorem and Fourier Inversion Formula).

The Fourier transform is an isometric isomorphism with inverse
F (o) = (20 [ gle) e,
Rd
Proof. See [Fol89]. O

The isometry property is usually referred to as Plancherel theorem and implies that
the squared modulus of the Fourier transform F1i) of the wave function v is also a
probability density function: || Fi|/;2 = 1. While |¢|? is usually interpreted as the
probability density for the (joint) position of the considered particles, |F1)|? is viewed
as the probability density for their (joint) momentum.

The Fourier inversion formula implies for f € S(R¢, C)

(2m)~¢ /R e fl@)e ™ deda = (2m) Y2 /R )

= m 2 [ Fre) e
= FUFF(0) = £(0)

(2m)~4/? f(z)e ™ e dx de
R4

The technique of using “(27)~¢ Jga e~ d¢” as a O-distribution will be used several
times in this section, Section and Appendices [A] and [B]

From the point of view of time-frequency analysis, the Fourier transform yields a
decomposition of the signal f into its frequencies: it indicates to which extent which
frequency £ occurs in f. However, one is often interested in the local frequencies of f,
meaning, which frequencies of f occur at (or around) a specific time z. This can be
analyzed using a windowed Fourier transform, also called Gabor transform, which does
not “see” the values of f far from x. Applied to each time x, this yields a mapping

defined on the phase space:

Definition 2.36 (windowed Fourier transform, FBI transform). The windowed Fourier
transform Fy, : S(R?,C) — S(R? x R?, C) is defined by

Fof(z,€) :7r_d/4/ f(y)ga(a:—y)e_iy%dy, where (2.6.1)
]Rd
z) =(270%) "2 ex W)
an(a) =20y oxp (-1 ). (262)
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2. BASICS AND NOTATION

In the case 0 = 1, we will refer to it as the Fourier-Bros-Ilagolnitzer (FBI) transform
and denote it by T := Fj.

Figure 2.6: Visualisation of how different frequencies of a function f are represented by
the Fourier transform Ff and the FBI transform F,f (only the moduli of Ff and F, f
are plotted).

The width o of the Gaussian function g, is a double-edged sword: The smaller it is

chosen, the more accurate the time-frequency description becomes in z-direction, since

only values very close to the considered time x are considered for F, f(x,+). However,
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2.6 Phase Space Transformations

the smaller the window, the more “difficult” it becomes to estimate the frequencies
in this small region and the more “blurred” the frequency decomposition Fy f(x,e)
becomes in ¢-direction (in particular, taking the limit ¢ — 0 does not provide any

useful information).

In quantum mechanics, this statement corresponds to the fact that there can be no
joint probability distribution for position and momentum in phase space, which is a
consequence of Heisenberg’s uncertainty principle. Only a “blurred” version of such a

probability density function can exist, as we will see in Proposition [2.39

However, there is a replacement for such a probability density, namely the Wigner

transform of f:

Definition 2.37 (Wigner transform). The Wigner transform W : S(R?,C) — S(R% x
R? R) is defined by

S (-t e

Wi, = @0 [ 1o+ ]

Rd

Remark 2.38. Usually, the Wigner transform W : S(R%,C) x S(R? C) — S(R? x
R4, C) is defined by

f (:L' + y) g (:E — Q) eV'E dy.

W& =ny [ fo+D)a(e-}

Rd

We will only use its definition on the diagonal, W f = W (f, f), where it is real-valued,

which can be seen by taking the transformation y — —y in the integral.

Just as expected from a joint probability density in phase space, the Wigner trans-

form W f of a function f € S(R?,C) has the marginal densities |f|? and | F f|?:

2 = €T
f@F = [ Wi,

2 = x X .
FROP = [ Wi
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20

'
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-10

-15

-20

Figure 2.7: Visualisation of how different frequencies of a function f are represented by
the Fourier transform F f and the Wigner transform W f.

However, it may attain negative values and is therefore not a probability density
function in the first place, therefore it is often referred to as Wigner quasi-probability
distribution. Still, there are a few results, which can be deduced by treating it as though
it was a probability density function, some of which are presented in Section [2.7] and
Appendix [A] Another important trick is to force the Wigner transform to become non-

negative by smoothing it via convolution with a properly scaled Gaussian in phase
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2.7 Convolutions and Adapted Convolutions

space. This results in a blurred joint probability distribution in phase space, which is

strongly connected to the FBI-transform:

Proposition 2.39. Let
2 2
Go(a.€) = (2n0°) " exp <_W> |

denote a Gaussian in phase space. Then we have
W G1/\/§ = |7df|2
Proof. See [Hil97, (3.10)]. O

Remark 2.40. The resulting transform Hf = Wf Gy, 5 = |Tf|? is called the
Husimi transform of f and plays an important role in microlocal analysis. It is the
closest one can get to a joint non-negative probability distribution for position and
momentum in phase space, since for o < 1/v/2 the non-negativity of W f * G, /3 can
no longer be guaranteed. More precisely, one can show that for each o < 1/4/2 there
is a function f € S(R?, C), such that W f x G, attains negative values.

2.7 Convolutions and Adapted Convolutions

2.7.1 Motivation

The convolution of two integrable functions f,g: R? — R

(o)) = | o=y

is a basic mathematical tool with applications in probability theory, image processing,
optics, acoustics and many others. If g is a probability density, say a Gaussian density
_ 2\—d/2 _M

g(z) = (2mo*) exp < = > , (2.7.1)

the convolution (f % g)(x) at point x can be viewed as the mean over all f(y), y € RY,

weighted by the density g(z —y). Convolutions are therefore often used to “flatten” or

“smooth” a function f by some probability density g and g is called a smoothing kernel
in this case.

A natural question arising here is how to choose the standard deviation o of g, i.e.

how strong we want to smooth the function f. Normally the aim is to flatten out the

bumps and edges without losing the shape of the function completely.
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2. BASICS AND NOTATION

Assume we have found a proper o to smooth f, and f(z) = f(az) is a scaled version
of f by some factor o > 0. In this case we also have to scale the density g by the same
factor, § = alg(ax) (the prefactor a? is just a normalization factor), in order to get an

analogous result (see Figure :

(f *§)(x) = o /Rd flay) gla(z —y))dy = /Rd f) glaz —y))dy = (f * g)(ax)

0.4[ —
0.3f 9
0.2f
0.1f
‘ ‘ ‘ : 0— ‘ ‘ ‘
-2 0 2 4 -2 0 2 4

(a) The standard deviation of the Gaussian  (b) In order to choose f(x) = f(az) the func-
g from [2.7.3] chosen appropriately to smooth  tion g has to be scaled in the same way to get

the function f, here o = 0.4. an analogous result, here oo = 6.

Figure 2.8: Choosing proper standard deviations of the density g to smooth differently

scaled versions of the function f.

One difficulty occurs if the function we want to smooth consists of two well-separated
parts, one with low and the other with high variation, e.g. if we build up a function h
from f and a scaled version of f(z) = f(az) (o > 0), separating them in space by a

shift ¢ > 0:

Choosing g as a smoothing kernel will be unappropriate for the right part of the function

(not enough smoothing), choosing ¢ for the left part (too much smoothing), see Figure

(a) and (b).
One possible way of finding the proper scaling of the smoothing kernel for both
parts is to adapt it locally by replacing (f * g)(x) by

(f #0 9)() 1= / F(0) 1) g (u(w)(x — v) dy |
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2.7 Convolutions and Adapted Convolutions

where 1 : R — R is a measurable function which scales the density g locally by different

factors p(y). In our example with shift @ = 8 and scaling factor o = 6, the choice

1 ifz<4
_ ’ 2.7.2
wy) {6 o> (2.7.2)

seems suitable (see Figure [2.9a)).

6 8 10 12

(a) g is an appropriate smoothing kernel for the “left part”, but not for the right one.

h
hx* g

6 8 10 12

b) g is an appropriate smoothing kernel for the “right part”, but not for the left one.
g g

h
hx*,g

6 8 10 12

(c) Adapted convolutions guarantee an appropriate “width” of the smoothing kernel every-
where. p is chosen as in equation (2.7.2)).

Figure 2.9: Adapted convolutions guarantee an appropriate “width” of the smoothing

kernel everywhere. Here, the shift is a = 8 and the scaling factor is a = 6.

Remark 2.41. There are two possible points of view to describe the smoothing process

of f with g in the convolution f * g:
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e To compute (f*g)(z) we “sum up” all values f(y), y € R, weighted with g(z—v).

e Each value f(y) contributes to the value (f * g)(z) for each x, weighted with
9(x —y).

These viewpoints lead to two possible definitions for the p-adapted convolution:

o (f Hug)(@) = / £ () ) g (o) (@ — ) dy,

R4
o (Fop0)@)i= [ T o)~ ).

While the first definition does not lead to a reasonable theory (e.g. the adapted con-
volution would not be L!'-norm preserving), the second definition does. The theory is

presented in the following section in a slightly more general setup.

2.7.2 Theory

Definition 2.42 (adapted convolutions, adaptation function). Let f € LY(R%), g €
LP(RY), 1< p < oo, p: RT — Ryg be a measurable function and

gu(@,y) = )" g(uy) (= — y)).

We define the p-adapted convolution of f with g by

()@= [ ) gula)dy.

where 1/p := 0 for p = co. p will be called adaptation function. In the case p = 1, we
will omit the upper index and just write f x, g. We will allow the function u to attain
the values zero and infinity, if supp(f) C supp(u), i.e. if p(y) = 0 implies f(y) = 0,

since this does not affect the integral.

Remark 2.43. 1. This type of convolution is not symmetric and the notation fx,g
indicates that g is scaled by p(y), while f,*g can be used, if f is to be scaled

(we will not need the second notation).
2. The p-adapted convolution reduces to the common convolution f x g for u = 1.

Proposition 2.44 (Young’s inequality). Let f € L'(R%), g € LP(R%), 1 < p < 0o and
p: R* — R.o be a measurable function. Then f x5, g € LP(R?) and

1F 5 allp < LAl Mgl -
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2.7 Convolutions and Adapted Convolutions

Proof. First note that for p < co and y € R? the transformation formula implies:

ol = [ 0 la(u)e =) do= [ gl do =gl @273

The cases p =1 and p = oo are straightforward:
£seal < [ [ 170 oo v)ldyda
Re JRE

= [ 151 [ ool de

= [l llgll s
1
1952 gl < esssup [ 17 [ ()} (@ =) dy
z€Rd JRI
< [ 7wldy essuplg o)
R4 zeR?
< I flhllgllos
where  esssup|f(x)| := inf  sup |f(z)]
zERY ﬁfﬁﬁ? zERI\N

denotes the essential supremum. Now let 1 < p < co and p’ be its conjugate exponent,

ie. }D + I% = 1. Holder’s inequality yields

£ol@ < [ P @ ol < [117] 101 oo

o’ ‘p

Together with equation (2.7.3)) and the Fubini-Tonelli theorem this implies

£ ol = [ 1f hoP(@)do

1P 1 p
< il [ s oo aa
A [ [ 1560 el? dy e
= 17 [ 1wl (e o) d
= 71" ol
< IFE gl
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Remark 2.45. We will apply this proposition mostly for p = 1, in which case we also

have:

/gﬁf*u9>@0dx=1A;j£df@>mxx4»dydw
= [0 [ auwray

(L) ([0

and, if g is a probability density on R,

£ongls = [ 1F sl (@)da [ [l
— /Rd ’f(y)’/Rdgu(x,y)dxdy — (/Rd|f(y)|dy) (/Rdg(li)dx)
— Il

Remark 2.46. The generalization of Young’s inequality,

1+ gllr < 1 1p gl

for 1 < p,g < oo, %—l—% = %—i— 1 and f € LP(RY), g € LI(RY), does not hold
for general adapted convolutions. Also, the adapted convolution is not associative.
However, distributivity and associativity with scalar multiplication can be generalized

to adapted convolutions (the proofs are straightforward).

Also, similar to common convolutions there are slightly modified (but non-symmetric!)
rules for the differentiation of adapted convolutions. We will use the standard multiin-

dex notation,

laf = a1+ +ag, (2.7.4)

9% = 6;1118322 .. a‘;;i , (275)

xa — x?lxgéz . x3d7 x € Rd7 (2.7.6)
where a = (v, ...,aq) € Ng.

Proposition 2.47. Let f € L'(R?), g € C*(R?) for some a € N4, i: R? — R~ be a

measurable function and 1 < p < oo, such that

Pgel’RY) and  f-plfle L'®RY  forall  BeN, B<a.
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2.7 Convolutions and Adapted Convolutions

Then f 5, g € C*(R%) and for all B € N?, 3 < « the derivative 07 (f +}, g) € LP(R?) is
given by
0° (f «D g) = (f-,uw‘) +h) d°g.

Proof. For all j =1,...,d we have
O, (f 5, 9) (x) = 0Ou, (/Rd f(y) uly)? g(uy)(z —1y)) dy)

N J£d11y>uuni+1<a%g>04yxw-y>>dy
= [(f - 1), Bu,9) (x)

The claim follows by induction and 9° (f #5, g) € LP(R?) follows from Proposition
2.44 O

2.7.3 Choosing a proper Adaptation Function u

In the example from Section [2.7.1] the adaptation function u was chosen manually to
smooth the function f : R — R in a reasonable way, when taking the u-adapted
convolution with the density g. Let us now discuss how this choice can be performed
automatically in dependence of the function f we want to smooth. We are mostly
interested in the case where ¢ is a probability density function used as a smoothing
kernel, therefore we will restrict ourselves to the case p = 1.

Finding a good dependence for the adaptation function p = py on the function f

is a difficult task and will be answered here only partially. We will make the choice

VI @) — f@) Af(a)
““”:L¢‘ @)

plausible, but neither prove uniqueness nor any kind of optimality.

Let us first gather the criteria which we would like our adaptation function u; to
fulfill (see also the motivation section [2.7.1):

Condition 2.48 (Adaptation Conditions). From now on we will say that the mapping
f = wy fulfills the adaptation conditions, if it has the following properties:

(i) Invariance under shifting by a € R%: Pfo—a)(®) = ps(z —a)
(1) Invariance under multiplication by a factor o #0:  pig.p = fif

(iii) Proper scaling when f is scaled by some o > 0: Pf(a-o(T) = a - py(ax)
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() us(z) should describe some kind of “variation” of f locally around x € RY.

Obviously, the fourth property is not a rigorous condition, but just a rule of thumb,
and we will discuss it now. We will start with a global version. A natural way to describe
the variation of a function f € L'(R? R) globally is to consider its Fourier transform
since functions with high oscillations tend to have high values of Ff away from the
origin and, if a function f € L'(R?) is scaled by some factor o > 0, f(x) = f(azx), the

frequencies “appearing” in the Fourier transform are also scaled by «:

FRE) =@n) " | flay)e ¥ dy =

Rd (0%

(27.[.)—d/2 (y) efiy"f/a dy = Ff(i/a)

d Rd f N [0
(2.7.7)

In order to assign a value for the variation to a function f we will therefore consider

the expectation value and variance defined in the following proposition:

Proposition 2.49. Let f € W22(R% R)\ {0}. The expectation value and variance of
the probability distribution IP, given by the density

PN
1FA12, ~ 1712

(here we used the Plancherel theorem are:

JpaIVFGR)I? — f(2) Af(z) dz

E,=0 and V, = QHfH22
L

Proof. Since for real-valued functions f

FI(=€) = (2m)? / Fy) e dy = 2m)~ 2 [ fy) ey = Ff(E),
Rd Rd
the expectation value of PP, vanishes. Using the transformation

Z1 = Y1 — Y2, z2 =Y1 + 2
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we compute:

/ \FFE)1I1€]1? dE = / Fln) Fly) e " Wr=v2)'E |1¢)12 dy; dys dg
SO () (257 e e asana
B 2d R3d 2 2 1ee
=: F(z1,22)

(21,22) - & e i#1€ dzy dzo d€

21

2m) 4 .
= —( 7;21 /3d tr [D;F(zl, 22)] e i#1E dz; dédz,
R

1
=1 |t (D2, F(0,2)] dz

1
=5 [ IRFEIR - 5 a5 ds
R4
This proves the formula for the variance. O

The adaptation function sy, which in this global setting is just an adaptation value

pr € R, can be now assigned the standard deviation of P,

pf 1= 0p =/ Vp,

and the adaptation conditions can easily be varified (in a global, z-independent
sense).

