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Abstract

Quorum sensing is a mechanism that
guides cooperative group behaviour in
bacteria and as such is vulnerable to ex-
ploitation by non-cooperative individu-
als. We employ the G-function ansatz
to model evolutionary dynamics in or-
der to find evolutionary stable strategies.
We discuss different model differential
equations, with a focus on how spatial
structure can be taken into account and
how it influences the long-term outcome.
For all utilized models the existence and
uniqueness of solutions are proven. Nu-
merical simulations corroborate the an-
alytical results as well as serving to vi-
sualize the arising dynamics. We also
performed and present experiments us-
ing the bacterium P. aeruginosa that
investigate these dynamics.

Als Mechanismus zur Steuerung
von Gruppenverhalten in Bakterien
ist Quorum Sensing anféllig gegentiber
Ausbeutung durch nicht kooperieren-
de Individuen. Wir verwenden den G-
Funktionsansatz zur Modellierung der
evolutiondren Kréifte, um evolutionér sta-
bile Strategien zu finden. Mit Fokus auf
den Einfluss rdumlicher Strukturen und
ihrer Langzeitwirkung untersuchen wir
unterschiedliche Modellgleichungen und
zeigen auch die Existenz und Eindeutig-
keit von Losungen fiir alle verwendeten
Modelle. Numerische Simulationen un-
termauern die analytischen Erkenntnis-
se und zeigen die entstehende Dynamik
auf, welche ebenfalls in Experimenten
mit Bakterien vom Typ P. aeruginosa
untersucht werden.
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As humans, we have invented lots of useful kinds of lie. As
well as lies-to-children (‘as much as they can understand’)
there are lies-to-bosses (‘as much as they need to know’) lies-to-
patients (‘they wont worry about what they don’t know’) and,
for all sorts of reasons, lies-to-ourselves. Lies-to-children is
simply a prevalent and necessary kind of lie. Universities are
very familiar with bright, qualified school-leavers who arrive
and then go into shock on finding that biology or physics isn’t
quite what they’ve been taught so far. ‘Yes, but you needed to
understand that, they are told, ‘so that now we can tell you
why it isn’t exactly true.’Discworld teachers know this, and
use it to demonstrate why universities are truly storehouses
of knowledge: students arrive from school confident that they
know very nearly everything, and they leave years later certain
that they know practically nothing. Where did the knowledge
go in the meantime? Into the university, of course, where it is
carefully dried and stored.

TERRY PRATCHETT, THE SCIENCE OF DISCWORLD



Chapter 1

Introduction

Bacteria are pervasive and influence our daily lives in a myriad of ways, some ben-
eficial, some detrimental. We use them in sewage treatment and for manufacturing
many different chemicals, we carry them in our gut flora and on the skin. At the
same time, there are bacterial pathogens that kill millions of people per year. It is
imperative that we gain more understanding about the underlying mechanisms of
bacterial behaviour, especially with the progressing antibiotics resistance. Mathe-
matical models can help us gain insight into these mechanisms and discern focus
points for future experiments.

1.1 Biological Background

For a long time, bacteria were thought to live relatively independent of each other.
This viewpoint has changed with the discovery of [quorum sensing (QS)|in 1977
[HN77]. Nowadays we know that cooperation between bacteria seems to be the
rule rather than the exception. One important process to guide such cooperation
is [QS], a regulation mechanism for group behaviour. It is, among others, employed
by |Pseudomonas aeruginosa (P. aeruginosa), an important pathogen and one of
the model organisms for [QS| which we introduce in section [1.1.2]

1.1.1 Quorum sensing

The importance of accurate demographic information is reflected in the
United States Constitution, Article 1, which provides for a decennial
census of this country’s human population. Bacteria also conduct a
census of their population and do so more frequently, more efficiently,
and as far we know, with little if any of the political contentiousness
caused by human demographers. [FWGI6]

11



12 CHAPTER 1. INTRODUCTION

Bacterial is a cell-to-cell signalling mechanism that coordinates a range of
behaviours at the population level [Sch+13; RB12|. It occurs in a wide range of
living conditions, from soil and water (where regulated genes influence nutrient
cycling) to animal hosts (where regulated genes determine pathogen virulence).

Figure [1.1] shows the basic mechanism of in Gram-negative bacteria by
means of the cycle of [P. aeruginosal As is the case for most communication
systems, it includes a sender, a message, and a receiver. By way of a signal synthase
(the “sender”, here: Lasl), a small signal molecule (the “message”; here:
ldecanoyl-l-homoserine lactone (3-oxo-C12-HSL)) is produced and secreted by the
bacterium. For small molecules such as [3-oxo-C12-HSL| this secretion is a passive
diffusion through the cell wall. At the same time, signal from the extracellular space
is (re-)absorbed by the bacterium. A receptor molecule (the “receiver”; here: LasR)
is produced that can bind to the intracellular signal. If this happens, the receptor
molecule can then bind to operators on the bacterial DNA to allow transcription,
thus facilitating the production of proteins on these DNA strands. In this way,
every bacterium can sense its own signal molecule as well as that produced by
others, leading to the term autoinducer. Two of the various proteins under this
control in [P. aeruginosd are exemplarily shown in figure [I.T} ucleoside hydrolased
, a protein which degrades inosine to hypoxanthine plus ribose (this metabolic
pathway is shown in greater detail in figure on page and elastase, a protein
that is secreted into the surrounding media to break down cytokines as well as a
number of other substrates. Additionally, a receptor with bound signal molecule
also enhances the production of signal synthase, leading to a positive feedback loop
[SP195].

Through the signal molecules bacteria can sense the cell density in the surround-
ing media, leading to the term |quorum sensing| [NPH70; FWG94]. As the signal
molecule underlies diffusion, some have argued that the bacteria employ it mainly
to sense the diffusivity of the media [Red02]. Hense et al. [Hen+07] coined the
term efficiency sensing for the mixed scenario, where both quorum and diffusion
sensing is possible. In both ways, helps ensure that bacteria only turn on costly
behaviour such as producing and secreting proteins when the cost to benefit ratio
is reasonable.

In turn, like any other social behaviour, opens up the possibility of cheaters.
It involves two levels of cooperation: at the signalling level as well as on the level of
[QSFcontrolled target genes. Both are prone to cheater mutants. In[P. aeruginosd
are unable to produce signal molecules and are thus called signal
cheaters, while are unable to respond to signal because they lack the
receptor molecule and are often called signal blind.

Once any kind of molecule is secreted, it is available to all bacteria in the
local environment. For this reason, they are often called [public goods (PGs)|
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3-ox0-C12-HSL
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Figure 1.1: Schematic depiction of in a bacterial cell, by means of the
system of [P. aeruginosa,. Block arrows indicate genes, other shapes transcribed or
produced molecules. The two-coloured arrows symbolise the activation through
bound receptor molecule.
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Cheaters can thus reap the benefits of [PG] production if a producer is nearby,
without paying the associated metabolic costs [BJO1; Dig+07; [Rum+09; SMSO07].
This serves to destabilise in the long term. Once cheaters arise (e.g. through
loss-of-function mutation), they should theoretically outgrow the producers as they
have more resources available to invest in cell division. Cheaters have been shown
to outcompete producers both in vitro and in vivo, but seems to be evolutionary
stable in natural systems nevertheless.

Several mechanisms, such as kin selection [BB08| and policing [Wan+15|, have
been described that could explain the evolutionary stability of cooperation and
despite the advantages cheaters have in such a system [see e.g. KRG14]. We will
take a closer look at two of them: assortment and private goods.

Assortment

Spatial structuring of populations is a fundamental principle allowing for assortment
in bacteria. Such separation could serve to stabilise cooperation in combination with
population bottlenecks |Bro07]. Spatial structuring can be caused by environmental
heterogeneities, but also by self-organisation via bacterial interactions [FR11|. In
biofilms, for example, producers and cheaters tend to grow in clusters [NFX10]. Both
theoretical and experimental studies [CMF12; CRL09; [Mel+10; Rum-+12] showed
that under certain conditions, cyclic separations of the whole population into small
subpopulations and subsequent re-mixing events can protect cooperative behaviour
from being completely outcompeted. Even if only parts of the population undergo
cyclic separation and growth in colonies, cooperation can remain evolutionary
stable [Mun+16].

All in all, it is important to take spatial relations between bacteria into account
when modelling [QS] We will discuss methods to do so using ordinary differentiall
lequations (ODEs)| (see chapter |3)) as well as modelling spatial coordinates explicitly
with [partial differential equations (PDEs)| (see chapter 4)).

Private goods

In contrast to the afore mentioned [public goods private goods are only accessible
to the producing cell itself. They are hence innately protected from cheaters and

provide their benefit exclusively for cells with a functioning system.

Apart from extracellular molecules, also controls the production of proteins
which act within the cell. In[P. aeruginosdl, one such protein is [Nuhl As [Nuh|is
involved in metabolising fadenosine] only bacteria with intact signal receptors can
digest this carbon source. In this way cooperation via provides a private fitness

benefit to cooperating cells if is available as carbon source [DCG12].
But even extracellular molecules do not provide benefit indiscriminately, but
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are limited by diffusion and habitat structure. Kiimmerli et al. [Kiim+14] found a
negative correlation between habitat structure and water solubility of siderophores,
a class of secreted enzymes under control in a wide range of bacteria. For highly
structured environments such as animal tissues, water solubility of siderophores is
high, while microstructures in the environment naturally limit the resulting diffusion.
Conversely, water solubility of siderophores is low in unstructured environments
such as water habitats. This leads to siderophores clinging to each other as well
as to lipid membranes. In this way a fraction of the siderophores stay with their
producer (see also figure and provide some private benefit. As|P. aeruginosaj
is found in freshwater and soil as well as hosts, Kiimmerli et al. [Kiim+14] rank
its habitat structure as average (3.3 on a scale of 1 to 5). Following this line of
thought, one can consider every [PG| to have both a private and a public benefit.