However, we are not interested in a global, but in a local adaptation. Therefore
we will study the “local frequency” of f by taking its windowed Fourier transform
Fof(x,€) instead of its Fourier transform.

Again, let us consider the expectation value and variance of the corresponding

probability density in &:

Proposition 2.50. Let f € W22(R% R)\ {0}. Then for each 2 € R? the expectation
value and variance of the probability distribution IP,, given by the density

B D
AR
are:
1 (VAP = af) g2) @)

E = d VvV, = _—
pe =0 and s Vo = T S (P ) (0)

45



2. BASICS AND NOTATION

Proof. Since for real-valued functions f

Fof=6) = (2" | £(0) g =) ey

= (m) = y fW) 9oz —y) e dy = Fo f(x,€),
the expectation value of P,  vanishes. Using the transformation
21 =Y1 — Y2, 22 = Y1+ Y2
and denoting

29+ z 29 — 2 29+ 2z 29 — 2
Fw(zl’@’x)::f(22 1>f(22 1) g"(x_ = 1> g“<x_ e 1)’

we compute

[ 1Fa P ae = [ 10n) £ 900 — ) 90 — ) 0T g

/2

=% /Sd F(z1,29,7) e~i#18 dz1 dzo d€
R

= 7Td/2/ F(0, 22, z) dzo
R

d
= 2d7rd/2/ f(2)? go(x — 2)%dz
Rd
= 2972 (f* % g3) ()
and, using Wolfram Mathematica 9.0,

JIEZCSHERE

= /R3d Fun) F(42) 9o (@ = y1) go(@ — yo) e @172 €12 dyr dyo d€

/2 -
Tl AT eTFIE €T¢ dy dag dé
—d/2 .
- _WT a D, F(z1,22,2)-§ ei#1¢ dzy dzo dE
R
/2

=" / tr [D? F(21, 20,2)] e 1€ dz d€ dzy
RSd

= —7rd/2/ tr [DglF(O,ZQ,x)] dzo
Rd

=252 [ (022 4 IVSEIR - F2) ALE) gola = 2

= 21092 (do ™22+ VS - £ AF) * 2] ()
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Taking the quotient proves the formula for the variance. ]

Again we can set

N
#r(0) = 00 = Voo = 2a2+< 2(f2*g§)(w)) |

However, while the adaptation conditions [2.48] (i) and (ii) are fulfilled, the scale in-

variance (iii) is violated! The reason for this is that the window of the FBI transform

1
202"

analogous to (2.7.7) does not hold for FBI-transforms. One might try to adapt the

Fof does not scale with f, producing the obstructive term Therefore a formula
width o of the window beforehand, but this would require a priori knowledge of the
local variation py of f, which we are trying to find by taking the FBI transform in the
first place. Another disadvantage of this choice of ji; is the difficulty to calculate the
convolutions in the numerator and denominator in practice.

Since the obstructive term is caused by the width of the window, or in other words,
by the blurry way we look at the function, we will “unblurr” it by replacing the term
| Fs f(z,€)|? in the probability density p, from Proposition with the Wigner trans-
form W f(z,€). This replacement is motivated by the discussion in Section and by
Proposition [2.39]

We would like to remind the reader, that the Wigner transform can take negative
values and is therefore not a probability density function. However, since we are going
to use the Wigner transform only to get a good guess on the choice of the adaptation
function py, we are going to ignore this detail and just compute the expectation value

and variance as we did before:

Proposition 2.51. Let f € W22(R% R)\ {0}. Treating

el Wiz W
" T W@ [f(@)

as a probability density function for each z € R?, the expectation value and variance

of the probability distribution PP, are given by

_ V@) = f(z) Af(x)
’ 2| () ‘

E,, =0 and v,

x
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Proof. Since the Wigner transform is real-valued, we get for real-valued functions f

Wf(x,—€) = (2m) 7@ /Rd f (x—i— %) f <a; — %) e W dy

—Cny [ (o4 ) £ (oY) sy =W 8 = W.6)

and therefore the expectation value of P, vanishes. For the variance we compute:

Lwr@oleras=en [ f(a+d) s(e-5) eriereayae

= F(z)
= d/RngyF )€ eV Edy de
- - /Rgd z,y)] V' dydg
= —tr [ 2F(x,0)]
= (Hvﬂx)lF — f(z) Af(x)).

Taking the quotient proves the formula for the variance. ]

This time, if we choose

wp(a) i 0, = ST = WW TR (27.8)

the adaptation conditions are fulfilled! Also, the cumbersome integrals resulting
from convolutions no longer exist, making the application of yy very simple in practise,

once the first and second derivatives of f are known.

Remark 2.52. puy; is ill-defined in the nodes of f. But, since we are going to use jif

as an adaptation function for the adapted convolution

(f *u; 9) /f ) () g(pp(y) (@ —y)) dy,

and since for nodes y of f the term f(y) = 0 appears as a factor, this does not cause
any problems.
py might also have nodes where f does not, which conflicts with Definition

In order to avoid all of these issues (and also numerical issues for very small and very
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2.7 Convolutions and Adapted Convolutions

large values of ir), we will usually add small positive numbers 0 < €1,e3 < 1 to the

numerator and the denominator:

\/mw 2|2 - f(2) Af(2)| + e
X |

D)

This also guarantees that ¢ < py < C for some positive constants ¢,C > 0, if f,Vf
and Af are bounded.

1t —iTy
f *ur 9
05F
0 | | L | L J
-2 0 2 4 6 8 10 12

Figure 2.10: py as given by formula 1} describes locally the variation of f. Choosing
it as an adaptation function yields a proper scaling of g and thereby a proper smoothing

of f everywhere.

2.7.4 Continuity Equation for Convolutions

Assume that (p¢)>0 is a time-dependent probability density which fulfills the continuity
equation

tht = — diV(,Ot’Ut) = — le(]t)

Assume further that we want to smooth p; by considering a convolution p,; = p; * gs,
with a smoothing kernel gs, (x) = 6{g(d;x), 6; being a time-dependent parameter, or by
taking an adapted convolution pg; = p; *,, g with time-dependent adaptation function
pt = fip,- How does the continuity equation have to be modified in order to describe
Py,t?

We were surprised that in both cases (see the following two propositions), we could

find explicit formulas for the modified continuity equation:

Proposition 2.53. Let p; € L'(R%) be a time-dependent probability density function

which fulfills the continuity equation

Otpt +divj; =0 (t S R)
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2. BASICS AND NOTATION

for some current j; € L'(R? R?), such that (p, j¢)ier € C* (RHd,RHd).
Further, let g € L'(RY) N C'(R?) be another probability density function such that

gs(x) := 6%g(dx), v () = %g(;(:c) = 641z g(6x) (x € RY, 6> 0)

and all their first derivatives are (essentially) bounded: g5, 5 € WH for all § > 0.
Finally, let (6¢)te[0,00) € C*(R,R>0). Then for each t € R

Pg,t *= Pt * g5,

is a probability density function, which fulfills the continuity equation

Oipgt = —divig: for Jgt = Jt * 95, — dupt * s, -

Further, (pg.t, Jg.t)ic(0,00) € Ct (R1+d,R1+d).

Proof. First we observe that for every § > 0

d x .
dsgs(x) = do%g(0x) + 62TV g(6z) = 595($)+5V95($) = divys(z).

As a consequence,

3t,09,t(Q) = /Rd 3t,0t(x) gat(q - 1‘) dr + /Rd Pt(fﬁ) agggt(q - x) 5t dz
= - / div ji(x) gs,(¢ — x) dx + 5t/ pi(z) divys, (¢ — =) dz
R4 Rd
= —/ Ji(x)T Vs, (g —x)dx + 5t/ pie(x) divys, (¢ — z) do
R4 R4

. (/Rdjt(x)g&(q_x)dx _ 5t/det<xm<q—x>dx>
= —diviju(q).

The existence of all integrals follows directly from the assumptions and Proposition

while (pg.¢, jgt)iep,00) € Ct (R R follows from (0¢)tejo,00) € C*(R, Rsp)
and Proposition O

Proposition 2.54. Let p; € L'(R%) be a time-dependent probability density function
which fulfills the continuity equation

Ay + divje = 0 (t € R)

for some current j; € L'(R? R?), such that (p, j¢)ier € C* (R1+d,R1+d).
Further, let g € L'(R%) N C'(RY) be another probability density function and

v(z) ==z g(x) (z € RY),
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2.7 Convolutions and Adapted Convolutions

such that g, v and all their first derivatives are (essentially) bounded: g, v € whee,
Finally, let (u¢)ier € C? (R1+d,R>0), such that pe, 1/, Vg, Oppue € L are (essen-
tially) bounded for each ¢t € R. Then for each t € R

Pg,t = Pt *uy 9

is a probability density function, which fulfills the continuity equation

J'tTVMt + piOs it

Opgr = —div jgq for gt =Je*u 9— 2
?

Mt

Further, (pg.1, jg,t)te[&oo) et (RHd,RHd).

Proof. We will use the abbreviation f,(z,y) := f(u(y)(z — y)) for functions
f, u: R — R (note that this notation differs by a prefactor from the one used in
Definition [2.42)).

First, we make the following two observations:

dive [(z = y) g (2, 9)] = dgu,(z,y) + me(y) (z — )T (V) (@) (2.7.9)

- /R ) div e () 11e(y)? gue (@, y) dy
= / 3t ()T Vy (ut(y)dgm(x,yﬁ dy
Rd
= /Rd Je(y)T [dut(y)d‘lvm(y) I (T,Y)
+ (ut(y)d Viue(y) (@ —y)T = pe(y) ™ Id) (V) (, y)] dy
= / Je(y)7 {ut(y)dlwt(y) (d 9o (T, y) + 1 (y) (@ — ) (V) e (2, y))
R4
— () Va (gm (z, y))} dy

— div /Rd @) Ge W)V e ) gue (2, y) (2 = y) = Ge(y) me(m)? gu. (2, y) dy
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2. BASICS AND NOTATION

where we used equation (2.7.9)) in the last step. Combining these two we get:

Oupg.(r) = /R Oupu(y) 1 (9)” gy () dy
+ /]R Ldp(y) 1 e (y) 9y (. 9) + pe(y) k() epae(y) (2 — )T (V) (2, y) dy
= div /Rd @) G TV () g () (@ = ) = Ge(y) 16(y)* g (2, ) dy
+ /Rd pe(y) k() Oupe(y) [d g, (2, y) + pe(y) (x = 9)T (V) (2, 9)] dy
= div /Rd ) Ge ) V() g (2, 9) (@ = ) = Gey) e(9)? 9y (2, y) dy
+div /R o) () Ouga () Gy () dy

= —div /R ) 1ty g, (2, y) [jt(y) - % (jt(y)TVut(y) + pe(y) 6%(1/))} dy.

The existence of all integrals follows directly from the assumptions and Proposition
while (jg.t)ref0,00) € C* ([0,00) x R%,R?) follows from Proposition O

Corollary 2.55. In the situation of Proposition Proposition [2.54] respectively,

the initial value problem

& = vg ¢ (z4), Vgt = ‘Z)g’t (), To = Tin (2.7.10)
g:t

has a unique solution (z);>0 for py¢-almost every initial value xjy.
If z;, is a P,, -distributed random variable (or wy;, are P,, ,-distributed points),

then z; (or x;,) will stay P, ,-distributed for all times ¢ > 0.

Proof. This is a direct consequence of Propositions [2.53] 2.54 and Proposition[2.12] [

Definition 2.56 (Quasi-Bohmian Trajectories). In the case of Bohmian mechanics,

ie. vy = {%], where 1, is the wave function, the trajectories resulting from the

initial value problem ([2.7.10]) will be referred to as quasi-Bohmian trajectories.

2.8 Radial Basis Functions

Approximations with radial basis functions (see. e.g. [Buh03], [Wen05|. [Fas07h]) is a

growing field in numerical analysis. Its aim is to approximate a given function f : Q C
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2.8 Radial Basis Functions

R? — R by a linear combination of radially symmetric functions 7;(z) = ¢(||lz — z;||),

which are identical up to their centers:
f( ZC] ‘IL‘—l'jH) CjeRv IL‘]’GQ, ¢€C(Rd’R)

One important advantage of this class of approximations is the arbitrariness of the
choice of the set of centers X = {z; | j = 1,...,N}. Instead of having to form a
specific grid, the centers may be scattered in the domain of approximation 2. The

bounds for the approximation error are usually expressed in terms of the fill distance

hao=max min - z;].

However, this suggests, though by no means necessary, to position the points z; on
some kind of grid or close to one in order to minimize hx q.

Once the approximation space M = span{n; | j = 1,..., N} is fixed, one has to
decide on the type of approximation, i.e. on how to choose the coefficients c;. A very
common approach is the bestapproximation u = Z;V: 1 ¢;n; with respect to some norm

[|o|l, which is normally induced by a scalar product {s,), e.g. the L? norm:

bk = (nk7f> 77k, ch (nk7773> Vk:]-u?N

= H/—’
=:ak;
!
ie. b= Ac
in the matrix-vector notation A = (ak;)k;, b = (bx)k, ¢ = (cx)k- The numerical

solution of this system of linear equations requires for the so-called stiffness matrix A

not to be ill-conditioned, which we will discuss below.

Remark 2.57. Note that the Gramian matrix A appears in the Dirac-Frenkel varia-
tional principle: When applying a time step method to the ODE (2.5.4)), in our case
it will be an explicit Runge-Kutta method, one has to solve such linear systems of

equations in each time step.

Another common approximation approach is interpolation of f in X:

~ |

b := f(xk) =u(zg) = Y cjnj(xk) Vk=1,...,N

i.e. b L Ac.

Again the interpolation matrix A must not be ill-conditioned.

53



2. BASICS AND NOTATION

Remark 2.58. Note that the least squares method, which is yet another common
approach, can be expressed as a bestapproximation problem by choosing a proper

(semi-)norm.

2.8.1 The Condition Number of Stiffness and Interpolation Matrices

Since it is difficult to give a general characterization of ill-conditioned matrices, we will
settle for a special case and give an intuitive reasoning: Assume that 7; ~ 7;,, say
1nj, —nj,|l = 0. Then their scalar products with all basis functions 7, are also close to

each other:

| <77j1777k> - <77j2777k> ’ - | <77j1 - 77j2777k> ‘ < (5”7716,15” =9 for all k = L...,N

by the Cauchy-Schwarz inequality (we used that in our case ||| = 1).
The same argumentation works for interpolation matrices: Assume ||n;, — 1, | L~ =
0. Then
N5, (k) — njp (k)| <O forall k=1,...,N.

Therefore we would get two nearly identical rows in the stiffness matrix A and the
interpolation matrix A, respectively, making them nearly rank deficient and thereby
ill-conditioned.

In the case of Gaussian radial basis functions

d
2¢2\
ni(z) = <6) exp (—€* ||z — z;|?) for L?-bestapproximation, (2.8.1)
T
nj(x) = exp (—€* ||z — z;?) for interpolation, (2.8.2)

this leads to a simple rule of thumb:
The closer the center xj; is to the meighboring centers xy ., the more peaked the

Gaussian 1n;; must be chosen!

Remark 2.59. The prefactors are chosen in such a way, that the diagonals of the
stiffness and interpolation matrices consist only of ones, which improves their condition

numbers. Of course, the prefactors do not vary the approximation space.

In fact, the so-called shape parameter e satisfies a trade-off principle. Roughly
speaking, the smaller it is, the better the approximation properties, but the worse the

condition number of the stiffness and interpolation matrices. This dependence has
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2.8 Radial Basis Functions

stirred up a wide discussion on how to choose the “optimal” shape parameter, see e.g.

[FasQ7a].

To make these connections between the distance of the centers x;, the shape param-
eter e of the basis functions and the condition number of the stiffness and interpolation

matrices more concrete, let us consider the following example:

Given f € L?(RY) with support supp(f) € Q = (0,1)%. In order to approximate f
we choose Gaussian radial basis functions of the form centered on an equidistant
grid X = {z1,...,2y} € Q, N =n? for some n € N. Assuming that we let the mesh
size h ~ 1/n go to zero, if we let the shape parameter e constant in h, neighbored basis
functions would “overlap” more and more (thereby becoming close to one another in the
sense discussed above). Since matrices with at least two similar rows (or columns) are
nearly rank deficient, the condition numbers of the the stiffness and the interpolation

matrices would explode.

However, if we choose the shape parameter € = ¢(h) = h~ '€ for some constant basic
shape parameter £, the “overlap” of neighbored basis functions stays constant in h and
the condition number, though growing due to a larger matrix size, will not explode as

in the upper example.
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(a) n =16, e(h) = h™1&. (b) n =32, e(h) =h~1E. (c) n=064, e(h) =h~
(d) n=16, € . (e) n =32, ¢ (f) n=064, €

Figure 2.11: Visualization of the entries of the stiffness matrix (the results for the inter-

polation matrix are analogous) in dependence of n for various choices of e(h).

10

Figure 2.12: Condition numbers of the stiffness matrix A and interpolation matrix B
plotted over n for two different choices for e(h).
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2.8 Radial Basis Functions

2.8.2 Approximate Approximations

The above discussion of the condition numbers of stiffness and interpolation matrices
suggests the following choice of basis functions for an equidistant grid X = {x1,...,2x} C
Q=(0,1)¢ N=nd h=1/n:

nj(z) = k(h)n (hilg(az — x])) )

Here, £ > 0 is constant and k(h) > 0 is a suitably chosen prefactor, which can be
ignored, since it does not influence the approximation space. Further, the so-called
generating function n = ¢(||+||) € C(RY, R) denotes a radially symmetric function, which
decays fast enough and thereby keeps the overlap small enough (this last property is
specified below).

This dependence of the shape parameter on the point density, which is referred to
as stationary approximation by Fasshauer (see [Fas07h]) or as approzimate approzima-
tion by Maz’ya and Schmidt (see [Maz07]), results in approximation methods that do
not converge in general. Instead, the convergence of the approximation error to zero
can only be reached up to a certain saturation error. The latter can be tuned to be
arbitary small by choosing a proper parameter £ > 0 small enough and therefore it
can be neglected in many numerical computations (hence the term “approximate ap-
proximations”). Here we will follow the presentation of [Maz(07]. We will start with
the introduction of quasi-interpolation, which will be followed by its error analysis. We
will use the standard multiindex notation - extended by:

vk;f = (aaf)|a\:ka ke N, f € Cka
IV fllzo@) = [(10° Fllzo@))iai=ll,, - keN, feWwhr(Q),
where a = (a,...,aq) € Nd and (0%f)|a|=k denotes the vector of partial derivatives

in lexicographic order. Further, we will assume that the generating function 7 fulfills

the following conditions:

Definition 2.60 ((extended) decay condition, moment condition). Let d € N and
= L%J + 1. We say that n € C(R? R) fulfills

1. the decay condition, if

3K, >0, Ky >d:  |n(z)] < Ki(1+ |z|) %2, (2.8.3)
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2. BASICS AND NOTATION

2. the extended decay condition, if

n € C* and 9%n fulfills (2.8.3)) for all 0 < |o| < u, (2.8.4)

3. the moment condition of order K3 € N, if

/ n(z)de =1 and / 2n(z)de =0 forall 1<|a|< K3, (2.8.5)
R4 R4

These conditions allow us to define quasi-interpolation and discuss its error analysis.

Definition 2.61 (quasi interpolation). Let @ C R? be a domain, f € LP(Q), 1 <
p < oo, and n € C(R R) fulfill the decay condition (2.8.3). We define the quasi-

interpolanion with mesh size h > 0 and basic shape parameter £ > 0 of f as

(Qnf) (x) = (Qnenf) (x) = &l Z f(hm) n (é’(w;hm)) , (2.8.6)

meZzZd

where f(hm) := 0 for hm ¢ Q.

Qnf can be viewed as the semi-discrete convolution with mesh size h
(91 #n 92)(x) = > g1(hm)ga(x/h —m)
mezZa

of f with the generating function n(&-+). Using this observation, one can apply Young’s

and Holder’s inequalities to prove the well-definedness of and an upper bound for @, f:

Lemma 2.62. Let h,& > 0, n € C(R%R) fulfill the decay condition (2.8.3), f €
LP(R%R), 1 < p < oo and |f|P be Riemann integrable if p < co. Then

(S, ege |F(Bm)PYP 1< p < o0,

£ llp.n =
SUPyezd ‘f(hm)|7 p =0

is uniformly bounded with respect to h and Qp,f € LP(R?,R) with

1Qrfllr < C|If

‘pJL
for some constant C' = C(p,&,n) > 0, which is independent of f and h.

Proof. See [Maz07, Lemma 2.1, Corollary 2.2 and Remark 2.3]. O

One possible error estimate of quasi-interpolation is given by the following theorem,

where W*P denotes the Sobolev space of order k corresponding to the LP-norm:
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2.8 Radial Basis Functions

Theorem 2.63. Let O C RY be a domain, 1 < p < oo, f € WFP(Q,R) and n €
C(R?,R) fulfill the extended decay condition with constants K; > 0, Ko > d
and the moment condition of order K3, such that d/p < k < Ko.

Then there exists a constant C, > 0 independent of f,h,& and for every ¢ > 0 an
& > 0 such that for every 0 < £ < & there exists kK = (e, &) > 0, such that for all
h > 0 the quasi-interpolant Q) f of f satisfies

(ie. 3C, >0Ve > 035 >0V0 < E <& Ik >0 VYh >0)

M-1
_ M _ ]
I1f = @ufllreu < Cn (ETR) T IVMFlliie +€ Y (E7R) IV, fllie) -
j=0

where M = min(K3, k) and Q. := {z € Q: B, (x) C Q}.

Proof. See [Maz07, Theorem 2.28 and Lemma 2.30]. O

For a plot showing the convergence of the approximation up to a saturation error

(and how to tune the latter one by decreasing &) see Figures and
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Chapter 3

Choice of the Approximation
Manifold

The main challenge when applying a numerical method to a PDE, like the variational
principle to the Schrodinger equation, is the choice of a “good” approximation manifold,
meaning that it is (and stays) close to the true solution ¢y of the PDE. In our case,
the manifold will be a time-dependent IN-dimensional complex vector space M; =
spanc{n1,...,nn} spanned by Gaussian basis functions 7; and the approximant will

be denoted by
N

up = E Citnje N Y

j=1
We want to stress that the decision for the basis functions to be Gaussian in not essential
for our algorithm, They should, however, fulfill the extended decay condition
and the moment condition .

The main advantage of our ansatz is the time-dependence of the approximation
manifold - it adapts automatically to the wave function 1, and changes as v; evolves
in time.

For sake of notation, we will mostly omit the index ¢ in our presentation, since
the choice of the manifold will mainly be explained at a fixed time t. We ask the
reader to keep in mind that v, p, pg, R, Ry, v, M, n;, €;, pj, ¢, x;, 6 and p are all
time-dependent quantities and we will deal with their time-evolution in Section

where the index ¢ will recur.
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3. CHOICE OF THE APPROXIMATION MANIFOLD

We will begin with an intuitive explanation of our choice of the approximation
manifold in Section [3.1} which will be followed by an accurate presentation of the
resulting algorithm in Section 3.2

Section will address the mathematically rigorous analysis of the manifold’s ap-
proximation properties. The chapter will be completed by a proof of the linear inde-

pendence of our so-called basis functions in a special case.

3.1 Outline in 1-D

The basis functions will be adapted to the wave function in five steps, which we will
present now and four of which will be illustrated in Figure [3.I] This section is meant
to give the reader an intuitive understanding of our ansatz and does not aim at math-

ematical rigour (which will follow in Section .

As in the last section, N = n? will denote the number of basis functions and h = n~!

the “mesh size”, even though we will not have an actual mesh here. The visualizations

use the example (4.1.1)) (for various values of t).

3.1.1 Step 1: Centers of the Basis Functions (see Figure [3.1b))

In order to get a good approximation, we want our basis functions to lie in the region
of interest (i.e. where the wave function is far from zero) and to adapt to it, when it
changes in time. As mentioned in Section (see e.g. Remark , that is exactly
what Bohmian trajectories do - they group up in regions of high values of |¢;| and thin
out with decaying |¢;|. Therefore we will propagate N Bohmian trajectories ¢; = g;;

and choose the basis functions to be to be centered at these:

2¢

n;(x) = <W> % oxp (= (z - ¢5)%)

where the shape parameter is chosen as € = h=2£? with constant basic shape parameter
&€ > 0, as motivated in Section The reason for the choice of the prefactor is given
in Remark (scaling the basis functions clearly does not modify the vector space).
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3.1 Outline in 1-D
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(a) The wavefunction we want to approximate, together with p,-distributed points g;.
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(b) Gaussian basis functions with constant width, centered in the points g;.
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(c) Gaussian basis functions with adapted widths.
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(d) A momentum term was added.
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(e) The basis functions after “pulling apart” their centers.

Figure 3.1: The construction of a proper approximation basis in four steps (for reasons

of visualisation only a few basis functions are plotted).
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3.1.2 Step 2: Widths of the Basis Functions (see Figure (3.1c])

There are three reasons why a constant (in time and space) shape parameter € is a bad

choice:

1. The wave function is changing in time. If, for example, it diffuses as in the
case of the free Schrodinger equation, it would be appropriate to flatten out our

Gaussians in order to keep a good approximation.

2. In regions, where the position density is low and we have few centers g¢;, one
would get a better approximation by choosing flat Gaussians, while a choice of

peaked Gaussians is favorable in high-density-regions.

3. The resulting stiffness matrix A; gets ill-conditioned if we choose € too small in
regions where we have many centers (see section [2.8.1)). On the other hand, the
approximation gets terrible if we choose our basis functions too peaked, especially

in regions of low density (and thereby few basis functions).

These disadvantages motivate the following choice of basis functions:

™

d
2¢.:\ 4 _
nj(x) = (J) exp (=€ (x —qj)?), where ¢ = ejp = h7Epi(q;)", €,8>0.

The precise choice of § is discussed in Section

This way, the basis functions are flat in regions of low density (where there are few
centers ¢;) and peaked in regions of high density (with many centers ¢;), leading to a
good approximation while avoiding the ill-conditioning of the stiffness matrix. Also,
the adaption in time happens automatically - if the wave function flattens out, so does

pr = |eP /||| » and thereby also the basis functions.

3.1.3 Step 3: Adding a momentum (see Figure [3.1d)

Consider the free Schrodinger equation with a real valued initial wave function. After

some time it will dissolve and become highly oscillatory at the edges (see Figure |3.1a)).
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3.1 Outline in 1-D
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(a) The wavefunction at time ¢ = 60.
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(b) Real part of upper wavefunction.
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(¢) Imaginary part of upper wavefunction.

Figure 3.2: In the case of e.g. the free Schrédinger equation (meaning V' = 0, see example
(4.1.1)) the wavefunction tends to become highly oscillatory at the edges.

With our ansatz (which approximates the real and the imaginary parts of the wave-
function 1) separately, since the basis functions are real-valued and only the coefficients
may be complex-valued), these oscillations cause serious problems, especially since we
have very few points in these regions. Therefore we will add a “momentum” term to
our basis functions and we already know how to choose it from Bohmian mechanics:
Rewriting the wave function 1 = Re® in the polar form, the best linear approximation

to S at ¢; is given

S(x) = S(q;) + VS(g;)"(x — g5) = S(g;) + v (2 — g5),

where v = & [%ﬂ is the Bohmian velocity, see (2.4.2) and Remark [2.27, Since the

constant term is handled by the coefficient ¢; in the approximation ¢ ~ u = Zjvzl cin;
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3. CHOICE OF THE APPROXIMATION MANIFOLD

we arrive at following choice for the basis functions:

2¢:\ 4 »
]> exp (—ej (x — qj)2 +ipj(z — qj)) ,  where p; =wv(gj).

m) = (

™

Remark 3.1. This modification is tailored to the specific case of the Schrédinger
equation and will not be considered for the error analysis in Section In the nu-
merical experiments on the Schrédinger equation (Section {4)) we will always compare
both cases, with and without momentum term, where we will see that the latter one

performs poorly when the oscillations get higher.

3.1.4 Step 4: Pulling the Centers Apart (see Figure |3.1€))

Our experiments have shown, that the p-distributed centers g; tend to stick too close

to each other:

P
e p-distributed points
o favored points H

0.4

0.3

0.2

0.1

O eOe @eee 06 O O O ede® e0OeO® O

0 1 2 3 4 5 6

This has two negative effects:

1. The points do not cover the whole region of interest, but only a small part of
very high density (and there we get too many). This yields a bad approximation

space.

2. If the points are too close to each other, the stiffness matrix A becomes ill-

conditioned (see subsection [2.8.1)).

The reason why we chose the centers to be ps-distributed in the first place was their

localization in the region of interest. In order to keep this property but avoid the
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3.1 Outline in 1-D

above mentioned disadvantages, we will choose new centers z; = z,;, these being pg4-
distributed instead of p-distributed, where we smoothed p = p; by taking its convolution

with another Gaussian centered at zero:

Py =posi=pxgs , gs(x)=38%g(0x) | glz)=n 2l

Again, the choice of g being a Gaussian is not essential.

The resulting basis functions are:

nj(z) = <2;]> ! exp (—ej (x — :Cj)2 +ipj(z — x])) , (3.1.1)

where p; = v(xj), ¢ = h7282pg(:cj)6 for some k¢, 3 > 0 and the points x; are py-
distributed.

The parameter § = d; is chosen in dependence of the density p: high for peaked p
and low for wide p to get analogous results. We will now discuss the precise choice of
the parameters ¢ and § using the concept of scale invariance.

Assume our whole approximation problem

[y
1117

(2) pg = p* gs for some 6 > 0,

(1) ¢ € LP(R% C) and p = e LYR%R), 1< p < oo,

(3) zj, €5, pj and n; as in (3.1.1)),
(4) Yy~ u= Z?f:lcjnj for some ¢1,...,cxy € C
is scaled by a factor a > 0 to

(5) $(x) = a/Pp(az) and pla) = L _ 4o

(6) pg = p* g5 for some 5> 0,

(7) & =2, & = h72%,(%;)°, Bj = Wu(E;) (where 5 = & | T£]) and
2\ 4
- €4 - ~ L -
nj(x) = (;) exp (—ej (x — a:j)2 +ipj(x — l’j)) ,

~ (2—p)d

®) pri=YN &hforé=a % ¢, j=1,...,N,
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3. CHOICE OF THE APPROXIMATION MANIFOLD

then we demand, in order to keep the approximation properties of the original problem,
that our basis functions and the density p, are scaled by the same factor:

! d |

7(0) & adniaz) , fyl) = alpylaq) (3.1.2)
This demand is justified by the following

Proposition 3.2. Let 4,1, u, @ € LP(R% C), 1 < p < oo, fulfill conditions (1) — (8)
and (3.1.2). Then
[ —allr = [[¢ = ul| Lo

Proof. A simple applications of the transformation formula yields:

N

19—ty = [ [P = 3o
£
:/Rd
e
:/Rd

= [l = ullf, -

P
dx

P
dx

d N (2—p)d d
ary(ar) — Z a 7 cja2n;(or)
j=1

N
Y(ax) — Z c;inj (o)
i=1

p
dx

P
dx

N
Y(@) =Y emyx)
j=1

O]

Remark 3.3. The prefactors a¥? in 9(z) = a¥Py(az) and o2 in 7(z) = o¥2n(ax)
are optional and tailored to the case of the Schrodinger equation. Any other factors
can be chosen, they just have to be compensated by corresponding prefactors in the co-
efficients ¢;. The scaling of the probability density p(z) = a?p(ax) remains unaffected

by these manipulations.