For the signal a similar mechanism has been proposed. Given that signal
synthesis as well as binding to the receptor both happen within the cell, the
binding strength of the receptor and the diffusivity of the membrane (amongst
other factors) regulate the degree of self- versus neighbour sensing [FS13; |[YL14}
MY15]. A low receptor binding strength paired with high diffusivity will favour
secretion (and subsequent absorption) of signal, while a cell membrane with low
diffusion coefficient will favour intracellular aggregation of signal molecules (see
also figure . Consequently, we can think of the signal as having a private
and a public part. We will come back to this hypothesis in section [2.2.3]

All in all, when we develop a mathematical model of in the following, we
need to take both levels of cooperation into account. In order to keep the model at
a manageable size regardless, we will make some modelling simplifications on the
complex process of

We can make a quasi steady state assumption for the concentration of signal
synthase if we assume that its production is on a slower time scale than the
subsequent production of signal molecules themselves. This can be rationalised if one
notes that signal synthase is the product of a lengthy translational and transciptional
process, while signal molecules are relatively small and assembled by one enzymatic
reaction. Indeed, it has been verified experimentally that concentration of signal
synthase and signal itself is approximately proportional (e.g., in the system of
|P. aeruginosa| by Duan and Surette [DS07]). Hence we can focus only on signal
quantity when modelling later on, omitting the intermediate step of producing
the signal synthase Lasl. In a similar fashion, we will leave out the process of
transcription and translation as well as the synthases for controlled proteins.

1.1.2 Pseudomonas aeruginosa

[P. aeruginosais an opportunistic human pathogen that causes serious illnesses
in immunocompromised hosts, especially in individuals with cystic fibrosis or
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traumatic burn wounds. It is Gram-negative, rod-shaped and found in many
different habitats, from soil to animal or plant hosts |Red].

Of particular importance for clinical applications are its intrinsically low antibi-
otic susceptibility [Poo04] as well as its ability to form enduring biofilms [HCB10].
Both make it a bacterium commonly found in hospitals and on medical equipment.
infection of immunocompromised hosts often leads to potentially fatal
infections - Horino et al. [Hor+12| give a 30-day mortality rate of 20.9 %. While
exact numbers vary from study to study, it is a problem not to be underestimated.

In addition to its low intrinsic antibiotic susceptibility, [P. aeruginosal can also
rapidly develop new resistances to multiple classes of antibacterials, even during
therapy, mostly through plasmid acquisition or mutation [LWHO09|. For all of these
reasons one is looking for alternative ways to treat |P. aeruginosalinfections. One
such way could be through the [QS|system. Many virulence factors in
are under control of including for example the well-studied iron-scavenging
siderophores [WBO03|. As such, is fundamental for the success of
infections. This has been confirmed by studies in mice, with mice infected by
[QS}mutant strains having a lower mortality rate [Rum-+09).

Brown et al. [Bro+09] make some suggestions on how one could go about using
mutant strains to reduce virulence. Besides using [QS}deficient mutants directly,
other methods include quorum quenching to disrupt the ability of wild-type
bacteria [Sio+06]. But all of these methods rely on the ability of cheating strains
to outcompete wild-type producers. It is thus of great interest to gain a better
understanding of the relations between producing and non-producing bacteria and
the evolutionary pressures that they underlie in order to better estimate the chances
and risks of these kind of therapies.

Up until now, studies have found four different systems in |P. aeruginosal,
called the , Pseudomonas quorum sensing (pgs) and integrated quorum
sensing (iqs) system [WDS11} Lee+13]. Their respective signal molecules are shown
in figure [I.2]

We will focus on the system of [P. aeruginosal, as it is one of its two main
systems, the other being the [rhl] system. In fact, the [rhl] and [lag system have a
hierarchical structure, with the system dominating [PP197].

For a more comprehensive review of the mechanisms of |[P. aeruginosad as
well as its response to antibiotics, see Rasamiravaka and El Jaziri [REJ16] and the
references therein.

1.2 Mathematical modelling

Mathematical models are very versatile tools that have been used to analyse data,
understand biological concepts and to predict behaviour. The exact mathematical
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Figure 1.2: Chemical structure of |QS| molecules of [WDS11; Lee+13].
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tools involved vary as much as the purpose.

1.2.1 Modelling approaches for population growth

Maybe the most fundamental class of models for population growth is the discrete
population model

Nt+1 = f(Nt)a

with a function f: R, — R, where /V,; signifies the amount of individuals at time
t € N. Discrete population models are well-suited for populations with a common
generation time such as insect life cycles [see e.g. [EK04]. In the case of bacteria,
cells will divide continuously. A model with continuous time is therefore better
suited.

|Ordinary differential equations| (ODEs) are the classical way to include such
a continuous time scale. In general, a first-order model for one population
reads

AN (1)

dt :f(t,N(t)),

where N again signifies the amount or density of individuals at time ¢t € R,. One
concrete example is the Verhulst equation

WO (12,

It was first introduced by Pierre-Francgois Verhulst, but rediscovered by McK-
endrick and Pai [MP12], who used the equation in order to model the population
dynamics of bacteria in test tubes. The two occurring parameters are r, the
intrinsic growth rate, and K, the so-called carrying capacity. The carrying capacity
is the maximal number of individuals that can survive in the population. A higher
number of individuals than K cannot be sustained by the environment. The exact
reasons vary dependent on the biological background of the model, but can include
a limited abundance of food or space as well as accumulation of toxins. By defining

r

p := = we can reformulate the Verhulst equation to
dN(t
YO _ N - V().

In this version, instead of a capacity K, one has a population-dependent death
rate uN(t). Like the capacity, it models the natural limit of the population size,
shifting focus towards the rivalry for resources between individuals.
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If two populations are considered (or the population consists of two subpopula-
tions), this rivalry can be modelled more explicitly. One example that arises from
the Verhulst equation are Lotka-Volterra-type equations:

dj\(;lt(t) = r1Ni () <1 ~ ) +; HNQ(t)) :
dNy(t) No(t) + ao1 Ny (2)
dt = TQNQ(t) <1 — K2 ) .

In addition to the afore mentioned growth rate and carrying capacity we consider
«;j, the interaction coefficient between species ¢ and j. If o;; > 0, population j has a
negative impact on population 7, e.g. through competition or predation. Conversely,
if a;; < 0, population j has a positive impact on population i. Thus if «;; and
a;; < 0, the populations have a mutually beneficial relationship. Cooperator-cheater
interactions are marked by «;; < 0, a;; > 0 if j is the cooperator subpopulation.
For n (sub-)populations, the model reads

dN;(t) . >y i N(t)
az = T’,LNl(t) (1 I — Kl )

where we define a;; = 1. such as these have been used in modelling
cooperator—cheat relationships in the past [Fral0].

When modelling with [ODES|, one usually assumes a homogeneous population.
Spatial inhomogeneities in a population are not directly reflected in such a model, as
there is only one independent variable (the time ¢) and the equation is independent
of spatial variables. If explicit spatial dependence is needed, one can use
[differential equations| (PDEs|) to also gain continuous space dimensions. The general
form of a second-order [PDE] for one population is

ON(t,z) ON(t,x) O*N(t,z)
8t - f (t,x,N(t,x), 81’1 ’ 81’2 )

ij

where x denotes the spatial coordinates and dz;; the derivatives with respect to
the different coordinates of . Chopp et al. [Cho+02] used such a model for the
system of |P. aeruginosal and its influence on biofilm growth, while Koerber et al.
[Koe+02] employed it in the context of burn wound infection. Jabbari, King, and
Williams [JKW12], on the other hand, modelled interaction between two bacterial
strains via a combination of and [PDEdl

Both[ODE]and [PDE|models will be discussed later on, in chapter [3|and chapter[4]
respectively. Apart from them, there are many more viable modelling approaches,
such as partial integro-differential equations [BJ01], graph-based modelling [PK15]
and individual-based modelling [CMF12; (GBDM14|. For a more in-depth review of
the history of mathematical models for [QS] the reader is referred to Pérez-Velazquez,
Golgeli, and Garcia-Contreras [PVGGC16].
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1.2.2 Modelling approaches for evolution

As mentioned in section [1.1.2] |P. aeruginosal has the ability to gain immunity to
antimicrobials even during an ongoing therapy. This means that we can see evolution
already on short time scales. It is thus imperative that one takes mutations and
evolutionary pressure into consideration when modelling growth of [P. aeruginosa,
There are several ways one can model evolution. One important method is the
use of adaptive dynamics, a method developed by Geritz et al. [Ger+97|, which
is introduced nicely in Brannstrém, Johansson, and Festenberg [BJF13|. In its
basic form, it assumes two populations, a resident population N, and a mutant
population N,,. We can write down the population dynamics as before, using a
formulation with population-dependent death rate instead of explicit capacity:

WD) _ N (1) (= (Vo 0) + Na(0).