We will now show that the choices 8 = 2 and 6(p) = ks [ga p%(l‘) dz fulfill our
demand (3.1.2):

Proposition 3.4. Under conditions (1) — (8), the choices

5=2 and 8(p)= rs / " (2) da,
d ]Rd

where k5 > 0 is a positive constant, fulfill the required relations (3.1.2)). Furthermore,

(N> k) 2 = (M5 M) 2 -
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3.1 Outline in 1-D

Proof. From

o= H(S/R poe)de = H‘;/Rd o™ T (o) dw U

we conclude

) = Grap@) = | i) gslo—o)da

= /Rd oplax) adédg(oz(S(q —x))dx = ol /]Rd p(y) 5d9(5(04q —y))dy
= a¥(pxg5)(aq) = a’p?’(aqg).
Then
o = 1200 = h7 (ap ()" = %
S V%Z’(i‘j)] N [a3+1v¢(a‘ﬁg)]
p; = S| — =S|\ T L. | T @D
: 0(3) ot (o) J
implies:
9z.\ 1
ij(z) = <;J> exp (& (a — )" +ip; (v — &)
2 1 d
= (2a7:]> exp <—a2€j (:1: — —])2 + iap; (m — ])> = a2nj(ax),
Gpige = [ Ti@in@)ds = [ a7 (00 ot nfa) do = [ 7, (o) da

Remark 3.5. We do not need to compute & precisely - a rough estimate of how well-
localized our p is suffices completely. Therefore, we can estimate by a Monte-Carlo

quadrature using the Bohmian points ¢; (the ones which are p-distributed):

da+1

1 N 1
5= d) = ws [ @) = kB (o)~ D pla)”
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3. CHOICE OF THE APPROXIMATION MANIFOLD

Thus, the basis functions and the density p, flatten out whenever the wave function
does and in such a way, that the approximation quality (in L?(R?, C)-sense) is not
reduced.

In many cases, it appears reasonable to adapt the extent of flattening out the density
locally (see Section , which leads to the use of adapted convolutions. In this case,
the new density p, is defined by

Pg = P *up 9
with proper adaptation function p,: R? — R (for details, see Section . This is a
generalization to the common notion of convolutions, since for u,(z) = 6174 we arrive
at the former definition of p,.
Again, we will check the scale invariance of our new choice for p,, following the

strategy from Proposition
Proposition 3.6. Under conditions (1) — (8), where condition (2) is replaced by
Pg =P *pu, g (2%)
the relations are fulfilled, if 8 = % and
Hadp(a-) = Qftp(az) (3.1.3)
(compare with the adaptation conditions . In this case we also have
(k) 2 = (N> M) 2 -

Proof. The proof is identical to the one of Proposition except for the scaling of pgy:
Ala) = (s 9)0) = [ 3ta) ma(o) g pla)q - ) do
= [ attan) o (an) glopon) g — o) da

= ad/ P) 11o(1)* 9 (1o (y) (g — 1)) dy
Rd

= a%py(ag).

O]

Remark 3.7. The most difficult part after defining a proper density pg: and choosing
pg,o-distributed points x; = xj0 at time t = 0 is to find a proper way to propagate
them, such that they stay p,s-distributed for all times ¢ > 0. This issue is elaborated
in Section [2.7.4, We were surprised to find that it could be performed explicitly in both

cases, pgi = Pt * gs, and pgy = py *p, g
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3.1 Outline in 1-D

3.1.5 Step 5: Generalization to Higher Dimensions

When choosing the approximation space in dimension d > 1, things get a little more
subtle. We now have the freedom to break the radial symmetry of n; by replacing the
term €;||z — ;]| in the exponent by (:r:—:nj)TEj_l(:U—xj), where ; € R%* are positive

definite symmetric matrices (covariance matrices). Consider the following example:

Example 3.8. For a > 0, let Q = (0,a) x (0,a™ ') be a rectangle equipped with the

uniform distribution P,, p = 1. The map

is a transport map from P, to Py, since |DzRo| = 1 (see Lemma @) We choose
P,-distributed centers of the basis functions by x; = Rofl(yj) with equidistant points
Y1, .., yn € (0,1) (see @.1.1)). We will discuss two choices of basis functions: the
first radially symmetric with parameter €; = h_252p(:vj)2/d and the second with covari-
ance matrices X; = (2h_252DxRa(xj)TDxRa(xj))_1, i.e. (see Figure

2€;
n?(x)—< ) exp (—¢; [z — 7;2)  and

d

4

(@) = (fr) B2 D, Ra(;)| ? exp <f |h™'E D, Ro () (2 — xj)f) .
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. CHOICE OF THE APPROXIMATION MANIFOLD

:

&

:

N

(b) For a > 1 the radial basis functions 75" are
too close too their neighbors in y-direction,
raising the condition number of the stiffness
matrix, see subsection [2:81] and too far in 2-
direction, worsening the approximation prop-

erties.

"
»
ML
iy

0.5

N

(c) These disadvantages can be compen-
sated by scaling the basis functions — making
them wider in z-direction and thinner in y-
direction. In the case of the choice 75" both the
stiffness matrix and the approximation prop-

erties are independent of a.

Figure 3.3: Comparison of the two choices of basis functions (7]]0‘ and ﬁ;l) fora = 1,2

(here N =25, £ =2).

For the readers who still are not convinced, let us extend our example and compare
the bestapprozimation (in L*-sense) of the function f = 1 in M = span{n§ | j =
1,...,N} with the one in M = span{ff' | j = 1,...,N}. The result for several o is

illustrated in Figure [3.4)



3.1 Outline in 1-D

(b) For a = 2.5 the radial basis functions 7'
yield a bad approximation and an
ill-conditioned stiffness matrix:

k(A) =2.3-10% E = 0.1908.

15
—6— Condition Number
—6— L[’-Error

10

10|

10

5

10" 4

0

10 F gy geige
b o oo —o0 0o 9

-5

10

1 15 2 25 3 35 4

(d) Condition number and L2-Error of the
bestappoximatoin for the basis functions 7"

plotted over a.

(c) For a = 2.5 the condition number and the
approximation properties of the basis func-
tions 775" do not differ from the case a = 1:
k(A) =2.4-10% E =0.067.

15
—©S— Condition Number
—©&— [*-Error

10

10|

10

5

10" 5

10° |

1 15 2 25 3 35 4
«

(e) Condition Number and L?-Error of the
bestappoximatoin for the basis functions 7§

plotted over a.

Figure 3.4: Comparison of the approximation errors £ and the condition numbers of
the stiffness matrices r(A) of the two choices of basis functions (n§ and 7') for a € [1,4].
Here, N =8 x 8 = 64, £ = 1.25 and the function to be approximated is f =1 (note that

the highest possible error of a bestapproximation is || ]z = 1).
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3. CHOICE OF THE APPROXIMATION MANIFOLD

So, scaling (x — ;) by DyR(x;) deforms the basis functions in a proper way. The
theoretical reason why this is the “correct” way to scale, is given in all detail in Section
and will now be discussed roughly:

Let us denote the radial basis functions on the unit cube (equipped with the uniform
distribution) and centered on a uniform grid yi,...,yn by 61,...,0x (in the upper

example, 0; = 77]1-):
0;(y) = o(|ly — y;ll) for some function ¢ :R>¢ — R.

R™1:(0,1)¢ — Q is a deformation of the support of the density and we want not only

our centers to be transformed by it (z; = R~!(y;)), but also the basis functions 6;:

Since the Jacobian D, R(x;) is the best linear approximation of R near the point z;,

this results in:

(05 0 R) (%) = 0;( R(z;) + Do R(z5)(z — 5)) = ¢ (| DaR(x)) (2 — z5)]|) =: n;().
N——
=Y;
Example 3.9. As a final example consider R given by

R (009) =+ 1) (COS(W)) ) e

sin(my)

In Figures and one can observe how R~ not only transforms the centers, but

also deforms the basis functions in a proper way.

ook | . . . . . 181

0.8 161
. .

061 . . . . . . 121

0.5F ir

0.4 . . . . . . 08k

03f 06F

0.2r

0.1

0 0.2 0.4 0.6 0.8 1 -2 -15 -1 -05 0 05 1 15 2

Figure 3.5: Visualisation of the transport map R~' and the centers of the basis functions
(in red).
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3.2 Resulting Algorithm
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Figure 3.6: In order to keep good approximation properties without getting an ill-

conditioned matrix the basis functions are deformed by D, R.

3.2 Resulting Algorithm

In this section, we will sum up the the ideas from the previous section to get a better

overview. Afterwards, we will write down the complete algorithm in bullet point form.

Let 1 < p < 00,9 = ¢y € LPNC®(R?,K)\ {0} be the solution of (T.1]) (and the function

we want to approximate) and p = p; = d? the corresponding probability density at a

¢ 7p

fixed time ¢ € R. We define the Gaussian densities g(z) = 7~ %217 g5(z) = §4g(6x)
(for 6 > 0) and

Pg = P*gs or Pg = P *u, 9,

with proper scaling parameter § > 0 or adaptation function p, € C? (Rd,R>0). Both
choices are legitimate. The first is simpler to implement, while the second one is more
general, see Section By Proposition there exists a transport map R, €
C> (R%,(0,1)%) from P,, to Pyn; and by Proposition the points z; = R, (y;) are
P, -distributed. Here, y1,...,yn are equidistant points in (0, 1)¢ defined by and
N = n¢ for some n € N.

The approximation space M = span{ni,...,nn} € L?(RY) is now spanned by the

basis functions

w0 = (2) 1l e (< 1t - 2. (3.2.1)

where J; := h™1€D, Ry(x;), h = n~! is the mesh size and £ > 0 is the basic shape
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3. CHOICE OF THE APPROXIMATION MANIFOLD

parameter. In dimension d = 1 this formula reduces to

wio = (%) " exp (el - i) (3.2.2)

with parameter €; = h—2¢& 2pg(:nj)2. In the special case of the Schrodinger equation the

approximation space can be “improved” by adding a momentum term:

d
2\4 1 2 .
w0 = (2) 1l e (1o — ) + inyo - ).
where p; = w(z;) = [%] In our numerical examples, we will always treat both

cases: with and without momentum term (see Section [4).

For the time evolution of the approximation space we need to examine the propa-
gation of x;; and J;; (the differential equations for the other parameters are straight-
forward to compute and are listed below):

By Proposition the flow ®,; of the dynamical system

&y = vg (), Vgt 1= ‘7*‘}—’15,
Pyt
where j, ; is defined in Propositions respectively, defines a transport map from
Py, t0 Py, .. Therefore, the points zj; = ®g(xj0) = ($gy0 R;(l)) (yj) propagated this
way stay pg ¢-distributed for all ¢ € R by Proposition (see also Corollary .
Let Yy ; := R;% = @WOR;(%, then the propagation of its Jacobian DY} ; is described

by Corollary
atDy}/g,t(y) = Dy (Yg,t(y)) ’ Dy}/g,t-

Hence, its (scaled) inverse J;; = h™'€ DR, () evolves via

d d
at]j’t = _Jj,t |:dt Jj,t :| z]j}t
=hE~1DyYy,¢(y5)

= —hE ™ st - Dave (Ygu(y5)) - DyYya(ys) - Jja
= —Jjﬂg . Dm”t (wj,t) (3.2.3)

Note that, since we will choose g to be a Gaussian, py ¢, jg.ts Vgt, ®gr € C* for all

t € R and therefore the differentiability properties of Y are inherited by Y;.
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3.2 Resulting Algorithm

After discussing the main points for the propagation of the approximation space
and how the propositions and theorems from Chapter [2] are applied, let us write down
our algorithm for numerical approximation of an evolutionary PDE with underlying

continuity equation (see Definition [1.1)) in every detail:

Initialization:

e Define n € N, set N = n?, h = n~! and define equidistant points y1,...,yy in

(0,1)% by @11).

e Choose suitable constants &£, ks > 0 and define for z € R?, § > 0
42 e x _
g(z)=m /2 ¢~ |2, gs(x) = 6dg(<5x), vs(x) == gg(;(a:) = ¢ Y g(6z).

e Approximate pyg by a weighted sum of normal distributions and construct P,-

distributed points q1 9, ...,gn,0 by the algorithm described in Section

N 1
e Compute d = R >_;_; Po (gj0)°.
e Compute pg0 = po * g5, numerically.

e Approximate p,o by a weighted sum of normal distributions and construct a
transport map Rgy9 € C* (Rd, (0, l)d) from P,, , to Pyy and P,  -distributed
points x10,...,2N,0 by the algorithm described in Section More precisely, it
suffices to construct x;0 = R;[l)(yj) as in Section and Dy(R;(l))(yj) by using
Proposition [2.24] instead of the whole transport map.

e Compute pjo = vo(zj0) and Jjo := h™'€ DyRyo(xj0) = h'E [Dy(R;,(l))(yj)]
This defines the approximation space My = span{ni,...,nn0} by equation
(13.2.1)).

e Compute the bestapproximation ug = Z;Vﬂ c;0mj,0 of Yo in M.

Time Evolution:

Since the points ¢;; are p;-distributed, we may approximate
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3. CHOICE OF THE APPROXIMATION MANIFOLD

N
1
pgt(x) = /Rd pi(a) g5, (v — ) dg ~ ;gst (z — gj),
1 N
Vpgi(r) = /R @) Vs (z —g)dg~ > Vs, (x — gja),
j=1

[Ut(Q) ——(z— Q)] p(q) Vs, (x —q)T —?
N— t

—262(2—q)Tgs, (z—q)

p(q) gs,(x — q) Id dq

N . '
1 .6 ;
= N Z {— 25,52 <Qj,t - (i(m - Qj,t)) (x — qjyt)T _ (Szld] g5, (x — Gie).

Using these formulas and

= Jut (g

P Dgvgi(x) = /’g,t(l’)i2 (ijgi Pyt — jg,tVP;,t) (z),
g7

Vgt(2)

we can compute:

o it = vi(qje),
. ,‘{/5 N
® 0= N z:lpt(%%t)
]:

Tjt = vgt(Tjt),

=

- (3tpt (Qj,t) + Vpi(qj)T q]',t)’

o pjt = Ovi(wjt) + Dave(z)e) e,
o Jit=—Jjt Dyvgs(js) by equation (3.2.3),

e ¢;; is computed via a Galerkin approximation, which results in the Dirac Frenkel

variational principle in the case of the Schrodinger equation, see Section [2.5.2
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3.3 Rigorous Approximation Theory

3.3 Rigorous Approximation Theory

We are finally ready to analyze the approximation error of the manifold constructed
in Section (as mentioned in Remark the momentum term ipg(z — zx) in the
exponent of the basis functions is tailored particularly to the Schrédinger Equation
and will not be considered here). Throughout this section we will use the following

notation.

Notation 3.10. Our ansatz is to approzimate a continuous function ¢ € WHP(R% R),
1 < p < oo, with k > d/p by the following subspace M C LP(R% R):

&
M = span {"7j e IPRELR) [j=1,.. .,N} . ni(z)=n <thR(a:j)(x — a:j)> ,
where N = n? for some odd n € 2N + 1, h = 1/n is the mesh size, £ > 0 is the basic
shape parameter from Definition and

(1) n € CY (R, R) has bounded support supp(n) C [—K, K] for some K > 0 (it there-
fore automatically fulfills the extended decay condition with arbitrary large
constant Ko > d) and fulfills the moment condition with constant K3 > 1,

Remark 3.11. Strictly speaking, the Gaussian basis functions we consider do not
have compact support and would have to be “cut off” outside a properly large
region [~ K, K]

(2) R: R? = (0,1)% is a C*-diffeomorphism and a transport map from P, to Py,

(3) p € L'(R% Rsg) is a suitably chosen continuous and positive probability density

function, usually

o= g
[l

gs(x) = 0% (0x) being a properly scaled Gaussian probability density function (we
omitted the index g to simplify the notation).

(4) the “centers” x; € R are given by x; = R™1(y;), where y1,...,yn are equidistant

points in (0,1)? defined by [2.1.1)).

In order to analyze the approximation properties of ¢ in M we will proceed in three

steps (see figure[3.7):
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3. CHOICE OF THE APPROXIMATION MANIFOLD

Step 1: We “push” the whole approzimation problem from LP(RY) to LL((0,1)%), w(y) =
1/p(R~Y(y)) fory € (0,1)%, via R, where LE, denotes the weighted LP space defined

below. I.e. we consider
Py = poRY 0; :=n; oR™!Y and M, :=span{f; | j=1,...,N},
Note that 1, € WHP ((0,1)%) and 0; € C* ((0,1)%), since R is a C*-diffeomorphism.

Step 2: We understand the connection between the approzimation errors of

N N
wmu:chnjeM and zppmup::uoRA:chHjeMp.
j=1 J=1
Step 3: We analyze the approximation properties of 1, in M, using the approzimate ap-
prozimation theory presented in Section [2.8.3.

Definition 3.12 (weighted L norm and space). Let Q C R? be a domain and w : Q —
R+ be a positive Lebesgue-measurable function. We define the weighted LP norm of

a function g : 2 — R and the weighted LP space by

91l 2,0 = (/Q 19(2)[P w(z) dx> 1/p

and  LB(Q) = L5(LR) = {g: Q > R llgll @) < 0} /N,

where N = {g:Q—>Ry HgHLﬁ(Q):O}'
We will use the abbreviation LL, if it is clear, which domain €2 is considered.

Proposition 3.13. Let p € L'(R? R+), R € C* (]Rd, (0, 1)d) and the weight function
w(y) = 1/p(R~1(y)) fulfill the assumptions of Notation A C R? be a domain and
2 := R(A). Then we have for g € LP(A):

gp:=goR' € Ll(Q) and gllze(ay = llgpll L7 (02)-

Further, if g € L5(A) then

9p € LP(Q) and lgllzzcay = lgpllLr () -
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Figure 3.7: The basis functions 7; of M and 6; of M, for Gaussian 7 and N = 10, 30, 90.
One can observe the assimilation of the three functions 6; highlighted in black. Those 6;

closest to the boundary do not share this behavior, since their centers move closer and

closer to the edges.

81



3. CHOICE OF THE APPROXIMATION MANIFOLD

Proof. Using Lemma and the transformation formula we get:

o0y = [ ol s = [ lgpori@)ao = [ |52 o ] (0 Do) 0o
_ 90"(y) .
—/ mdy HgPHLP(Q

910 = [ lo@P plo)de = [ lgy0 RI@) ID.R@) dz = [ 19, (0)
= ||9p||Lp(Q)
OJ

Corollary 3.14. Using Notation Proposition implies for ¢, u € LP(R? R)
and v, = o R, Uy = wo R~L:

19— ulle = M1y — wpllrz -

To get the approximation properties of M, under control, we will use the the theory
of approximate approximations presented in Section [2.8.2] This relies on the fact that,
while each basis function 7; is scaled in a different way, the functions ¢; become shifted

copies of the same function for large IV, namely
&
0i(y) = &1 <h(y = yj)) :

Proposition 3.15. Using Notation (we allow the additional case p = oo here),
let 2, € RY y, = R(x,) and 0, = 1. o R™!, where n.(z) := Sdﬁ(%DwR(fC*)(CE —x)).
Then there exists a constant

c—c (p,e,K, IDaR@)|l |D*R ()], max wauz,) ,
yE[—K,K}d
such that for all sufficiently small A > 0

0. = &tn (F =y, <5, ifp< oo,
16 = &4n (5 — )| ,» < Ch, if p = .

For z, € A, where A C R? is a compact set, the constant

C - c<p,eK a9 >|\2,A)

can be chosen uniform with respect to ., y. respectively.
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3.3 Rigorous Approximation Theory

d
Remark 3.16. The prefactor h? appears due to the fact that for p < co and g €

LP(RY):
= (/Rd lg (h™ta)[" d$>; = (hd /Rd Ig(x)lpdx>; v

and therefore both ||6||;, ~ ho and |m (E(e—ws) | » ~ hi.

Proof of Proposition[3.19. Let B := (D,R)™!(x.)-[-K, K]%. Since supp(n) C [~ K, K%
and D?R(x) : R x R? — R? is a bilinear map for each € R?, we obtain the following

lg (")

supports for n, and 6, and for sufficiently small h > 0:

h
supp(ns) C oy + EB’

wop(0. € R (5. + )
C R( )+EDR( )B+h—2 DR (2, + B (B, B)
= Tk I3 AU T« g2 Ty < y

~
bounded on the region of evaluation

h
Cyet (K +1),K + 174,

From now on, let y € [—(K + 1), K + 1]¢ and h > 0 sufficiently small. Viewing
D2R~Y(w) : (0,1)% x (0,1)4 — R? as a bilinear map for each w € (0,1)? and Taylor
expanding R™! at y., we get for some ¢: R? — (0,1)

R (ys + hE™ 1Y)

= R (y) + hE'Dy(R™") (gu)y + W*E7% (D*R™ (y» + hE'C(RE )Y)) (w, 1)

= 24 + h€ ' DyR(w.) " (y + hza(y)),
where we used that Dy, (R™1)(y.) = Dy R(z.)~! and

zn(y) = E N IR(2s) [D* R (ys + hC(REY)Y)] (v, v).

Since y € [-(K +1), K +1]¢ and R~! € C?, the function 2, is bounded uniformly with
respect to y and h:

3L = L(|ID*R Y (y)|) >0:  zp(y) € [-L,L)¢ forall ye [—(K +1),K + 1]%

By Taylor expanding once more, this time 7 at y, we get for some ¢: R% — (0,1)

6. (y* + Zy> =&y <iD:pR(w*) [R_l (y* + Zy> - fU*D
£ (y + han(y))
= &n(y) + E han(y)" Vi (y+ hhanw) 20() )
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3. CHOICE OF THE APPROXIMATION MANIFOLD

Since zx(y) € [~L, L]* and Vn <5y + Shé(y)z(y)) is uniformly bounded with respect
toy € [-(K + 1), K + 1]¢ for sufficiently small i > 0, this yields uniform convergence

&
- (Re-m)] =
as well as for p < oo,

p
(h—ﬁ 0, — Sdn<g(-—y*)) ) =hpd
h . Rd

= g—d/
[—(K+1),K+1]4

-/ hen ()" (y + h(han(w)) 2(w)[ dy
[ (K+1),K+1)¢

p
S I S X T
y€[—(K+1),K+1]4

of the form

p
dy

0.0 - % (G- w0

p

dy

h
0 <y* + €y> - 5d77 (y)

p
< (2K +2)° [(Lx/&) jeinax IIVn(y)II% hP.

O

Armed with the knowledge that all basis functions ¢; are, roughly speaking, shifted

copies of the same continuous function, which fulfills the extended decay and moment

conditions ([2.8.4) and ([2.8.5)), we can now apply the theory of approximate approxi-
mations presented in Section to analyze the error of ¢, in M,,.

Theorem 3.17. Using Notation let ¢ € Wk’p(Rd,R), 1<p<oo,and € > 0 be

given. Then there exist constants &y, hg > 0 such that for all basic shape parameters
0 < & < & and all mesh sizes 0 < h < hg (i.e. for sufficiently large n € 2N + 1), the

approximant
N
Y o= Z¢|A(2)(xj)nj €M
j=1

fulfills
[ =Yl Lo ray < e

Remark 3.18. Before proving this theorem, we have to deal with two issues:

(1) Boundary problems: The convergence of the basis functions §; is not uniform in z;
(or y;) since the constant C' from Proposition depends on z,. Since the outer

centers y; converge to the boundaries of (0, 1) as N goes to infinity, this problem
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3.3 Rigorous Approximation Theory

can not be solved by just choosing N “large enough”, as can also be seen in Figure

B.7
Also the approximate approximation theory only gives error bounds in LP, not in
L¥,. Since w(y) = 1/p(R(y)) goes to infinity for y converging to the boundary, the

two norms H’”LP((O,l)d,R) and ”'HLZ((O,I)d,R) are not equivalent.

(2) In order to apply the theory from Section we need to bring the points
Y1, -..,yn into the form y; = mh for some m € 74,

Solving these will require further notation.

Notation 3.19. We will deal with the first problem by “cutting off” the function ¥
outside a sufficiently large ball:
For given € > 0 choose 11 > ro > r3 > 14 > 0 such that

AY) = B,;(0) , QU = R(A)) and W= max w(y)
yeﬂ(l)

satisfy
: €
(i) ”wHLP(Rd\AS) < 17
(i1) Hzpp‘(mmm@))ﬂp,h < & for all sufficiently small h > 0 with C > 0 and ||*|[pn

as in Lemma

(iii) 79 = ;T?’.

In order to solve the second problem, we shift the unit square Q = (0,1)? and all its

subsets and functions defined on it via 7(z) :== z — 31 to

3 1 1\¢ .y : . _ )
Q:=7(Q) = <—272> ) QW) =7 (Q(])) Vj, Yj = T(yj) v,
Boimdpor, Gimtjor,  @mwor

]\pr = span{él, . ,9~N} .

This way the points y; coincide with the points required for quasiinterpolation as stated

in the following lemma.

85



3. CHOICE OF THE APPROXIMATION MANIFOLD

0 2

Figure 3.8: Bringing the points y; into the form hm for some m € Z%, by shifting by
T(z) =2 — —]l The sets Q1 D Qs D Q3 O Oy and Q1 D Qs D Q3 D Qy are visualized in
red.

Lemma 3.20. Using Notations and we have for odd n € 2N+ 1, N = n¢,
h=1/n:

{01,...,yn} = {hm |m e 7% hm e Q}
Proof. Using the definition (2.1.1)) of the points y;, we get:

i i) = 2% —1 1 2%, —1 1\7
Yi,--- YNy = m 27"'7 om 2

2k1 n+1) 2%kg— (n+ 1)\
oy

d T
{ n+1>h"”’< n-2u)h>
-{
-1

k‘j E{l,...,’I’L} Vj}

k‘jG{l,...,n}Vj

—

mlh mdh)

n—1 n-—3 n—1 .
m; € 4§ — 5 , — 5 T 9 V3

hm | m € 79, hmEQ}

We are also going to use the following technical detail:

Lemma 3.21. Let N € N, o € RY with exactly v < N nonzero entries, 1 < p, ¢ < oo
and, as usually, 1/q := 0 for ¢ = co. Then

1
e[y < vallallp,
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3.3 Rigorous Approximation Theory

Proof. Let v € RN be given by v; = sgn(ay), j =1,...,N. Holder’s inequality yields
1
ledlly = [ {v,a) [ < vllgllall, = vallel,.
L]
Proof of Theorem[3.17, Using Notations [3.10] and [3.19] we will consider two approxi-

mations of the function
0= 1/’/)‘()(2) c Wk,p(Q(Q)’R)'

One is its quasi-interpolant

(@ne) ) =& 3 ¢<hm>"<g(y hm) “’iZ@ <y;y)>

mezd
thQ(z)

and the other is

which are close to each other, since éj ~ &y (@) by Proposition [3.15

More precisely, since éj and &% (%) are scaled by h and p(y) = 0 for all

y ¢ Q) there exists a natural number v € N independent of h, such that for each
y € RY

{j =1,...,N ‘ 0(5)0;(y) # 0 or @(g;)E% <g(yh_gj)> # 0}‘ <wv

and therefore, Proposition [3.15] and Lemma [3.21] yield for p < oo

_ S Ew—i)) 5
IQup ~ 812, gy < /R k) et (U 20) <60 | a

< /Rd <|90(ﬂj) £ <5(y;zjj)> A >j1,---7N jdy

. /Rd e <|90@j)‘ £ <5(y;gj])> —0;(y) > o pdy
=L ||,

< ve lea )P |[E% <g(yh_g])> ~ %) ;(Rd)

N
< 14N max lo(y)|P CP (h“’?)
yeQ(2)

< vaCPRP max lo(y)P,
yeQ ()
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3. CHOICE OF THE APPROXIMATION MANIFOLD

where C' is the constant from Proposition Analogously, for p = 0o
N

1Qne = Bll oo @y < sup D le(G))
yeQ) j=1

e (S -5

< vCh max |p(y)|.
yeQ(2)

So, for 1 < p < 0o and sufficiently small h > 0,
€

Qe = &l oamy < g7 (3.3.1)

Note that

gooroR:w’A@) and

N N
poToR = Zcp(?]j) tjoToR = ZWA(Q)(%‘) n = ¢ €M
j=1 Jj=1

As shown below there are, roughly speaking, four errors we need to control:
@ the quasi-interpolation error ||Qrp — ¢|| o (Q@))’ for which we will use Theorem
xh
2.63] (x is the constant from said theorem),

@ The quasi-interpolation error “outside Q,(fh) 7| Qre — <,0||Lp <Q\Q<2>)’
xh

@ the difference ||Qrp — & Lp(§) since our approximation has to lie in M, and the

actual approximation is ¢ instead of Q¢ — here we will apply Proposition [3.15

@ the error due to “cutting off” the function v, see Notation |[3.19

For sufficiently small h we can ensure
supp Qnp C QW and ij? ={x e Q@ . Bup(z) C Q(Q)} > 0B
and compute using Proposition [3.13}
19 = Pllpo(ga) < 19 = Pllpo(aw) + 10l oraac) + 191 o (reyac)
< llo = @llz (qe) + 191 2 (aonae)) + 1l maya®)
<W (ll%J = Qnoll o) + 1Qny — @IILp(ms))) +

+w (H@— Qnell Lo (anae) + HQh‘PHLp(Q(D\Q@))) [l Lo (a4

< 0( o = Qul ) +21Qk0 = Bl acs) + 1l aongen) ) + 1Wlan(asa0)

-~ -~

@ ® © O

IN
™
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3.4 Linear independence of the basis functions 7;

since

@ < % for sufficiently small £, h > 0 by Theorem [2.63
@

€
@ < HQh(@‘Q@)\QM))HL”(Rd) < HQh(wP‘Q@)\Q(‘l))HLP(]Rd) < H%|(Q<z)\g(4>)Hp,h <5
by Lemma and Notation |3.19

€
< —
8w

@ < Z by Notation [3.19

by (3.3.1)),

O]

Remark 3.22. The proof shows further reasons to choose the (adapted) convolution

pg,t instead of p; for the density p:
(1) pg: is strictly positive even if p; is not.

(2) Due to the convolution, 1, is very small at the edges, therefore those basis functions
6, which are close to the edges and far from radial (see Figure [3.7]or Remark )

mainly do not enter in the approximation of 1,,.