The particular idea of adaptive dynamics is to assume that mutants are so rare
initially (N,, < N,), that we can assume N, + N,, = N, and N, itself to be at its
equilibrium value (N, = /). We call the growth of the rare mutant an invasion
of the resident population. The outcome of such an invasion is dependent on the
reproductive success of the mutant, also called its fitness. One can then define
invasion fitness s,.(m) of a mutant to be its per capita growth rate:

AN (t
5o ) = B = i = N8) = 1 = 7

It is imperative that the mutant population size NN,, does not appear in this
expression, since we just assumed that it is negligibly small. It must also hold
that s,(r) = 0, signifying that the resident population cannot invade itself. We
can then find the selection gradient as the derivative of s,.(m) with respect to m.
In our simple example, it would hold that s.(m) = 1, and thus the trait would
evolve to ever increasing values. For (realistic) natural systems, there is always
some kind of trade-off that prevents such explosions and one can find values of 7 for
which s.(7) = 0. Such values for 7, or strategies, are called evolutionary singular
strategies and can be divided into fitness minima and fitness maxima (and a third
degenerate case, a saddle point, which is without biological significance). As the
name already suggests, strategies in a fitness maximum maximise the fitness of the
population and as such are evolutionary stable, while evolutionary branching can
occur in fitness minima.

One generalisation of adaptive dynamics is the idea of G-functions, where one
defines a general growth function for all populations that depends directly on the
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trait value of that population. This allows one to consider the evolution of an
arbitrary number of populations as well as their population dynamics simultaneously.
It will be discussed in depth in chapter 2]

The slightly different approach of Cohen and Galiano [CG13] employs methods
of by considering the trait, or strategy, of a population as another continuous
independent variable next to t. If we denote the strategy value by v, one could for
example write

2

O,N(v,t) =7 (N(v,t) + Zam,zv(v,t)> — s(N(v,1),0)) N, 1).

The function s embodies the natural selection in this scenario while € gives a
measure of the mutation rate. Additionally, the equation must be supplemented
with biologically meaningful boundary conditions.

Again, the models shown here are but a few in a wide range of possibilities.
Depending on the nature of the population model considered, different ways to
depict evolution are appropriate.

1.2.3 [Evolutionary stable strategies| and

The terms [evolutionary stable strategy (ESS)| and |evolutionary stable equilibrium|
are essential to dealing with evolving populations. While we will define them
mathematically later on, the concepts can also be expressed in a biological context.
To that end, we use the definitions coined by Smith [Smi82] and Vincent, Van, and
Goh [VVGI6|:

An [ESS|is a strategy such that, if all members of a population adopt
it, then no mutant strategy could invade the population under the
influence of natural selection.

Individuals in a biological community will be at an [ESE] if fixing the
strategies used by the individuals results in stable population densities
subject to perturbations in those densities.

Thus, an [ESS|is stable with respect to changes in strategy values, while an [ESE]|
is stable with respect to (small) perturbations in population densities.

Additionally, there might also be unstable equilibria. Eventually, small stochas-
tic variances will drive the biological systems from these points. In the case of
strategy values, we call such a process divergent evolution, or speciation |Met+95].
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1.3 Overview

This thesis is structured as follows: We will start out by taking a detailed look
at the G-function ansatz in chapter [2] and describing different functional terms
that represent different biological assumptions and theories. Both versions, with
and without abiotic components, are considered with regards to their long-term
behaviour.

Chapters [3] and [4] analyse a number of frameworks that allow us to consider the
role of both time and spatial distribution in [@S] While chapter [3] focuses on [ODES
and different ways to introduce spatial dependence therein, chapter [4] introduces
several different [PDE| systems. Existence and uniqueness of solutions are considered
for all introduced [PDE] systems, as well as their asymptotic behaviour.

Before comparing all of these frameworks in chapter [6], we show some experi-
mental results for in chapter [5} In order to explain the evolutionary
stability of [QS] experiments have traditionally focussed on signal-blind cheaters
[WDS11}; Pop+12; [Pol+14], but Ruparell et al. [Rup+16] and Keller and Surette
[KS06] have shown that there is also a metabolic cost associated with the produc-
tion of [QY] signals. We provide experimental proof that indeed show
cheating behaviour whose pay-off depends on the diffusivity of the environment.

The data from these experiments is used to set parameters for numerical
simulations in chapter [ Apart from replicating experimental results, we compare
both different G-functions introduced in chapter |2 as well as different equation
systems from chapters [3] and [4 before summarising the results in chapter [7]



Chapter 2

G-Function

The basic idea of the G-functions as introduced by [CVB99| is to define a growth
function G for a population b, which can then be universally applied to all individuals
or groups b; within this population. In order to do that, one defines a strategy v;
for every group b;. The strategy can describe any behaviour of interest, assigning
a real-valued number to it. It might also be vector-valued if one is looking at
multiple behavioural rules. Examples for strategies include diverse behaviour such
as number of offspring, habitat choice, and time of nesting for birds. How exactly
the mapping of biological observations to scalar representation is done depends on
the context of the particular problem.

In the context of quorum sensing, we will be looking at signalling strength v; and
response strength v¢ of a subpopulation of bacteria. This means v; = (v, vf)T € R?
is a measure for the cooperativeness of a bacterial subpopulation. In the presented
context, we will assume a normalised value of 0 to indicate no participation and a
value of 1 to be normal wild-type level cooperation.

In order to derive equations from these fundamental principles, we start out with
a very basic population model describing the population growth of a population b;
reproducing with a constant growth rate G:

bi(t) = G - bi(t). (2.0.1)

This equation should hold for all subpopulations b;,i € {1,...,n} that make
up the total population considered, b. b is thus the vector of all subpopulations,
i.e. b(t) € R". Similarly, we define v to be the matrix of all strategy values, such
that if v;(t) € R™, v(t) € R™™. G remains the same for all subpopulations as per
assumption.

It is quite clear that such an equation with a constant G cannot properly model
the population dynamics at hand. We proceed to recognise that the growth rate G
of a subpopulation will be mainly influenced by three factors: its own strategy v;,

23
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Figure 2.1: Schematic representation of influences on the growth rate of a popula-
tion.

the environment defined by the complete strategy set v and the whole population
b (see figure [2.1).

It follows that G should be a function dependent on v;, v and b, so equation ([2.0.1))
can more accurately be written as

Bi(t) = G(ui(t), v(t), b(2)) - bi(t). (2.0.2)

In this way, G can be interpreted as the per-capita-growth. Following the argu-
ments in [VCB93], we assume that the strategy distribution remains approximately
Gaussian and the variance is small [Bul+80]. Then for scalar strategies the strategy
v; of subpopulation b; changes according to

(1) = - Glut, (), B0 (20,3

We can interpret this as a move in strategy towards higher per-capita-growth.
This move happens on a slower time scale than the population dynamics, ¢ < 1.
This time scale difference actually depends on the heritability coefficient A and the
genetic variance o2, such that ¢ = ho?.

An equivalent equation holds true for vector-valued strategies v; € R™:

o1(t) G ((at), - un (), 0(t), b))zt

a(t) 52 G ((ur(t), . wn(1)), 0(1), () Lo
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In order to simplify notation, we will use equation for scalar as well as
vector-valued strategies, as well as write J; to signify derivation with respect to the
first argument of a function. We then get a system of equations describing both
the population and strategy dynamics.

bit) = G(v;(t), v(t), b(t)) - b(t) (2.0.5a)
Gi(t) = e G (ui(t), v(t), b(t) (2.0.5b)

With this framework, we can define the following necessary conditions for an
levolutionary stable equilibrium (ESE)| (v*, b*):

7U*7b*) =
01G (v}, v*, b")
OIG (v}, v*, b*)

* %

Yol € {vl|b; # 0} (2.0.6)

IA I
oo o

STy o

Essentially, we require the population to be in equilibrium with respect to
population dynamics. This can be achieved either through G(v},v* b*) = 0 or
by = 0. If b} = 0, the subpopulation has died out, hence the associated strategy
dynamic can be disregarded. If b} # 0, there needs to be equilibrium with respect
to strategy dynamics as well, resulting in the second equation of . The third
equation is a necessary condition on the derivative of GG for there to be a fitness
mazximum at the — a minimum would lead to divergent evolution [CVB99).
As usual, a strict inequality would be a sufficient condition for a (fitness) maximum
and therefore for an [ESEL

2.1 Assumptions

From here onwards, we will assume some basic properties of the G-function. All of
these are of biological relevance.

2.1.1 General assumptions on GG

We make some regularity assumptions on GG and its derivative in order to simplify
mathematical analysis later on. These do not restrict the possibilities for biological
applications, as most model growth functions do not include discontinuous behaviour
and are smooth.

(I) G(v;,v,b) is Lipschitz continuous in all variables.
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(IT1) 0,G(vy,v,b) is Lipschitz continuous in (v, b)7.
Additionally, we make some assumptions on G from the biological background.

(III) G(v;,v,b) has a (direct or indirect) negative feedback loop in b;.
(IV) du: 81G(’Ui,U, b) <0 VUZ' > Uu.
(V) Ju<a:0,G(u,v,b) =0.

If one of these assumptions is violated, equation (2.0.5)) will exhibit divergent
behaviour (v — oo and/or b — o0), which is not biologically plausible. If e.g.
G (v;,v,b) > v > 0Vu;, then ¢ + X\t with A\ = 7 - ¢ is a lower solution of

equation (2.0.5b)), as
c01G(At + ¢,v,b) — XA > 0.

It follows that v; > ¢ 4+ At and thus v; — oco. This would mean ever-increasing
strategy values without some kind of trade-off, which we do not find in nature.

In the special case of [quorum sensing (QS), we will take u to be 0, requiring
01G(0,v,b) = 0. This keeps v from leaving the biologically meaningful parameter-
range R{ (production cannot be lower than 0).

In assumption we only require Lipschitz continuity of G(v;,v,b), but the
right-hand side of equation (2.0.5a)) consists of G(v;, v, b) -b;. We thus prove a small
lemma that guarantees the Lipschitz continuity of the whole right-hand side.

Lemma 2.1. If G(v;,v,b) is a Lipschitz continuous function in (v,b) and (v,b) €
V' x B with B a bounded set, then G(v;,v,b) - b; is a Lipschitz continuous function
in (v,b).