3.4 Linear independence of the basis functions 7;

In the following, we will justify the term “basis function” by showing the linear inde-
pendence of the functions 7;. Unfortunately, we were able to prove it in the radially
symmetric case, for the general case we refer to the condition number plots of the

Gramian matrix in all numerical experiments, see Chapter

Proposition 3.23. Let N € N, z;,p; € R? and € >0 for j=1,...,N. Then the

functions
nj(x) = exp [—Ej(l‘ — xj)2 +ipj(x — l‘j)]

are linearly independent in L?(R%, C), if the centers z; are distinct.

Proof. Assume there exist A,..., Ay # 0 (if some \; are zero, consider only those

functions n; with nonzero ;) , such that

N
> A =0.
j=1
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3. CHOICE OF THE APPROXIMATION MANIFOLD

Without loss of generality, let ¢, = -+ = ¢ < €41 < --- < ey for some r > 1.

Choose j* = argmax;_; . ||zxl|, without loss of generality j* = 1. Hence, s :

maxj_s ., 717; < 73 # 0 (it suffices to treat the case N > 1).

Using the notation p; = —f\‘—i, poi=max{|y;| : j =2,...,N}, € := min{e; : j =

r+1,..., N} we obtain from n; = Z;VZQ yn;

. ‘Zj‘v:zﬂjnj(ml)‘
1 = lim

t—o0 I (t1)|
N
‘Z§:2“J77j(t$1)‘ ‘Zj:rﬂﬂj??j(tﬂ?l)
< lim
t—o0 ’nl(t.%j)‘ ’n1<tx1)|
exp[—e; (tx — 2 _ — )2
< Np lim [ max plmalte — 7j)] + exp[—€(t§ — z;)7
t—o0 \ j=2,...,r exp|—e1(twy — 11)?] j=r+1,..,N exp[—ey (tx1 — x1)?]

IN

t—o00

Ny lim < max exp[—el(x? — 22)] exp[2e1t (s — x%)] +
J=2,..,1 N——

<0

+ exp[(e1 — €)(twr1)?]  max exp[2(ex; — e171)T — emjz + ew%])
—— j=r+1,...N
>0
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Chapter 4

Numerical Experiments

We are now ready to apply our method to an evolutionary PDE with underlying con-

tinuity equation

Oy = Fi (), o = Y
9o — —divi — —di P
ipr = —div ji = — div(psvy), where pp = 7
el

(see Definition for details) on the example of the Schrodinger equation (2.4.1)).
We will always assume that the velocity field v; (or the current j; = pyvy) is given
analytically. This assumption seems absurd in the case of the Schrédinger equation,
since v; = [%] requires the knowledge of the function ¢, which we want to find in
the first place. However, this procedure will suffice as a proof of concept.

The reason why taking the L%-approximation wu; of v for the computation of v; is
a bad choice is given in Section There, we will also give a possible solution to this
problem, which so far has not been implemented numerically.

Unfortunately, this restriction forces us to treat examples for which the solution
can be computed analytically. As a consequence, we only treat the free Schrodinger
equation with potential V' = 0 and the harmonic oscillator with potential V (z) = %
Please note that the L? errors are computed by first calculating the squared error and
then taking the square root. Hence, the smallest possible error we can achieve is given

by
vV €machine ~ 1.5-107%.
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4. NUMERICAL EXPERIMENTS

4.1 Free Dynamics

Let us approximate the following solution of the free Schrédinger equation (i.e. V = 0):

fy o (e N e
Yy =r(f +107), where o (x) = (77(1—1—@'0@)) exp |:—2(;L' — a])z] . (4.1.1)
2

00 n —ojt

= VA )
1+ O'gtz 1+ O'gtz
—— ——

a(t)

ay2 = :t37
O'l(t) 0'2(t)

and r > 0 is just a normalization constant which guarantees ||1)¢||;2 = 1. This example
was taken from [Dec07].
For our algorithm we choose the constants N = 121, £ = 0.74, ks = 0.32 and

perform 30 time steps per time unit.

10* . . . 10*
10° | 1 100} i
10° | 4 10° | : : 4
— BA Error —— BA Error
102H Condition Number | : . s -2|| —— Condition Number |
rror 10 —— DF Error
Error Bound DF Error Bound

-4

10t I
10°F 8| 10°%V
-8 1 i i —
10 = 1 0 1 , 10°
10 10 10 10 10 0 5 10 15 20 25 30 35 40
(a) log-log scale, without momentum term.  (b) semilog scale, without momentum term.
10* : : : 10*
10* 4 100} 1
10° 1 10° ¢ 1
— BA Error —— BA Error
102} Condition Number |- : 3 1072} Condition Number |
rror —— DF Error
Error Bound DF Error Bound
107 1 107 1
10° *——_—///_\/ 1 1w0° (\//
10° : . : 10°® ‘ ‘ ‘ ‘ ‘ ‘ ‘
-2 -1 0 1 2
10 10 10 10 10 0 5 10 15 20 25 30 35 40
(c) log-log scale, with momentum term. (d) semilog scale, with momentum term.

Figure 4.1: Bestapproximation error, condition number of the stiffness matrix, error of
the Dirac-Frenkel variational principle and its error bound plotted over time.
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4.1 Free Dynamics

10

-10

exact
— — —numerical

L L L L L

251

5 10 15 20 25 30 35 40

(a) Bohmian trajectories g; .

exact

— — —numerical

(c) Parameters €, ;.

100

exact
— — —numerical

80

60

40

L L s

5 10 15 20 25 30 35 40

(b) Quasi-Bohmian trajectories x; ;.

101
exact
— — —numerical
8 .
6 .
4 .
1
2 M

| S—

L L L L s

_10 1 1 1
0 5 10 15 20 25 30 35 40

(d) Parameters p;; (momentum terms).

Figure 4.2: Bohmian trajectories ¢; ¢, quasi-Bohmian trajectories x;; and the parameters

gj+ and p;, computed exactly and numerically over time (for reasons of visualisation every

third trajectory/parameter is plotted).

93



4. NUMERICAL EXPERIMENTS

I.O T T
: Lo =0 =6-=0

: le--o-—~e--0
10° f : 7.0 : -

R e il = B & S R € 2

10"

10}

10

-6

RtatnCy
[

[Gx{enlenlan)

il

LO_B 0 I 1 I 2 3
10 10 10 10

Figure 4.3: Bestapproximation error and condition number of the stiffness matrix plotted
over the number N of basis functions for different values of the basic shape parameter £.
One can clearly see the saturation of the error for large values of N and also the trade-off-
principle (the smaller &£, the better the approximation error, but the worse the condition
number), both described in Section

4.2 Harmonic Oscillator

22

Let us approximate the following solution of the harmonic oscillator, i.e. V(z) = %-:

Pi(z) = 7r1/41\/@ exp <—%(l’ — @) +ip(z — qt) + iAt)

where qr = 2 cos(t),

pr = —2sin(t),
At = — sin(Zt),
Qt = cos(?) +iv/2sin(t),

V2
2 cos(t) + isin(t)
cos(t) + 2isin(t) -

Ot =

Note that the square root of Q) has to be chosen in such a way that it stays continuous

in time.
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4.2 Harmonic Oscillator

For our algorithm we choose the constants N = 121, £ = 0.74, ks = 0.32 and

perform 1000 time steps per time unit.

10" . . . 10* ‘ ‘ ‘ ‘
10° | {1 10t E
10° 1 10t 1
— BA Error —— BA Error
102} — Condition Number |::. . 000 : s 102l — Condition Number |
—— DF Error DF Error
— Error Bound s 3 — DFFEmorBound | . -~ —
1074} J w0t : |
10°F 1 100k i
. - e /"W\) /V\/V\'/V\/
10 - - - 107 ; i ; ;
107 107 10" 10° 10" 0 2 4 6 8 10

(a) log-log scale, without momentum term.  (b) semilog scale, without momentum term.

4

4

10 T T T 10
10° 1 100t 1
10° 1 10 f 1
— BA Error —— BA Error
02 Condition Number |- | 102 —— Condition Number ]
— TTOoT rror
— Error Bound s — DF Error Bound ]
107} RBIUIRE gt 074 |
10°} 1 10l ]
e o o o v v
10°® i H H buul 10,5 Yo " T—“—" P " Yt
-3 -2 -1 0 1
10 10 10 10 10 0 2 4 6 8 10

(c) log-log scale, with momentum term. (d) semilog scale, with momentum term.

Figure 4.4: Bestapproximation error, condition number of the stiffness matrix, error of
the Dirac-Frenkel variational principle and its error bound plotted over time.
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4. NUMERICAL EXPERIMENTS

I N N S - T = S T R
. \R G am—

[l exact
— — - numerical
T T

I I I I I I I )
1 2 3 4 5 6 7 8 9 10

o

(a) Bohmian trajectories g; +. (b) Quasi-Bohmian trajectories x; ;.

exact
— — - numerical

(c) Parameters ¢, ;. (d) Parameters p;; (momentum terms).

Figure 4.5: Bohmian trajectories ¢, ;, quasi-Bohmian trajectories x;, and the parameters
g+ and p;, computed exactly and numerically over time (for reasons of visualisation every

third trajectory/parameter is plotted).
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4.3 Numerical Computation of the Velocity Field v,

].O T T

: o =60 -=0-—=9
A o z
2 : //G,@—+ef{}~o

—

~ o0 HO- 70 -0

10"

10°}

10

107°F

NtatnCty
[

[Gx{enlenlan)

s

]-O_8 0 I 1 I 2 3
10 10 10 10

Figure 4.6: Bestapproximation error and condition number of the stiffness matrix plotted
over the number N of basis functions for different values of the basic shape parameter £.
One can clearly see the saturation of the error for large values of N and also the trade-off-
principle (the smaller £, the better the approximation error, but the worse the condition
number), both described in Section W

4.3 Numerical Computation of the Velocity Field v,

As mentioned at the beginning of this chapter, we use an analytical formula for the

computation of v, = & [%} The obvious choice of using our L2-approximation

Vu

” } turns out to be unfit for

up = Z;\le ¢;jnjt of Yy in order to approximate vy ~ [
the following reason:

No matter how well u; approximates ¢; (and Vu; approximates Vi) in the L?
sense, the approximation can get oscillatory in regions of low values of ;. Consider
our standard example of 1y being the weighted sum of two Gaussians and ug its bestap-
proximation in My. Figure [4.7] illustrates the oscillations of u; and its result on the

: Vug.
quotient w0 -
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4. NUMERICAL EXPERIMENTS

0.5 T
Ug x10"

— Vuy

20 25 30 35

=20 -10 0 10 20 30 40

8= = - Vo/vo ]

I
7
|

-10 I I I I I

Figure 4.7: While ¢ is the sum of two Gaussians, its L?-bestapproximation uy € My

and its gradient get highly oscillatory in areas of low values of 1y. Though harmless for

Vi

the L2-approximation ug ~ 19, the resulting approximation VT?)O ~

is catastrophic.

T

One possible solution to this problem is to rewrite 1; = Ry or 1y = €Tt (see
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4.3 Numerical Computation of the Velocity Field v,

Remark [2.27) for some functions R, S; : R? — R and T; : R — C and use an

approximation of S or T; for the computation of v, since the formulas
V¢ = VSt and Vt = Ry [VTt]

are much more pleasant from a numerical point of view. However, it is not clear which

type of approximation to choose for R; and S; or for T3, the time evolution of which is

given by (243) and (Z44).

We suggest to treat the reformulation with 73 in order to avoid the unpleasant term

%g: in (2.4.3) (it causes analogous problems to the one described above) and apply a

collocation method for its time propagation. The algorithm will be explained only in

dimension d = 1 and we will use basically the same basis function as before, except for

three aspects:

e We do longer need the momentum term p;(z — y;) in the exponent, since in

contrary to vy, Ty does not show oscillatory behavior.

o 1y L> 0 implies R[T}] ‘% —o00, hence Gaussian basis functions alone are

a bad choice for the approximation of 7;. Therefore, we will replace the outer for

basis functions by the monomials 1, z, 22, 23.

e Since we choose a collocation method instead of a Galerkin method, the prefactors

are no longer needed.

In summary, we choose our basis functions to be

1 for j =1,
T for j =2,
Git(x) = < exp (_ej,t |z — xj,t|2) forj=3,...,N — 2,
z? for j=N —1,
z? for j = N,

where €;; = h™2E%py +(z;4)? (see equation (3.2.2)). The time evolution of 7%,

T, = = (AT, + VIIVT,) — iV,

]
2
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4. NUMERICAL EXPERIMENTS

makes the collocation method for the approximant ©; = Zjvzl d;iCit ~ T gain the

form

at@t([l?kt) (@ (l’k t) +® (1‘k7t)2) —ZV(.’IJ]Cyt) Vk = 1,...,N

l\)\@

Mz

d; ( OGjt(Tht) +5 Cjt(xkt)>
S——— A/—’

J= 7j=1
=tay), =a), —a®),
(Zdﬂt (T ) — iV (@) Vk=1,...,N
~———
— o
k,j,t
. ~ N 2
= AV = (~A? + LaP) a4 L (AY) = )
2 2 —— S——
componentwise
componentwise p

where d; 1= (dj;);, © := (xj4); and Aga) = (a,(;;{t)kj fora=1,...,4.

For j = 3,..., N — 2 the derivatives of (;; are given by

= exp (—Ej,t (z — ﬂfj,t)z) )
= — 26j,t(x - $j,t) Cj,t(‘r)7
= [def iz — 250)% — 2€54] G (@),

= [2€¢j4d50(x — 24) — €50 (x — 254)°] Gia ().

Unfortunately, we were not able to produce a stable implementation of this method so

far.

Instead, we follow a rather “clumsy” approach. We define

Pgt = Pt * 95, 0r = K50t
Z;1 Pp-distributed, Ot =THTj).

In each time step, we perform a cubic spline interpolation of the values ©;; in the nodes
Zj+, which we use to compute the propagation of ©;; (via a collocation method), Z;;

and all the parameters of the manifold.
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4.4 Morse Potential

4.4 Morse Potential

We will now apply the above described method with the cubic spline interpolation to
the Schrodinger equation with the Morse potential

2
V(z)=D (1 - e—a@f—x*)) ,
where D = 0.0572, a = 0.983, z, = 5.03855. The initial data will be a real Gaussian
o\1/4 o
tnle) = () " e (5@ - w)).

where o = 0.3289, xj, = 4.53. This example was taken from [Kell4], where the

semiclassical formulation of the Schrodinger equation is used:
. g?
iedyp = *EV% + Vi,

where 0 < ¢ < 1 is the so-called semiclassical parameter (here, ¢ = 0.0029). Thank
you to Johannes Keller and Caroline Lasser for providing a reference solution for this

example (computed via a Strang splitting):

(a) t=0. (b) t =4. (c) t =8.
(d) t =12 (e) t = 16. (f) t = 20.

Figure 4.8: Solution v; of the above problem at different times ¢.

With only 20 nodes ;; for the cubic spline interpolation, 100 time steps per time

unit and x5 = 3.1 , we can propagate a suitable approximation of the manifold:
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4. NUMERICAL EXPERIMENTS

15000

€5t

10000

5000 I\

0 5 10 15 20 ’ 0 5 10 15 20 15 20

Figure 4.9: Bohmian trajectories g; +, quasi-Bohmian trajectories x;; and the parameters
g;.+ (for reasons of vizualisation every third trajectory/parameter is plotted). Note, how
the Bohmian trajectories stay |t;|?-distributed.

The application of the Dirac Frenkel variational principle to the Morse potential
causes problems. The potential does not fulfill the assumed conditions (at most poly-
nomial growth, see Section . Therefore, the integrals (n;+ | Vi) 2 appearing in
the variational principle (see Example might not exist. Nevertheless, we were
able to evolve a reasonable approximation to the wavefunction up to time 7' =5 (with
N =121, £ =0.74, ks = 0.32 and 600 time steps per time unit.):

-2

10

10 r//” 1

4

10 E

10 f E

-7

10 f E

10 L L L L

Figure 4.10: L2-error of the Dirac Frenkel variational principle plotted over time.

102



Chapter 5

Conclusion and Future Directions

We developed a method using an approximation space, which automatically adapts to
the specific function 1; we want to approximate. The basis functions 7;; we use for
the approximation also adjust automatically, if the function changes in time. This was
realized by considering the underlying probability density function p; and its evolution

in time, described by a continuity equation

81;[’1& = - diV(tht).

More precisely, the centers x;; of the Gaussian basis functions 7;; were chosen P, -
distributed, py+ being a modified version of p;, see Section One way to put this
into practice is by taking the images of equidistant points yi,...,yn € (0,1)¢ under

a transport map from Py, to P The Jacobian of this transport map can be used

gt
for choosing suitable covariance matrices of the Gaussian basis functions, see Section
315

This adaptation of the approximation space allows a good approximation with
a rather small number of basis function, which is an important step towards high-
dimensional problems. However, breaking the equidistance of the points y; is an ob-
stacle still to be cleared in order to reach this goal. Taking scattered Pyy;-distributed

points y; (e.g. Monte Carlo or quasi Monte Carlo points) has not yielded profitable

results so far and would be an interesting direction for future research.

So far, our numerical experiments assumed that the velocity field v; is given analyti-

cally (except for the rather negligible attempt in the last experiment). In many cases,
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5. CONCLUSION AND FUTURE DIRECTIONS

including the Schrodinger equation, the velocity field depends on the function ¢ or the
density p; and needs to be computed numerically.

We explained the difficulties of such a computation in the case of the Schrodinger
equation, which we could not solve until now. It therefore remains another challenging

task for the future.

104



Appendix A

Bohmian Mechanics and the

Wigner Transform

As mentioned in Section some results can be deduced by treating the Wigner
transform of the wave function as a probability density function, though in reality it may
take negative values. Some of these results provide an insightful connection to Bohmian
Mechanics, which (based on my knowledge) was first studied by Takabayasi (see [Tak54]
or [Wya06|, Chapter 3] for a summary) shortly after Bohm’s famous publications on his
statistical interpretation of quantum mechanics ([Boh52al and [Boh52b]). Some of the
ideas and formulas already appear in the appendix of Moyal’s paper in 1949 [Moy49],
who, of course, could not make the connection to Bohmian mechanics at that time.
Further contributions were done by Hiley, see e.g. [Hil04].

The main idea is to treat the Wigner quasi-probability distribution W1 of the wave
function 1 € L?(RY,C) as a probability density function in phase space (ignoring the
fact that it can take negative values) and “integrating out” the first or the second
argument. Takabayasi refers to this as “projecting onto the coordinate space”, while
Hiley speaks of “shadow manifolds”. The most simple result is to gain the marginal

densities

plz) = [¢(@))? —/ W f(x,€)dE,
Rd

FE)? = / Wb(a, €) .
Rd

But there is more: Taking the expectation value with respect to the probability

105



A. BOHMIAN MECHANICS AND THE WIGNER TRANSFORM

density
_ Wy(z,e)
C ()

(the denominator p(z) is just a normalization term), just as we did in Section (see

Proposition [2.51f), we arrive at the Bohmian velocity field v = vy = & [%} So,

the velocity field suggested by Bohm is nothing other than the expected momentum
(separately for each x € R?) with respect to the Wigner distribution:

Proposition A.1. For every z € R?, we have

[emios-a[].

Proof. Using the Fourier inversion formula we get:

~—

[ Era(©dt = (e g) (e g) e ayag

- 5% @@% D) T (a-2) 5o 2) oo ] v
1

- : Vi(z) — Vi(z) ()]

O

Further connections, e.g. to the quantum potential introduced in Section can
be made by taking higher moments of P, (see [Moy49|, [Takb4], [Wya06]).

What we are going to study are the following two aspects:

1. Can an analogous statement be made with the Husimi transform (see Remark

2.40)) in place of the Wigner distribution?

2. Using the terminology of Takabayasi, what happens if we “project onto other

subspaces” instead of the coordinate space?

While the first question is answered by the following proposition, the second one

will need a little more preparation.
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Proposition A.2. Let 1y € L?(R%) denote a wave function (i.e. p = |¢|? is a probability
density) and Hiy) = W1p x G, where G(z, &) = G1(2)G2(€) and Gy, Gy € S(RY,R) are
probability densities on R?, Go being an even function. Defining

Z/Rde(q,p)dp ., uil(q / qup P,

we get:
ot = px Gy and ot % (pvy) * Gh,

where as usually vy, =3 [%] denotes the Bohmian velocity field.

Proof. The first part is a simple computation:

pH(q)—/ (Ww*G)(q,p)dp—/ Wip(q —x,p— &) G(z,§) dzd€dp
R4 R

d JR2d

= /R?d - Wi(q —z,p— &) dp Gi(z) dz Go(€) d€ = (p = G1)(q).

plg—x)

For the second part first observe that (by the Fourier inversion formula)
(2m) /me(q r+5)v(a—a-2)e G, &) dy dp da dé
= [ €0(a—2) v(g-a) Gla&) duct

/5G2 dg/ ¢ - 2) Gi(z)dz

=0, since GQ is even

— 0.
AS a COnsequence,
p" (q) vl (q) :/ p (Wi = G)(q,p)dp
]Rd
= /RgdedJ(q —z,p—§)G(z,§)drdédp
[ [ o= awWita—sp-9 b Gl arac
R2d Rd

plg—z) vy (g—)

4 / EW(q - 2.p— €) dpG(a, €) d(x )
RSd

= ((pvy) * G1)(q).
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A. BOHMIAN MECHANICS AND THE WIGNER TRANSFORM

Let us now turn to the second question:
For simplicity, we will present the theory in dimension d = 1.
In the same way we did before, we can choose a 1-dimensional subspace U of the

phase space other than the axes and “integrate out the orthogonal component” to get

—sin «
CoS o
2 COS &
« zsin o

Figure A.1: 1-dimensional subspace U of the phase space and the direction vector of the

a probability densities “on U”:

b

q

corresponding orthogonal projection.

Definition A.3. We define the following densities on R:

p(2) = / W ((z@sa) h (—sina)) .
R zsin cos a

Since ng Wy =1, p® is a probability density (the positivity will be seen in the proof

of the following proposition). We further define the transformation
FIp)e) = ) [ i) K (z) do

where

! (cos aly® + 2%) — 2yz)

1
K*z,y) = ex
() V2w sin o P [

is the Mehler kernel and f, : R — R is an arbitrary phase term.

2 sin o

Proposition A.4. For any f, : R — R,

p(z) = |(FPey) ().
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Proof. Using the linear transformation

— i 1 h
<§1> — ( ZEZ 21) (y . |detA| =|sina|, &+& = —2hsina, &&=y
2 - T2

and denoting ¢ := cos(«), s :=sin(a), we get for any f, : R — R:

o= [ ((z:fzz) (e )an

:i 1;( —hs+ 5) v (ze—hs — 5} el q(y, h)

2
- 27T|8| R2¢ (2c+ 1) (zc + &) el 5 (@ +8))€@1-€) q (¢ ¢,)
= 27T|,9| / 1/;(Zc+fl)6i(2518—i5%) d§1/¢(26+£2) 6_7;(2528_i£§) dés
R
_ 1 1(2587752
~ 27|s| /w(zc—i-ﬁ df’
1 ) 9
= /w C(y +22)—2yz+22csin a) dy
27ls|
2
- Zfa(@/qp (el +2*)-2u2) gy
27ls|
O
Remark A.5.

1. For fo =0 and o = 7, the transformation F®leq) is just the Fourier transform

of .

2. The proposition also follows from the facts that the Mehler kernel is the evolution
kernel of the harmonic oscillator and the evolution of the harmonic oscillator
corresponds to a rotation of the Wigner function in phase space. Our proof is
a simple alternative to this argumentation. Thank you to Johannes Keller for

pointing that out to me.

3. The transformation F®/= is not defined if « is a multiple of 7, but it can be
continuously extended to these cases. The following proposition treats the case

a = 0 exemplarily.

—0

Proposition A.6. (Ffa1p)(2) 222 4(2) if fa(z) 2=Y 0 for all z € R.
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A. BOHMIAN MECHANICS AND THE WIGNER TRANSFORM

Proof. Tt is sufficient to treat the case a ~\, 0. Denoting once again ¢ := cos(a), s :=

sin(a), we obtain for 0 < o < §:

b BS (cls? + %) — 2yz)] dy
By
M/ o [5s (-2) - 5 o

= ¢tfalz / mf—l— i) exp |:—7I‘C£2—;iz2:| d¢,

(fa’faw)( B era ” / V 2mis o

where we substituted £ = m (y — %) in the last step. Taking the limit o \, 0, we
get:

lim F fa¢( ) = lim lim eifo‘(z)/ (\/%f—i- ) exp {—7?052 - Zszz] d¢

a0 a\,0 R—o0 2c

:hm/i/) exp 7r§]§

R—o0

= ¢(2)

Proposition A.7. If f,(z) = ap + a1 + asz? is a quadratic polynomial, the Wigner

transform of ¢ and F®feq) have the following relation:

W F o) (q) — W <QC?SQ — (p— a1 — 2a2q) sina) '
p

gsina + (p — a1 — 2a2q) cos «
In particular, if f, is constant,
WFSep = Wip o Dy,

cosa —sino

where D, = ( ) denotes the rotation matrix.

sina  cos«
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Proof. Denoting ¢ = cos« and s = sin & we compute:

27 W FIe (g, p) = /Rfa’faw (a+5) 7P (a= ) e ay

! : (ctrolar ) -2n (a4 -a3c(a-1) +2ma(a-))

T 2s

- 27|s| Jrs

exp [ (py — a1y — 2a20y) | ¥(w1) () (a1, 22,9)

1
= SaTa] Jos &P [_25 (c(:rf — 25+ 2qy) — 2(z1 — 22)q — (z1 + Jﬂz)y)}

exp [y (p — a1 = 2020) | $(an) () d(w1, 22,9)

¥ 1 ]
(:) — / exp [—l (202’12’2 + 2cqsz3 — 2qz9 — 232321> +iszg (p— a1 — 2a2q)]
27 R3 2s

¢ <21 + %) ( (Zl - %) d(z1, 22, 23)

1

=5 exp [—iz3 (cq — z1) +isz3 (p — a1 — 2a2q)]
™ R2

/ exp [z’zg 9 —Sczl} ) (21 + %) P (21 — 22—2> dzo d(z1, 23)

R
kk 1 -
() / / exp [223 (s(p —aj — 2a2q) — cq + zl)} W | 2, - dzgdz;
2 RJR S

q—c*q+cs(p—ar — 2a2q)>

=Wy (cq —5(p — a1 — 2a2q), .

=Wy (cq —s(p—a1 —2a2q), sq+c(p—a; — 2&2(])),

where we used the Fourier inversion formula for (xx) and the following linear transfor-

mation for ():

% 0 1 2 Z
z|l=1]1 -1 0 x9 |, |detA|:m, 33‘12214-52, .%2:21—52.
23 0 0 % Y

A

Corollary A.8. Let f, be constant and @ = F*feq). Then

i fove () () oo [0
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A. BOHMIAN MECHANICS AND THE WIGNER TRANSFORM

Proof. Propositions and yield

1 cos —sina (W o Dy)(z,h)
po‘(z)/RWw (2 (Sina>+h<cosa)) hdh = () hdh

Ww%z h)
R |V(2)

{Vﬂ ®

hdh

Corollary A.9. If f,(x) = ag+az? is a symmetric quadratic polynomial, the relation

between the Wigner transform of ¢ and F®fe1) becomes:

WFSeah = Wepo DI* | where Dl =

(vf) =

cosa + 2assina — sin a)

(sin o — 2a9co0Sx COS

cos v sin o«
—sina 4 2ascosa cosa + 2ao sin «

In particular, W F®/e4) and W1 attain the same values, just the coordinates where
the values are taken are “rotated”. We want to visualize this pseudo-rotation DI on

the example f,(z) = % cos asin « by plotting the trajectories:
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0.8 b

0.6 b

Figure A.2: Trajectories (in the variable ) under the pseudo-rotation DS« for various

starting points.
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Appendix B

Generalized FBI Transform

The theory presented in this section originated from a collaboration with my colleagues

Johannes Keller and Stephanie Troppmann.

In Section we defined the FBI transform of a function f € S(R¢, C) as its projection

onto a complex Gaussian:

2
Tf@,€) = 2m) " (gues f)rogay  Ioely) =7 exp (—‘“g' +i€T(y — x))

(the point of evaluation of 7 f coincides with the center of the Gaussian in phase space).
Our basic idea is to generalize this transform by plugging in various Hermite func-
tions (i.e. polynomial x Gaussian) in place of g, ¢, or, even more general, so-called
Hagedorn wave packets, which form an orthonormal basis of L?(R?). This approach
will be presented in the following section.
In this chapter, we will use semiclassical scaling, which is reflected by adding a small

parameter € > 0 to the Fourier, the FBI and the Wigner transforms:

FEf(€) = (2me) /2 f(y) e W dy,
T f(2,€) = (2me)~/2(xe) d/‘*/ 1y exp( ol _ Lergy - >>dy,

We f(2,€) = (2me) 4 /R T D) s (oY) eeeay,

We will further make use of the following Laguerre type polynomials:

Definition B.1. For £k € N and a € R let

-2 (1) 5
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B. GENERALIZED FBI TRANSFORM

be the (generalized) Laguerre polynomials associated with . For m,n € N, we define

the polynomials

2Mmly" ML (=2xy), if m < n,

Lm,n(xa y) =
2Mplym T LT (=2xy), if n < m.

B.1 Hagedorn Wave Packets

In his famous papers from 1980 and 1998 ([Hag80] and [Hag98]), George Hagedorn
introduced an orthonormal basis of L?(R?), which generalizes the common Hermite
basis (and its tensor-product version in dimensions d > 1). We will follow the notation

in [Lub08, Chapter V] and [LasI4]:

Definition B.2 (admissible pair). We will call the pair (Q,P) with Q,P € C*4
admissible, if
QTP - PTQ = 07

B.1.1
Q*P — P*Q = 2ild. (B.11)

For ¢,p € R? and an admissible pair (Q,P), we define the corresponding complex

Gaussian by
05l p, Q, P)(z) = (we)~¥*(det Q)~/? exp (22(56 —q)TPQ Yz —q) + ng(w —~ q)) :

As in the case of Hermite functions, the orthonormal basis results from multiple applica-
tions of the ladder operators (often called raising and lowering operators) A = (Aj)?:1
and Al = (A;[-);-i:l to the Gaussian, in this case the proper generalization is
i
V2¢e

ﬁ (Prop.(z — q) — Q*(—ieV — p)).

The kth Hagedorn wavepacket, k € N? is defined by

A= Alg,p,Q,P] = (PTop.(z — q) — QT(—ieV — p)),

At = Aflq,p,Q, P] =
1

where we use the multi-index notation

d
(ADF = (ADM oo (Al)fe, K=k
j=1
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B.1 Hagedorn Wave Packets

Remark B.3. For an admissible pair (Q, P), one can show that (see [Lub08, Chapter
V)

e () and P are invertible,

C = PQ~ ! is a complex symmetric matrix with positive definite imaginary part,

e every complex symmetric matrix C' with positive definite imaginary part has
a decomposition of the form C' = PQ~! with admissible pair (Q, P), but this

decomposition is not unique,
e QQ* = 3[C]7! is symmetric and positive definite,
e PP* = —3[C71]7! is symmetric,

e the ladder operators commute (A;Aj,rC = ALA; for all j,k =1,...d), therefore the

upper definition is meaningful,
e the Hagedorn wave packets (px)gene form an orthonormal basis of L2(R?),

e In the case ¢ =p =0, Q =1d, P = ild we regain the common Hermite basis for

d = 1 and its tensor product form for d > 1.