Proof. We set K; as the Lipschitz constant of G(v;, v, b) and take two vectors (v, b)
and (v,b) € V x B.

)
= |G (w;,w,b) - b; — G(v;,7,b) - b; + G(v;,7,b) - b; — G(v;,v,D) - b,
( bi|| + |G@,,5) = Glus .0 - 1]

o) ()
9-)

(o)~ (¢)
= (|60 + 5 Ja) |

()~ )]

This shows that G(v;,v,b) - b; is Lipschitz continuous with (maximal) Lipschitz
constant Guax + K; - sup ||b]]. O
beB

16l

B

| b
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2.1.2 Dividing G into growth and benefit terms

In order to model the G-function for [QS| one of the avenues we can take is to
divide the impact of v;, v, and b into two parts: a growth term influenced by v;
and a benefit provided by v, b, and possibly also v;. This reflects the fact that
production of molecules is costly to the individual, while the resulting factors
are [public goods (PGs)|and therefore provide benefit to all bacteria. The additional
dependence on v; can be seen as a form of private benefit and will be discussed in
detail when it occurs.

Growth term

One important thing to note is that the growth term is actually reduced with rising
v, as increased [PG| production incurs increased metabolic costs. In this way, less
energy is retained for reproduction. We denote the term by C : R?> — R, and
make the following assumptions:

1. As[PG] production is costly, C'is strictly monotonically decreasing in v and
v{ in the positive quadrant.

2. When producing the growth rate is reduced by a certain factor,
0<C(v;) <1 forw; #(0,0), C(0,0) = 1. (2.1.1)

3. Producing signal is less expensive than responding,

01C (v, vf) < 0C(v],vf) if v] = vf. (2.1.2)
While the first item is clear from our assumptions on the other two are not
as immediately clear. We introduce equation because we will use this factor
multiplicatively for G. Thus a value of 1 would signify unimpeded growth, while
a value between 0 and 1 reduces growth. In this way, we assume that costs
alone do not lead to negative growth rates. Inequality incorporates the
biological assumption that signalling is less expensive than actually producing the
[QS}controlled proteins. If both are produced equally, changing signal production
has less impact on the growth rate than changing signal response has. Note that
this need not hold for unequal production values.
One term that has all required properties and will be used whenever a more
detailed view of GG is required would be
C(v;) = exp (—Ke(v-e)2 - KS(U-$)2) : (2.1.3)

(2 7

with K, > K, being the costs for production. We use quadratic terms instead of
linear ones to emphasise the self-enhancing aspect of [QS]
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Benefit term

The benefit of [QS] is provided by secreting extracellular proteins. We denote it by
B :R™?2 x R™ — R, and make two main assumptions here:

1. There is a limit to how much benefit can be obtained,

lim B(v,b) = Buax- (2.1.4)

Vg ,Ve—>00

2. There is no benefit if no are produced,

B(v,b) =0, ifb=0,> b, =0o0r > b, =0. (2.1.5)

Equation ([2.1.4]) models a saturation behaviour for the benefit — even if the
cells were producing an infinite amount of extracellular protein, the benefit that
can be derived is still capped through saturation of enzymes or similar phenomena.
Equation ensures that there is no benefit from when there are no living
bacteria, or all of them have stopped either signalling or responding to signal, as
are only produced when there is both signalling and responding happening
(though not necessarily by the same subpopulation).

A similar thought spawns the idea that v] and v could be coupled in a
multiplicative way, giving the most benefit when both are roughly equal as opposed
to overproduction in one part of [QS| while neglecting the other. In order to calculate
how much the bacteria benefit through the production, we compare the total amount
produced (3°; b;v;, or 3, bv;,, respectively) with the total amount of bacteria in the
population (Y, b;). Hill terms of order 2 then ensure that the terms are bounded
from above as well as below and exhibit a sharp increase around the threshold
parameter, which we set to half the total amount of bacteria. As such, a first idea
for a benefit term could be

(3 bivy)? (3 bivg)?

B T R eSS ER SN IO ERS ES SN ER

Note that this term does not satisfy assumption (2.1.5). In order to see this,
set b = 1. The term then simplifies to

BN C ) N 5 15,
Bl OY= B (o o (Ben? (o5 002 + (Len)?
- B Civd)* (i)’

(S G (S + ()
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which is unequal to zero even if € — 0. This is due to the fact that the amount
of enzyme or signal production needed scales with the total amount of bacteria
in the population. Such a scaling makes sense, as a large population needs more
enzymes to derive the same benefit per individual. But a proportional scaling such
as this means that an infinitely small population needs an infinitely small amount
of producers, which does not hold from experiments.

Stepping back to the biological problem, we recognise that there are two main
ways in which a population loses [QSHactors, namely decay and diffusion. While
the decay rate stays the same for small and large populations, the loss of molecules
through diffusion is governed by the ratio of surface area to volume. This means
large populations lose proportionally fewer molecules through diffusion, as surface
area increases more slowly than volume. This effect is what keeps small populations
from immediately gaining full benefit, even if all of them are cooperating.

We can adjust the proposed term by exchanging ( % >, b;)? for a term that grows
on a slower scale. One possibility is to use (%)2 > bi, or, to be more flexible, 7", b;.
This gives an example term as

(5 bt bt
Bmax ° : : : f zbz
B(u,b) = SR LR S G S s S LD LR

(2.1.6)

We take another look at the limit behaviour of this term. We can prove the
following;:

Theorem 2.2. The benefit term defined in equation (2.1.6|) exhibits the following
properties:

1. 0 < B(v,b) < Bpax-

2. B(v,b) is differentiable in b and v.

3. lim B(v,b) = 0.

|v]—0

4. 1im B(v,b) = Buax, if 37,k : bj, by # 0,05, v — oc.

|v]—o0

5. lim B(v,b) = ¢,

|b|—o00

where ¢ is any number between 0 and Bnay. Indeed, for every such c there exist v
and a sequence (by)ren with |by| — 0o s.t. B(v,by) — ¢ for k — oo.
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Proof. Properties , and [4] are trivial. For property [2| we first show that B(v,b)
is continuous at b = 0. We take 7 := max {vf,v§} for an arbitrary but fixed v. It

S ¢
holds that o

17 7

(Zibiwp)® (b)) -
(Cibiv)2+73:b; = T b B T3 bi T 21: "

The right-hand side now clearly converges to 0 as [b| — 0. At the same time,
the original term is non-negative as b; > 0 V. It follows that

. (> bivf)2
lim =
=0 (32; b;v5)2 + 732, b;

0. (2.1.7)

The same statement can be derived for v{. That proves the continuity for b
and fulfils our original assumption (2.1.5). B(v,b) is clearly continuous as well as
differentiable in v, so it only remains to prove that B(v,b) is differentiable in b.
We will prove that 0y, B(v,b) exists for all j € {1,...,n} and that these partial
derivatives are continuous.

5 ( (i bivg)? )_(Zibwfﬁ(%;zibz-—zibw;)
PAEbw? + b)) (Sebe) S’

An equivalent statement holds for the v{-term. This leads to

(3 byt )? (523 bivf)T (205 b — 0, biv)
B(v,b) = Bpax .
8b] (U, ) (ZZ bﬂ){?)z + 7 Zz bl ((Zz bivz'e)2 + T Zz bz)Q
(32 byt )? (53 bi)7 (203 i — 33 bivy)

(b2 +725b (5 bvs)2 + 73, b;)°

+ Bmax :

We already know from equation (2.1.7)), that part of the summands will tend
to zero. It remains to show that the other fraction does not go to infinity.

(s biwg)r (205 S00bi = S5 bivf) _ (3: bio)r2o5 b
(Cibwf)+75b)" = (TSib)
(% bi)ZTQU;?
(b))

€
* 2/0]7

RS
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and also

(503 bivg)T (208 2, b — 5, bivt) L (Sibio)r (= 5 bi)
(s bivg)? + 75, by)° B (732 bi)”
033, )3T
oo (D)’

2

T

—v

This fraction is therefore bounded from above by a constant. As it is also
bounded from below, we can conclude (after a similar calculation for v}) that

lim 0, B(v,b) =0 Vje{l,...,n},
|b]—=0

which in turn shows the continuity of all partial derivatives in 0.

For property |5l we first look at the cases ¢ = 0 or B... We can take by — oo
and b; =0 for i = 2,...,n to make things simpler. If v; =0, e.g. v{ = v{ =0 we
get B(v,b) =0 and thus‘bllim B(v,b) = 0. Taking vy = 1, on the other hand, results

—00
in

(b - 1)% (b -1)?

(b1 . ].)2 + Tb1 (bl . 1)2 + Tbl

2
1
:Bmax PE——
<1+ bT1>

— Biax-

B(v,b)(v,b) = Buax -

For a limit of 0 < ¢ < Bpax, set by = Cb2,b; = 0Vi > 2 as well as v; = 1, vy = 0.

bt bt

B ab 7b = Bmax : :
(v,0)(v, b) b2+ 7(by + by) b2 + 7(by + bo)

b2 2
—B.._ . L
e (b% +7Cb? + Tb1)>
1 2
:Bmax 5 .~ . T
<1 +C + bT>
1
1 2
Bmax PR .
~ (1+c>

A short calculation now shows that for a limit of ¢, we need to set C' =

1—+/¢/Bmax
T4/ ¢/Bmax ’

]

This term is positive and well-defined, as 0 < ¢ < Bax.
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This gives us a good idea of what behaviour we can expect from B(v,b). While
it fulfils all assumptions made so far, it is not monotone in b, and indeed can not be
from our requirements. That makes the [QStmodel a mixed competition/mutualism
model.