Just as in the case of standard Hermite functions, the Hagedorn wavepackets are
(by construction) a product of a polynomial and the (complex) Gaussian ¢f. Let us

introduce the notation (see [Las14])

1
NoTT

where the multivariate polynomials p[q, Q], k € N¢ are recursively defined by

oila,p,Q, P(z) = W2, Ql(z) ¥fla. p, Q, Pl(z),  x€RY

Pl Q1 =1, Piy,[0.Q) = Blpile.Q),  where

Bf = (BN, = é@‘lope(x —q) — \%Q*(—isvx).

In the following proposition, we will see that varying ¢ € R? only results in shifting
the Hagedorn polynomials pj, by g. Therefore, we will abbreviate p7[0, Q] by pj, and

discuss most results only for pf.

Proposition B.4. The multivariate polynomials p;[q, Q] have the following properties
(here z,y,z € C? and pzfej lq, Q] :=0 for k; =0):
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B. GENERALIZED FBI TRANSFORM

1) (@) = 220w = ale. Q) ~207'Q (ki (),
k 2 k—v

() pila+2) = )

tee0=2 () (Fe)

e € £ d 1 1 1 _

@) [ 7+ i+ i) o QIce (2@ @),
(4) pila, Ql(x) = pi[0, Ql(z — q),
(5) Vil = —=Q T (kyph Vo i By > 0,

€

6) pilz+y) =277 > (i) Pi, (V22) 55 (V2y).

v<k

Proof. For the proofs of (1),(2) and (3) see [Lasl4].

(4) Roughly speaking, this identity results from the recursive definition of pf[q, Q]
and the fact that V, and the shifting operator 7, defined by (7,f)(z) = f(z — q)
commute, while 7, 0 op.(x) = op.(x — q) o 7,. More precisely, we have by induction
(we denote the entries of @~ by a;; and the ones of Q* by b;;):

2

e 0l = | 2

Q lop.(z —q) — VEQ’ Vx] Pila, Q)]
9 d ’ d

=/ > ajiop(z — @) 7 p3[0, Q) = VE D bji Ve, 74 150, Q)
=1 =1

d d
= 25" 4y op(an) B0, Q) — VE S bji 7y Vi 9510,
Ve =1 =1
2
| 20 opla - VEQ' vml]j )
7y e, [0,

(5) Combining the recursive definition of the Hagedorn polynomials p}[q, Q] and the
Rodriguez type formula (1), we obtain

? — d

2@ (~ieVarile, Q) = ~207'Q (kv [0, Q1)

Since QQ* = S[C]~! is real-valued (see Remark [B.3), we have (Q*)'Q~'Q =

(QQ")™1Q = (QR*)'Q = Q~T, which proves the claim.

Jj=1
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B.2 Generalized FBI transform

(6) Applying the three-term recurrence formula thrice, we get by induction over k € N%:

- %Q—l (V2z + V2y) 2 (i) P (V22) p5 (V2y)
d
-2 2Q1Q<kj Z k ;€j> pi—u—ej (\/523) Dy (ﬂy))
v<k—e; =1
*) ’“.@"1

) @ (%Q* (Vao)pio (V22) = 2Q7'Q (ks = vi) i, (\@1:))2;1) P2 (Vay)

+ (k (%Q—l(\@y)piw(\/ﬁy) —207'Q (ks — v) P, (\/iy)):) P2 (V)

v<k j=

: ( ("") Povre, (V20) (VI + Y (’“) Pivse, (V24) 95 (V22) )

v
v<k

V—)k—_)/+€j

2u<ktey (k—ﬁrej)pi (ﬁy)pi7u+ej (ﬁx)
d

Jj=1

(5 () st

B.2 Generalized FBI transform

To simplify the presentation, we will use the following notation throughout this chapter:

Notation B.5. We will abbreviate

p

0 —Id c RQdX 2d
Id o0 ’

— 0 PQ* c (C2d>< 2d )
—QP* 0

o Z = <q> c RZd, Z = (g) c (C2d><d, gOi[Z,Z] = (pi[qvpaQaP])

°
o)
Il

[1]

We are now ready to define the transforms we mentioned in the introduction of this

chapter:
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B. GENERALIZED FBI TRANSFORM

Definition B.6 (GFBI transform). For an admissible matrix pair Z = (g) € C2dxd,

k € N% and ¢ > 0, we define the kth generalized FBI (GFBI) transform via
(Ti,20)(2) == (T q.pf)(a:p) = (2me) " (i[2, Z), ) 2 ey - (B.2.1)

Proposition B.7. The GFBI transforms 7§ , f are well-defined isometries from L?(R%)
to L2(R??).

Proof. This is an application of [Coml12, Proposition 4]. O

Remark B.8. If Q = 1d, P = ild, we regain the common FBI transform for k£ = 0.

Proposition B.9. The GFBI transform 7; k.7 corresponding to the Hagedorn wavepacket
¢5[s, Z] of another Hagedorn wavepacket ¢£[(, Z] with phase space center ¢ = (z, )7

and the same admissible pair Z = (g) € C?d i5 given by

(Ti.2 116, 2)) (2) = (2me) (i [2, Z), 97 (¢, Z)) 2oy
o (12°90G=8)IP+(z—6)T2(:—6)—4ip” (g—2)) /4= _d ; ;
Lip; | 52127075, ——=
V2NRHFE (7 ) L\ 2yE 2\/e

[Z*Qé]j) .

j=

Proof. Using Proposition (3) and abbreviating pf, = p5,[0, Q], ¢§ = ¥5l0,Z], ¢ :=
q—z,pi=p—E& Z:i=2—( C:=PQ !, A:=QQ* =3[C]™!, we get

(p—CYTA(p — Cq) = pRQ™D — 2pT AC* G+ ' C*AC*§
=pRQ"D — 20" QP*q+§ PP*G—2iq' C*q
=(QP— P (QP—PQ)+ 37 PQH—p QP*§—2ig" C*q
= ||12*Q2)|1? + 2722 — 2iGT C*§
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B.2 Generalized FBI transform

and therefore
9% y'Cy—(y—)TCly—q) +26"y —2p" (y — 97)]
1 _ = » top—. . 7.
=—- [yTA Yy —ig  Cy +iply + §qTCq - szq]
1 i =\ P
=-Z(\yt346-Cq) A7 {y+ 540~ Cq)

1 i
+ 30— Cq)lA(p— Cq) + quCq — Zqu}

(v+3a6-20) a7 (v+ 14670

1 - T~ T
o |:HZ*QZ)H2 + 3727 — 4szq] .
Using these observations we get:

(¢kla, v, Q, Pl ¢7[0,0,Q, P])

d
(me)"2|det Q™ [ —
B QR+ 11 /Rd Py —a)pi(y —x) X

3= [(1=0) T Cly=0)= (=) Cly-a)+267 (y—0)- 2" (y=0)] gy

d
(o) 1At Q1 [ e o eo
= SLEI pi(y—q)pf(y)eza[y Cy—(y—a) " Cly—+2¢"y—2p" (y—q)| dy

1

NG

/dei (y - JAG~Ci) - 67) v (y  LAG- ccz>> ()2 dy

1
exp [—45 (IZz*0z|* + #7=2 - 41'qu)] X

1

- \/W
e ([0 (s40-701+9)] .~ [o (326-20)] )

J

1
exp [ = (||Z*Q,2:H2 + 2755 - 4ipT(fj)] X

6—[||Z*QZH2 +2T=2—4ip q]/45
= Z*) Z*0z
VIR jljﬁl i ( f[ 77, \f[ ]>
For the last step, we used the following observations:
QR (H-CP=Q'QQ*(-Cy =QF5— QP Q'4=-7202+2iQ7'q,
=P*Q+2ild

Q(Gr—Ci) =Qp— QTPQ L= —2"Qz.
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Theorem B.10. For cach k € N¢, the GFBI transform T ;. fulfills

() (=)

Remark B.11. 0}, € S(R??) decays exponentially in (z,&) because the kernel of the

’Ti:?/}’z = (W*#Y) * o, where
2

01(,€) = 2ae” H17 AT Y (v

v<k

R-linear map
(P*, _Q*) . RQd - (Cd

is trivial (making it an isomorphism of R-vector spaces!). In fact, for (z,¢) € R?*? we

have
Pz —Q*¢ =0 < ¢=(Q) 'Px=PQ YHYz=Czr=R[Clx—i3[Clz.

Since S[C] = (QQ*)~! is invertible, ¢ can only be real-valued if # = 0 (which implies

¢ =0).

Definition B.12 (quadratic time-frequency representation, Cohen’s class). Let G be

a sesquilinear form on L?(R%, C). Then we call
C: L*(R",C)—»C, Cf=G(f.f)
a quadratic time-frequency representation. If further for each f € L?(R¢,C)
Cf=W¢fxo
for some o € S(R??), we say that C belongs to Cohen’s class.

Remark B.13. For a discussion of quadratic time-frequency representations and Co-
hen’s class see [Gro0ll, Chapter 4].

Corollary B.14. For each k € N%, the modulus squared |T%|? of the GFBI transform
T}, belongs to Cohen’s class.

Proof. ]Tﬂz is a quadratic time-frequency representation, since

Gr(th1,12) = (2me) ™ (o, th2) (ks 1)

is sesquilinear and |TE1|? = Gi(4,1)). The claim follows from Theorem O
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B.2 Generalized FBI transform

Proof of Theorem [B.10, Denoting

A=93[C]'=QQ* and R=%R[C],

we get the following identities:

PP =CQQ*C* = (R+iA " )A(R—iA™") = RAR+ A", (B.2.2)
RA=(C—iA YA =PQ 'QQ" —ild = PQ" —ild, (B.2.3)
AR=A(C —iA™)=QQ " PQ ' —ild = Q(P"Q +2ild)Q ' —ild = QP* +ild,  (B.2.4)

IQZ*QC =iQ(P 'z — Q*¢) = iAf —iQP*x = iA¢ — i(AR — ild)z = x + iA¢ — iARx, (B.2.5)

12791 = [P e — Q*¢|]* = 2" PP*2 + €7 QQ"¢ — 2" PQ™¢ — ¢ QP
=z" (A" + RAR)z + "AT'¢ — 2" (RA +i1d)¢ — 7 (AR — ild)x (B.2.6)
=z"A '+ 2" RARz + ¢T A7 ¢ — 22" RAe.

Using the transformation v1 =z + %, vo =2 — § (ie. = %, y =v1 —vy) and

its application to the term

(01— q)"C(v1—q) = (12— )" C(va—q)
= (:c—q—i—y)TC(ac—q—i—y)—(x—q—y>T6<x—q—y)

2 - 2 72 27
py <(fc—Q)TC2_Z.C(w—Q)+inC;le—i(w—q)TC;C@
=2i(<x—q>%[c1 <x—q>+in%[c1y—z<x—q>T%[c1y),

—— —— ——

A-1 A-1 =R
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B. GENERALIZED FBI TRANSFORM

we get

kN (2me)(me) 2 det Q (W) = o) (¢, p)

_ ok d/2 _ _ D Y _Y) igy/e
= 2H(re) et Q [ onla—ap=¢) [ B (a4 5)0 (0= F) e dyaeg

O [ e |- (@ qTA @ —q) + SyTA Yy — i+ Rz — g))Ty
fuuen i

(0= (s 0s )5 (o D (o 2) o

= [ e 5 (0= 07w ) = 2= )Tl = )+ 200001~ ) = (2 - )
R2d £

X Py, (v2 = q) pg (v1 — @) ¥ (v1) ¥ (v2) d(v1,v2)

/Rd P (v —q) exp [—i (v=q)"Cv—q) +2p(v — Q))] Y (v) dv

2

2e

= 2*K(re)"? et @ |(ila. . @, Pl

2
— 9F 1 (2me)(me) /2 det Q ‘T,w] (4 p),

where (%) holds if and only if (here, r; := 28k!(me)%/2 det Q)

/‘61/ olq —z,p— E)eWEdE = et (@) " AT @—a)+ 5y A y—i(p+R(z—q))"y)
R4
_ Y y
Ao Yor(ea
<~ fil/ Uk($’€>el(p_§)y/8d5 — 6—%(;pTA—lw_i_%yTA—ly_i(p_Rx)Ty)
R
. y Y
X € ( 7) & ( . 7)
Pp(x+ 9 Dr |l T 5
= "‘fl/ Uk(x7£)e—i§y/€ de¢ _ e*%(fETA_liFinA_lerixTRy)
R
(e (-
X Pk (116—1— 5 ) Pk (T — 5
_1,T -1
== Uk(xyf) — L(;;)—l [e_%(%yTA_ly-H'mTRy)
R1

s (-2
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B.2 Generalized FBI transform

This means, the step (x) is correct for

2me) 4 - 1 A
vl §) = T [ TRy

=!K9

<7 (o )i ()

:K/QeleA—lx/ 6—%[(%—i—z‘AR:c—iAg)TA*l(%—&-iARa:—z’Ag)+:cTRARx+§TA£—2:cTRA§]
Rd

X D3 ( ,) 3 ( . 7) d
:2H2eiz*942/ o—1TAL:
Rd

X D (x —iARx 4+ 1A + 2) pi, (v + tARx — 1A — z) dz

_1 7*Q 2 k k 2 — " " killl
=2pqe = 127Kl Z (1/ ) (1/ ) <\/5Q Yz +iARx — zAﬁ))
1) \»2

vi,v2<k

k—vo
(@ eriare-iag) [ B g G0 () s
Rd

NG
. k—v 2
k\ (2i2*Q¢
v) \ Ve
where we used the transformation z = 4 + iARx — i A&, equations (B.2.5) and (B.2.6)
and the orthogonality relations of the polynomials p5. O

-~

(=D)2léy, 0,

—2ppe e N2 U Z(_l)u

v<k

)
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field of real or complex numbers: K=R or K=C

fP-norm of a vector z € Rd, 1<d<oo

:= ||z|2 Euclidean norm of = € RY

Borel o-algebra on a topological space (2

:={y € R?| |y — 2| < r} open ball of radius r centered at x € R?
= {y € R?| |y — 2| < r} closed ball of radius r centered at x € R?

-1 ifz<0
:=4¢0 ifz=0 signum function
1 ifx>0

vector in R? with all entries equal to one

space of k times continuously differentiable functions with domain and
codomain Q,Q C R4

= CF(Q,R)

;= {f € C*(Q,R) | supp(f) is compact} space of k times continuously
differentiable functions with compact support

Lebesgue space with domain ©Q C R% and codomain K =R or K = C
= LP(Q,R)

= LP(R%, R)

= Ifllee = I fllzr(e) LP-norm of a function f € LP(Q2)

Sobolev space of order k corresponding to the LP-norm with domain
Q C R? and codomain K=R or K = C

= WhP(Q,R)

Schwartz space of rapidly decreasing functions on © C R? with
codomain K=Ror K=C
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B. TABLE OF SYMBOLS

probability distribution given by the density p: P,(A) := [, p(x)dz for
A € B(RY)

uniform probability distribution on (0, 1)?

normal distribution with mean p € R? and positive definite covariance
matrix ¥ € R given by the probability density function p(z) =
(2m) /2| det(5) /2 exp [~ (z — ) TSNz — )]

pushforward measure of a probability distribution ¢ on X via a measur-
able map ®: X — Y ((X,Bxy) and (Y, By) being measurable spaces)
defined by (®4p)(B) :=pu (®~1(B)) for all B € By

Jacobian (in space) of a O vector field v : RY — R?

Identity map of the considered space

d-dimensional identity matrix

= (04j)i=1,.... unit vector in NG

trace of a quadratic matrix A
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