Note that we will add the minimal growth rate B, the bacteria experience in
the absence of [QS] to the benefit for ease of writing later on. Additionally, we will
sometimes write ||b||, instead of Y; b;.

2.2 Different G-Function versions
Now that we have some preliminary ideas about general behaviour that the G-

function should exhibit for our kind of application, we will look more closely upon
some modelling possibilities.

2.2.1 G-Function without [abiotic components|

Models without [abiotic components| infer benefit directly from the exhibited strate-
gies, as opposed to explicitly modelling signal and enzymes involved. As such, they
are more compact than their counterparts, but also more abstract.

Public Benefit only: G(v;,v,b) = B(v,b) - C(v;) — p||b||,

This basic model builds on the assumption that [PG] production is costly to the
individual, thus modifying growth by a multiplicative factor C'(v;) which fulfils the
assumption proposed in section At the same time, the total amount of
produced depends on the strategies and population densities of all subpopulations,
v and b. Thus, the benefit B depends on these quantities. Additionally, there is a
competition term g, limiting the total amount of bacteria that can exist at one
place. As such, the term for G is

G(v;,v,b) = B(v,b) - C(v;) — p|b]|,. (2.2.1)

For a formulation with carrying capacity instead of population-dependent death
rate, we can transform this equation to

G(vs,v,b) = B(v,b)C(v;) (1 — mqf'})%) , (2.2.2)

which gives us BbhOWi) a6 the capacity for the population. We can now look at
the derivative of G with respect to v;. Here, we will for a moment assume scalar v;
for ease of notation.
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01G(v;,v,0) = B(v,b) - C'(v;). (2.2.3)

We know from section that C(v;) is strictly monotonically decreasing
for positive v;. Together with the assumptions made in section [2.1I] we have
C'(v;) < 0Vv; > 0, C'(0) = 0 and there exists only v; = 0 as an evolutionary stable]
istrategy (ESS)|

Private Benefit: G(v;,v,b) = (B(v,b) + B(v;)) - C(v;) — p||b||,

This idea is based on the private goods-hypothesis explained in [I.1.1] that there
is a private benefit associated with producing the e.g. a small percentage of
the produced enzymes may cling to the producing bacteria. We will model this by
adding a term B(v;), that means a benefit term that is solely dependent on the
strategy of the subpopulation itself. This B(v;) should fulfil similar assumptions to
those we made of B(v,b), which is why we choose the same letter to denote it. All
in all, we can write for G:

G(vi,v,0) = (B(v,b) + B(vi)) - C(vi) — 0] (2.2.4)

Again, we can choose to write this equation with a capacity term instead of
a population-dependent death rate, if we so wish. The derivative of G can be
calculated as

01G(vi,v,b) = (B(v,b) + B(v;)) - C'(vs) + B'(v;) - C(v;), (2.2.5)
hence for an it must hold that
—C"(v;) (B(v,b) + B(v;)) = B'(v;)C(vy). (2.2.6)

The left-hand-side of this equation has a value of 0 for v; = 0, whereas the
right-hand-side has a value > 0 for v; = 0. That means there could be any number
of stable strategies (or none).

In order to get a better idea of the behaviour, we will use the growth function
we proposed at the end of section in equation (2.1.3)). Again, we will assume
scalar v; for ease of notation, simplifying the term to C'(v;) = exp(—Kv?). Plugging
this into leads to the equation

2Kv; eXp(—KU?) (B(v,b) + B(v;)) = B'(v;) exp(—KU?)
2Kv; (B(v,b) + B(v;)) = B'(v;) (2.2.7)

with the second derivative

092G (v;, v,b) = e~ KV ( (B(v,b) + B(w)) (~2K + 4K%?)

2B (0) (2K v, + B”(vi)>. (2.2.8)
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General discussion First we observe that if B’(0) = 0, then v; = 0 will be a
stationary solution. Before we discuss the existence of further positive solutions,
we take a look at the stability of the zero solution, keeping in mind that B(0) = 0:

0}G(0,v,b) = —2K B(v,b) + B"(0).
It follows that v; = 0 is an [ESS]if
B"(0) < 2K B(v,b). (2.2.9)

In the following, we continue to assume that B’(0) = 0. Then a positive solution
exists if we can solve
B'(v;
(B(v,b) + B(@) 2K) = 2% (2.2.10)

(%

We know that the left hand side is monotonically increasing and for many
interesting cases (e.g. both concrete examples below as well as all concave functions
satisfying B(0) = 0, B(oo) = B > 0) the right hand side is monotonically decreasing
(a potential B(v;) where this is not the case is discussed in section later on).
We also know that B(v;) should exhibit a saturation for v; — oo, forcing

B'(v;
lim (vi)

V;—00 Ui

— 0. (2.2.11)

We take a look at the limiting values at 0:

lim (B(v,b) + B(v;)) (2K) = 2K B(v,b) =: B,

B/ i !
tim 20 g — B (0),

v;—0 V; v;—0

So for the cases with monotonically decreasing right hand side, there exists a
positive stationary ; if and only if B”(0) > 2K B(v,b) (see also figure [2.2)), which
corresponds nicely with the stability of the zero solution.

If we take B’(0) to be non-zero, there will always exist exactly one equilibrium
solution, which is positive. This results from the same arguments as above, with
the noted difference that

B'(vi)

lim = 400,
v; —0 v;

due to B'(0) > 0. If B’(0) were negative, the assumption of B(v;) > 0 for v; > 0
would be violated.
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— 2K(B(v,b) + B(v;)) B,

BO ‘/’

V; (%

(a) B"(0) > 2K B(v,b) (b) B"(0) < 2K B(v,b)
Figure 2.2: Graphical representation of the argument for the existence or non-
existence of positive equilibrium points v;.
Last but not least, we take a look at the stability of this positive equilibrium.
Dividing equation 1) by e K we have a stable equilibrium if
0> (B(v,b) + B(m)) (—2K + 4K%57) + 2B'(v;)(~2K)v; + B"(v;).

We know that for v; equation ([2.2.7) must hold, leading to

B/(jS) 2-2 (= — "=
0> S (—2K +4K?07) + 2B'(1;)(~2K); + B"(v;)

B (v; _ _ _
= — QEU ) — 2KU¢B/('UZ') + B//(UZ‘)
1
_ ( 4 zKUZ) B'(3,) + B"(5:). (2.2.12)
V4

We can immediately conclude that equation (2.2.12)) holds for all concave B(v;),
as B'(v;) > 0 as discussed before, while B”(v;) < 0.

B(v;) = v;% This term is quite close to the proposed term of B(v,b) (equa-
tion (2.1.6))), with the difference that the value at which the strategy has half
its maximum effect is now fixed to a constant a. In contrast to the situation for
[PGs], the private good is always just used by one bacteria, so there is no increased
threshold.

In order to take a closer look at the behaviour, we first calculate the derivatives:

2v;a* 2a* — 6a*v?

B/ ) = B// ) — .
(vi) (vZ + a?)?’ (vi) (v? + a?)3
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We note that
B’ (Ul) 2@2

v;i (v} 4 a?)?

is a monotonically decreasing function, so we can reuse all observations made before
about existence and stability of stationary solutions. In order to get a better idea
of just where the positive equilibrium will be, we plug B’(v;) into equation
and simplify:

v? 20;a>
2Kv; | B(v,b : :
B+ ) Tae
2Kv; (B(v,b) + 1) + 2Kv}a*(2B(v,b) + 1) + 2K a*v; B(v, b) = 2v;a*.
So one possible solution is v; = 0, as expected. Dividing by v; allows us to keep on
looking for non-zero solutions

2Kv; (B(v,b) + 1) + 2Kv?a*(2B(v,b) + 1) + 2Ka'B(v,b) — 2a®> = 0. (2.2.13)
The last equation is bi-quadratic, so we take w := v? and solve for w:

—2Ka?(2B(v,b) + 1) £V D
4K(1+ B(v,b))

Wy/2 =

D = 4K*a® <a2<23(v, b) + 1) — 2(1 + B(v,b)) - 2(a* B(v, b) — Ib)
naf 2, 4 4B(v.b)
=4K*a <a —l—?—i— 7 )
> 0.

That means there will be real solutions for w; one of them will be negative, the
sign of the other is still to be determined. It would be positive, if

K
4  4B(v,b
a® + i g’) > a*(4B(v,b)* +4B(v,b) + 1)
1+ B(v,b) > Ka*B(v,b)(B(v,b) + 1)

1> Ka*B(v,b). (2.2.14)

4 4B(v,b
2Ka\/a2 ++ (v,0) > 2Ka*(2B(v,b) + 1)

So only under condition ([2.2.14}) do we get a positive solution for w, and in turn
two real solutions for v;, one of which will be positive. All in all, if 1 > Ka?B(v,b),
there will be two stationary solutions for v;: 0 and a v; > 0. This result corresponds
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nicely to the results in the last paragraph, as B”(0) = 2/a*. The next step is to
take a look at the stability of these strategies, e.g. 9?G(v;,v,b). We already know
from equation ([2.2.9)) that v; = 0 will be stable if

B"(0) < 2K B(v, )
2a*
= F < QKB(U, b),

which is fulfilled, if 1 < Ka®B(v,b) and violated, if 1 > Ka?B(v,b). So v; = 0 is
an [ESS| only as long as the parameter constellation does not allow for a positive
stationary solution. For the calculation for v; > 0 we recall equation ([2.2.8)).

G (v, v,b) = e KV ( (B(v,b) + B(v;)) (—2K + 4K21)Z-2>

+ QBI(UZ)(—QK)’UZ + B”(Ui)> .

_ <_21i S(—2K + 4K20?) +2(_2:“2)2(—2K)@i
v +a v+ a
2a2(v% + a?) — 8a2v? _
? (Ul(v.?ii?)s O | B(v, b) (4K — QK))eKU?.

As we want the stability in a stationary point, we can directly use equa-
tion (|2.2.12)):

0> —— 2a® oK 72171»2a2 n Qai1 — 6a217i2.
(v; + a?)? (v +a?)? (v +a®)?

We can multiply this equation by (7; + a?)? without change of sign

0> —2a*(v7 + a*) — 4Kv;a*(0} + a®) + 2a* — 6a*v;
= 20’07 — 2a* — 4Kv}a® — AK vl a + 2a* — 6407
= —8a’v} — 4K v}a® — 4AKv}a*

= —4v7a*(Kv} + Ka* + 2).

So ; is stable for all possible parameter values (as long as it exists, i.e. v; € R).

B(v;) = —e™“% 4+ 1 Another way to achieve the desired behaviour with a
completely different function is to use the exponential function. The parameter w
can be seen as a measure for the benefit of the strategy — the higher w, the more
benefit is gained from the same strategy. Again, we calculate the derivatives:
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B'(v;) = 2wue™" B"(v;) = 2we™" — 4w vle
Like before, we note that

B'(vi)

U;

2
= 2we™ Y

is a monotonically decreasing function. We calculate the stationary solutions by
plugging B’(v;) into equation (2.2.7) and simplifying.

(260 (B(v,b) — = 41) = et

= =0 VvV 2= (K(B<U’b) i 1)> : (—1) . (2.2.15)

K+w w

The second term produces positive solutions if and only if K B(v,b) < w, which
corresponds to equation ([2.2.9)) and also gives a condition for the stability of v; = 0.
We can use equation ([2.2.12)) to check the stability of the positive solution.

1 v 71 —
0>-— <— +2K @) 2wiie ™" + 2we ¥ — 4wlpe

Ui

0> —4wi? (K + w)e %

Like in the last paragraph we can see that 0 is stable as long as no positive
stationary solution exists (K B(v,b) > w) and unstable afterwards. The positive
stationary solution ; is stable if it exists (i.e. v; € R).

h
B(v;) = vhvﬁ We have already discussed two special cases of this general term:
for h =1, B(v;) is a concave function for which all the results from the general
discussion hold. The case h = 2 was also analysed before. Thus, we want to focus
on h > 3 from here on. We start out by recalling the derivatives of this general

Hill function.

halo ! () hav = (= (h + 1)l + (h — 1)a")
(vf + ah)?’ ’ (vf + ah)? ‘

B'(v;) =

So now we want to take a look at the long-time behaviour of v; for h > 3. We
can reuse some of our prior observations and state that since B’(0) =0, v; =0 is a
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— 2K(B(v,b) + B(v;)) B,

BO 7 BO q

(% U;
v} ;

%

(a) R(v}) > 2K(B(v,b) + B(v;))  (b) R(v}) < 2K (B(v,b) + B(v}))

Figure 2.3: Graphical representation of the argument for the existence or non-
existence of positive equilibria points v; if By > 0.

candidate [ESS| If we are looking for positive solutions, the important thing to note
is that the right-hand side of equation ([2.2.10]) is not monotonically decreasing for
h > 3.

B'(v;) hal v} —?
R(v;) == o = Wt (2.2.16)

Instead, R(v;) has the following properties:
1. R(0) = 0.

2. lim R(v;) =0.

V;— 00
3. R(v;)) >0 Yu; >0, with R(v;) > 0 if v; > 0.
4. R(v;) has exactly one maximum.

h—(n+2) .
5. R (v) = Y I for p < h—2, with a function f(v;) for which f(0) > 0.

(vgl+ah)n+2

A sample plot of the resulting shape of R(v;) is given in figure 2.3 While the
first items are easy to see from equation ([2.2.16)), we will prove that R(v;) has
exactly one maximum as well as calculate its maximal value. To that end, we take
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the derivative of R

ahol3 (—(h + 2)vl + (h — 2)ah)

R'(v;) = (2.2.17)
(vf’ - ah)3
and search for critical points
0 =a"ho!~* (=(h+ 2o} + (h - 2)a") . (2.2.18)

For h > 3 there exists a critical point at v; = 0. But, since R(0) = 0 and
R(v;) > 0 for v; > 0, this critical point is clearly a minimum on the bounded space
v; € R$. The other critical point satisfies

Jh—2
V., = (\[——= " a
¢ h+2

and is thus unique in R{. It remains to show that v} is indeed a maximum. But
knowing that R(0) = 0 and lim,, ., R(v;) = 0, we can conclude that it can only
be a maximum.

We assume for a moment that B(v,b) > 0. If we can now show that R(v}) >
2K (B(v,b) + B(v})), two positive stationary solutions v; to equation (2.2.6|) exist.
We have

he(22) " -
e B ="
@ ()

In that way, 2K (B(v,b) + B(v})) < R(v}) is equivalent to the condition

BN

(B(v,b)dh + 2(h — 2)) 2Ka® < (h—2)"% (h + 2)
(h—2)"% (h+2)h

K 2
= RS AB b2+ h—2)

(2.2.19)

which unfortunately cannot be simplified much further, without assumptions on the
parameters K and a. We remind ourselves that K is the cost of cooperation, while
a denotes the amount of signalling necessary to gain half of the maximal (private)
benefits. Equation thus gives upper limits to these terms, dependent on
the steepness of the activation curve h as well as the public benefit B(v,b). A
larger public benefit is actually detrimental to the existence of positive stationary
strategies v;.
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At the same time, there cannot be more than two intersections in [0, +00) by

IRolle’s theorem| (Theorem |A.8)), since

(2K B(v,b) + B(v;)) — R'(v;) = 2K B'(v;) — R'(v;)
= M (2KU2(vh +a") + (h+2)v! — (h — 2)ah)
TR 2
= M <2th+2 + (h+2)vf + 2Ka"v? — (h — 2)ah) (2.2.20)
CETOT e ’
where the term in parenthesis is strictly monotonically increasing and the equation
therefore only has one & € (0, +00) for which (2K B(v,b) + B(£)) — R'(¢) = 0.

It remains to check the stability of these equilibrium solutions. We know from
equation (2.2.9) that v; = 0 is stable if B”(0) < 2K B(v,b). We also know that for
h > 3 it holds that B”(0) = 0. Hence v; = 0 is an regardless of parameter
values.

A positive stationary solution v; is stable, if equation (2.2.12) holds, that is

1
0> — ( + 2sz-) B'(v;) + B"(v;)

%

1
= 0>—<_+2K17i

) hatgt=t haoP 7 (=(h+ D)0k + (b — 1)a")
V; (

o) + ah)? (0} + ah)3

1
= 0> ( - 2K@i) v (0! + a") — (h+ 1)o! + (h — 1)a".
Ui
We can rearrange this inequality to

1
<6 + 2}@) v (0 +a") + (h+ D)o > (h — 1)a". (2.2.21)

The larger of both positive stationary solutions fulfils v; > v} = / Z—;g - a, if it
exists. It follows that

1
<_ + QK@Z-) v (0 + a") 4+ (h+ D)o

Uy
h—2 h—2
—2 h h h

2h -

C 2 kD=2,
h+2 h+ 2

_ 2h+h*—h—2 "

B h+2

=(h—-1)-da"
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Hence the larger of both positive solutions is always stable, if it exists. It follows
immediately from the stability of the zero solution that the smaller of both positive
solutions must be unstable.

If B(v,b) = 0, which occurs if for example the existing subpopulations do not
engage in[QS] the situation is different. As both R(0) = 0 and 2K B(v,b)+B(0) = 0,
there can only be one positive intersection. By using property [5, we show that
R(v;) is increasing faster than 2K B(v, b) + B(v;) for v; small. First of all, we prove
property [5] by induction.

Proof. base case We know from equation , that
a’hol? (—(h + 2)ol + (h — 2)ah)
(Uzh - ah>3

vh_(1+2)f(vi)

K
1+2°
(vf‘ + ah>

R'(v;) =

where f(v;) = a"h (—(h + 2)vl + (h — Q)ah) and thus f(0) = ha**(h—2) > 0.

inductive step Assuming that the statement holds for R (v;) and that n + 1 <
h — 2, we have

RV (v;) = ((vfl + a2 (h— (24 n))o " ()
i ('Uzh + ah)n+2f/(vi)v£l—(n+2)
—(n+ 2)h(vf 4 ah)”ﬂf(vi)v?h_(n%))/ (Uf + ah)2n+4

- U?f(nHH)g(vi)

- (Uzh =+ ah)n+l+2’

where
o(wi) = (oF +a")((h = @+ m) f(0) + £/ 0)0s) = (n+ Dhf (o]

and thus ¢(0) = a"(h — (24 n))f(0) > 0 since n < h — 2 and f(0) > 0.
[

It follows that R™(0) = 0 for n < h — 2 and R"~2(0) > 0. At the same time,
a similar argument shows that

v} 2K f (i)

(n) "
(2K(B(v,b) + B(v;))) " = 2KB™(v;) = S a
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Table 2.1: Existence and stability of stationary solutions for v; for private benefit
with term B(v;) = vl /vl + a.

h—2 2 h—2 2
(h—2)"h (h42)R (h—2)"h (h+2)h
Ka* > A(B(v,b)2h+h—2) Ka® < A(B(v,b)2h+h—2)
B(v,b) # 0 Ju; =0 Po; >0 Jo; =0 Fv; >0
stable stable stable
B(U,b) = 31_12 =0 31_12 >0
unstable stable

As such, (2K(B(v, b) + B(vi))>(n) = 0 for n < h. Taken together, these findings
show that for v; small, R(v;) > 2K (B(v,b) + B(v;)) and thus a positive intersection
exists. As we know that for B(v,b) = 0 there is an intersection at v; = 0 and from
equation that there can only be two intersections in [0, 400), there can be
no other positive intersection.

In order to investigate the stability, we first note that both B”(0) = 0 and
B(v,b) = 0, which means we cannot gain insight into the stability of the zero
solution through equation (2.2.12). But we know that for ¢ > 0 small enough
R(e) > 2K B(e) and that there exists only one positive £ for which 2K B'(¢) = R'(§).
Additionally, we know that £ lies in the open interval between zero and the positive
intersection v; and as such is unequal to v;. We can thus follow that

R'(%) < 2K B'(3)
R(0:) = <B'(Ui)> _ B'(w)  B'(w)

U; ; 2
B"(v;) B B'(v;)

; v?

B'(v;

(%

which is exactly the condition for stability from equation . For B(v,b) =0
we have thus an unstable zero solution and a stable positive strategy. The behaviour
is summarised in table 2.1]

In biological terms, our results indicate that the surrounding subpopulations
have a profound impact on the evolution of cooperativity. If one of the subpopula-
tions is cooperating (B(v,b) # 0), the others will experience bistable behaviour —
they might cooperate themselves or not participate in depending on starting
strategy. If, on the other hand, all of the subpopulations do not cooperate at first
(B(v,b) = 0), then the evolutionary pressure will drive them towards the positive
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[ESS| meaning they pick up [QS] with time.

Reduction in death rate: G(v;,v,b) = B(v,b) - C(v;) — p(v;)||b]l,

There have been some proposals that is involved in antimicrobial resistance
against antibiotics, limiting the damage to the bacteria by regulating the production
of certain factors [Lih+13]. We propose a model where this means that the strategy
directly influences the death rate of the producing bacteria, while also still
provides the public growth benefit.

For this to work, p(v;) should be a positive, monotonically decreasing function
in v;, with a limit larger than 0. Sadly, not much insight can be gained from this
general form, so we choose one possible function for p(v;) in order to analyse the
behaviour of this type of G-function.

p(v;)) = (Mmax — ,umin)e_““’i2 + pmin If we take this p(v;), which fulfils the
above assumptions, and use our standard cost-function C(v;) = e K7 we get the
following condition for an [ESS}

01G(v;,v,b) = B(v,b)C"(v;) — i’ (v3) 0],
0= B(v,b)(—2K5;)e 5% — (jimax — fimin ) (—2d7;)e ™%

Again, one solution is v; = 0. We divide by v; and carry on, denoting ftmax — fimin
as Ap.

a2 52 A,ud||b||
Koty — 0L 2.2.22
¢ Blv,b)K (22.22)
Apd][b] 1
221 L. : 2.2.2
v = (B(v,b)K i— K (22.23)

There exists one positive, real solution for v; if and only if Aud||b||, > B(v,b) K
and d > K or Aud||bl|; < B(v,b)K and d < K. We take a look at the stability:

01G(vi,v,b) = B(v,b)C"(v;) — "(Uz)Hle

= B(v,b)(— 2K+4K2 e KV — Ap(—2d + 4d*v?)e
0{G(0,v,b) = B(v,b)(=2K) — Ap(=2d)||b],
—2) (KB(v,b) — Apd|jb,)

/\
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Table 2.2: Existence and stability of stationary solutions for v; for strategy-
dependent mortality rates.

B(wb) _ Aud Bwb)  Aud
o, S K o~ K
K <d J0; =0 Fu; >0 Jo; =0 Pv; >0
unstable stable stable
K>d 3o, =0 Pv; >0 Jo; =0 3Jv; >0
unstable stable unstable

As was the case in the last section, the stability of the zero solution is closely linked
to the existence of a positive real solution (see table . For the positive solution
v;, we use equation (2.2.22)) and substitute for B(v,b).

Apdlblly s )

ARG, v.8) = WGK I (_9K 4 AKp2)e K
— Ap(—2d + 4d*v2)e= i ||b)|,

= Apd||pl], (—2 + 4K + 2 — 4de?) e 7

= Apd|b||, (K — d) 452~

So if d > K, v; is stable, otherwise it is unstable. But such an instability is in
contrast to one of our general assumptions about 0;G, namely that there exists a
@ such that 0,G(v;,v,b) < 0 Vv; > w. In particular, we have that

81G (v, v,b) = 2dAp|b]|,vie” ™ — 2K B(v, b)ve K,
so for KB(v,b) < Aud||b||, and d < K

2

01G(vi,v,b) > 2K B(v, b)v; (e_d”i - e_K”i2> >0 Vy; > 0.

If, on the other hand, K B(v,b) > Apd||b||; and d < K it holds that

Apd||b]| 1 _
7> 1 Fl, : i i > Ui
U’>D<B(v,b) = Vv, > v

dA:U’Hle —dv? —Kv?

KB(v,b) * c

from which we gather that for all v; > v;

dApl|b 2 2
G(vi,v,b) = 2K B(v, b)v; <KBM(|1|;,|I|)1) e — e‘K”i> > 0.
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Altogether, 0;G does not exhibit a saturation behaviour in the case of K > d.
But as mentioned before, such a saturation behaviour makes sense from a biological
point of view, since there is no biological strategy without its drawbacks and no
such feature can grow to infinity. But for practical purposes, one might still consider
the case K > d, KB(v,b) > Aud||b||, as long as the starting value v;(z,0) < ;.

The existence and stability of stationary solutions for v; is summarised in
table 2.2 while figure recaps the asymptotic behaviour for the different G-
functions considered until now.

2.2.2 G-Function with jabiotic components|

The different versions for the G-function discussed in the previous section nicely
display the range of possibilities one has when using this ansatz, but feature quite a
lot of abstraction when modelling the benefit in the different cases. As the benefit
for is provided by secreted proteins, we could also turn to a model that takes
the amount of produced proteins directly into account.

In order to achieve this, we will expand upon our model to include some

oo y:
6i = G('UuU, <gé>)

This basic form was proposed by Cohen, Pastor, and Vincent |[CPV00]. In our
case, after adding in spatial dependence and diffusion in the |biotic| and |abiotic|
compartment| such a model will thus read

v = Fi(v, (g)) + Dy, Ay;

61‘ = G(Ui,v, <?;>) . bz + Db Abl

v; = 6@1G(U¢, v, (z))

We note that the jabiotic compartment|influences the |[biotic compartment| and
is in turn influenced by it. The main dividing point between [biotic| and |abiotic|
is the existence of strategies only in the case — while y is
influenced by v, it does not have its own strategy, nor does it evolve.

In the context of QS| in [Pseudomonas aeruginosa (P. aeruginosa)] the [abiotid]
should include protein and signal production. As a large amount
of different proteins are secreted under control of here we will only focus on
enzymes that make nutrients available to the bacteria, e.g. siderophores, in order
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u
Public Benefit only
0
u u
Private Benefit _
'l}.
B'(vi) Jy; mon. decreasing ‘
0 0
B"(0) < 2K B(v,b) B"(0) > 2K B(v,b)
u
Private Benefit v;
B(v,b)#0, /1) +ah
Ka? > U2l 20 g2 o (o) )

4(3@ b)2h+h—2) 4(3@ 5)2hth—2)

gl

Private Benefit

B(v,b)=0, ”zh/vﬁ‘ +ah

u u
Reduction in death rate
K<d I
0 0

B(v,b)/HbH1 > A[L/K B(vwb)/Hbul < A“/K

Figure 2.4: Existence and stability of for different G-functions explored in this
section.
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to avoid making the model too complicated. Denoting the [QS}signal concentration
by s and the enzyme concentration by e, we get a basic model of

§ = Fy(v, (s,e,0)") + Dy s
é = F,(v,(s,e,0)") + D, Ne
6- = G(v;,v, (s,e,0)") - b; + Dy Ab;
= 201G (v, v, (s,e,b)7),
where F§, I, are classically defined with Hill terms as activation coefficients, such

as
2

S
ST

Fy(v,(s,e,b)" ijv + s - 5 -ijvj — VsS (2.2.24)

F.(v,(s,e,b)") = B, -

32 e Z b;v§ (2.2.25)
where « is a baseline production and  production in induced state, while 7 is a
degradation rate. 7 denotes the concentration of signal molecules that leads to
half-maximal production. All variables can also be found on page [

We rewrite the system to include only variables that really have an influence
in the functions. For the G-function itself we assume a dependence only on v;
(influencing the growth rate through production costs), the amount of bacteria
(competing for nutrients) and on e, as the enzymes themselves provide the benefit
to the bacteria in this scenario. The condensed system can then be written as

$ = Fy(v,s,b) + Ds As (2.2.26a)
é¢=F.(v,s,e,b) + D, Ne (2.2.26b)
b = G(vi,e,b) - b; + Dy Ab; (2.2.26¢)
Ui = &TalG(UZ‘, €, b) (2226d)

As v; is used to model the costs for participating in while the benefits are
imparted through e, we get the condition that G(v;, €, b) is monotonically decreasing
in v;. It follows that the long-time behaviour of these equations does not differ from
the model without explicit [abiotic components| described in section [2.2.1. However,

it gives a more realistic impression of the transient behaviour of this biological
system.

2.2.3 G-Function with internal compartments

We have seen that a basic model with [abiotic compartments| behaves like the basic
model without fabiotic compartments| At the same time, we have seen in section [2.2.]]
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Free enzyme e

Clinging enzyme e;

Bacterium

Figure 2.5: Schematic representation of attachment and release of enzymes from
cell membrane.

how a model behaves if we consider some private benefit for [QS| a scenario which,
as discussed in section [1.1.1] is also biologically relevant. Hence, we want to
combine the idea of private goods with a model including explicit terms for signal
and enzyme concentrations. To that end, we build on equation , adding
biologically motivated internal compartments for signal and enzyme. As these are
on a very small spatial scale, we can assume them to be spatially homogeneous
and that they can therefore be described through ordinary differential equations.

Internal compartment for enzyme

We start out considering the biological situation: if a bacterium produces enzyme
in response to signal, the enzyme will actually cling to the outside of this
bacterium before diffusing into inter-cellular space (see also figure [2.5). Given the
right circumstances, this clinging phase might last longer and lead to the positive
effects of the enzyme benefiting only the producing bacteria. We also consider a
small reattachment rate in this model. All in all, if we denote the concentration of
clinging enzyme that is experienced by subpopulation b; by e;, we can write the
dynamics as

2
. . S _ N
€ =P0evi 50— e 0 e;+60"e — e, (2.2.27)
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where 6% and 0~ are the re-attachment and disassociation rates, 3, is a production
rate and 7. the degradation rate of the enzyme as before. The freely diffusing
enzyme concentration will then be

¢=AY (bi (67€: = 0%e)) + De e — e (2.2.28)

In this term, X is a measure for the relation between internal and intercellular
volume, and in this way responsible for converting internal to external concentration.

In order to see the benefit of the enzyme more clearly, we set up equations
for the nutrients provided. We can split these into three groups: n will denote
the undigested nutrients in the environment, which will replenish with a rate ny.
The produced enzymes will convert those with a rate c¢; into usable nutrients, n
and n;, where the former are available to all and the later just to the bacteria
having clinging enzymes e;. The bacteria then digest these nutrients with a rate cs.
Additionally, nutrients are degraded in an way as well. The equations then
read

J

n = cien — canl|bll; — yn (2.2.29b)

N; = c18;1 — CaNy — YpTy- (2.2.29c¢)

We can assume that the digestion of nutrients happens on a faster time-scale
than the population dynamics, so equation ([2.2.29) can be assumed to be in steady
state. Taking the left-hand-side to zero, we can solve for n and n;:

cie N

P TP
2 1 771 C1 <€+ Z(bﬁ%)) +7n
J

n; = — L% 1o . (2.2.30D)

.
@T 1 <6+Z(bj€j)> + Y

, (2.2.30a)

j
We make the same steady-state assumption for equation (2.2.27)) and obtain:

Be . 52 0+

U - _|_
A
—— ———

B

e = e =: E(v,s,e), (2.2.31)

0
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E(ve
= n(vf,s,e,b):( ae ‘1 (U”s’€)>

callblly + Vn Co+ Vn
- (2.2.32)

c1 (e + 2 (b E(v5, s, e))) +
J

At this point we have defined all necessary terms and as such can state the
complete model (as a reminder all variable meanings are listed on page @[)

§= Fs(v,s,0) + Ds As (2.2.33a)

¢=AY (bi (07ei = 0%¢)) + De Ae — yee (2.2.33Db)

bi = ((Fmin + man (08, 5, €,b)) C(v;) — pl|b]ly) -b;i + Dy Ab; (2.2.33¢)
G(vy,s,e,b)

?ji = 881G(UZ‘, S, €, b) (2233(1)

As this model is quite close to the one described in equation (2.2.26)), we
take a closer look at 0,G(v;,s,e,b) in order to compare these two. In doing
so, we will concentrate on vf (the response strength), as this is where the
two models differ from each other. We will also use our usual cost function,
C(v;) = exp(—K,(v$)* — K (v§)?). Tt holds that

1

0
7')-6 = 7G ((U1, U2)7 S, €, b)) |u:vi

! 8u2

— o K@) =Ke(v)? ( — 2K 05T min — 2K 05r,n(vs, s, e, b) + r,0in(vs, s, e, b)>

— 52 _ e)2
= o Kl =Ke(v) (— 2K 0 Trmin

a1 E(v, s, e) cie

C2 + Tn 02||b||1 + T o <6+

(b, (vt s,e») o

J

—2K.viry, (

ClalE(Uz'ev‘Sae) no
" .

+r )
+ Y
2T c1 (6 + 2 (b B (vS, s, e))) + Yn
j
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— oK)= Ke(vf)? ( — 2K, 05 Tmin
cle ‘ "o
c2llblly + 7 1 <€+Z(bjE(vjf,s,€))> + Tn
j
TnC1 no(—QKeva(Uf,S,e) +81E(Uf,8,6)))

co + Yn ) <e+z(bjE(v;,s,e))> + Y
J

e
— 2K vy,

In order to look for we will take ryin = 0, as this allows us to get rid of
some constant terms that we know to be non-zero

0= —2K,06— € ‘

; + (2K i E(vi, s,e) + 01 E(vy, s,e)) .
R

Using equation ([2.2.31)) and its derivative

2 2

cie C1 _ s _ 3 s
0=—-2K.; + (2K (Buf -~ 4 Be) + B
Ao, o Ty (TG G )+ AT
<C2 + 7%)6 — — 32 9 _ 82
0= 2K, """ .0¢ — 2K fev¢ — 2K 3 - e _
CQHle""% E el g 82+T2(UZ) +632+7'2

The resulting equation is a quadratic equation in v{ and as such we can determine
the existence of positive solutions by looking at the discriminant:

D= (—QKeW
ca[[blly +

- 2 2
-4 <_2Kﬁ | g2 j— 72> <5<92j—72>

B 2 B 2 2
= AK2e? Latme 5\, 8K, 32— .
co||bll; + Tm 52+ 72

We can conclude that there will always be two as long as s # 0, and
exactly one in the biologically meaningful positive parameter range, as v/ D is larger
than the linear coefficient of the equation.

N2
— 2K60€>

Internal compartment for signal

In order to find equations for an internal signal compartment, we consider the
fact that production as well as binding of signal molecules happens within the
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Free signal s

Bacterium
internal signal s;

Figure 2.6: Schematic representation of signal diffusion through cell membrane.

cell itself, while transmission and therefore group interaction is achieved trough
secreted signal molecules. For small signalling molecules as used by [P. aeruginosd
this transport through the cell membrane is passive. As such, we use one rate
f that determines the exchange between inside and outside of the bacterial cell.
Including a baseline production ag, an induced production rate of s as well as an
degradation rate v,, we find the equation

2

: s s i
5; = o] + Bv5 - e +6(s — si) — VsSi, (2.2.34)

which is a variation of the one introduced in Dockery and Keener [DKO01]. The
equation for external signal concentration s is then given by

§=M-> (bj(s; —5)) + Dy As — 7ss. (2.2.35)
J

As before, )\ signifies the ratio of inter- to intracellular volume. We proceed by
assuming that the internal signal concentration is in a quasi steady state. This
leads to

2
0= v + B0y - 2 Jﬁ — T (s —si) =i
0=—s(1+70") + <(oz5 + Bs)w + s> 57— 131+ 450" s; + (ozsw + 3)7'2,
(2.2.36)
a cubic equation in s;, where w := v /p. While there is a solution formula for

cubic equations, it is too complex to be of help in evaluating the influence of the
parameters. As such, we will leave these equations for now but return back to
them again in chapter [6]
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Chapter 3

Modelling with ordinary
differential equations

Modelling biological processes with ordinary differential equations (ODEs)| has a
long history, ranging back to the population model of Benjamin Gompertz from
1825 and further. There are many cases for which they are the appropriate choice
in the biological context and their application covers the full gamut of possibilities.
In the context of [QS] they have for example been used successfully to model the

systems in by Dockery and Keener [DKO01] as well as reaction to
[QStdampening drugs [Ang+04].

An [ODE] is normally used in a biological context where the particles under
scrutiny can be considered well-mixed. But there are a number of ways to simulate
spatial structures even with without resorting to explicit spatial coordinates
and therefore partial differential equations (PDEs)| In this chapter, we will explicitly
take a closer look at models with an external influx term (section and ones
including a mixing term (section .

3.1 ODE without additions

We first consider an [ODE| model without any special additions. The general case
we will be looking at is equation ([2.0.5)). For ease of reference, we repeat it here:

bi(t) = G(us(t),v(t), b(t)) - b(t) (2.0.5af revisited)
U;(t) = 01 G (vi(t), v(t), b(t)) (2.0.5b| revisited)

The discussion in section [2.2] has shown how different versions of G affect the
long-term behaviour of v;. We can now concern ourselves with the long-term
behaviour of b;. b; is in equilibrium if either

b; =0 or G(vi(t),v(t),b(t)) = 0.

25
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As we always assumed any kind of benefit function to be equal to zero for zero
strategies, we can immediately conclude that for G-functions having only 0 as [ESS]
b = 0 will be the only stationary solution.

If there are multiple [ESS| candidates, we distinguish between subpopulations
that are present with a strictly positive amount of associated bacteria (b; > 0) and
subpopulations that have a stable strategy, but have died out (b; = 0). Without
loss of generality we can assume the population vector b to be sorted in the way
that the first r subpopulations are the ones with positive population count while
for the other subpopulations b; = 0Vi > r. The Jacobian for system then
has the form

(OB, O)C(0) — wbi - (8, B0,b)C(vr) — )b
(00 Bw.b)C(0,) — wbr - (B, B(,b)C () — )b, |
0 diag (B(v, ))C(y) — o]l

X7 and

B(v,0)C(v1) — plblly

where we assume that 0 € R(m=7)

diag (B(v, b)C(vi) — pl|bl[;) = .
B(v,b)C(vy) — pl|blly

If we then consider the elements in rows r + 1 to m and the respective minors,
we can immediately see that a stable equilibrium needs to fulfil

B(v,b)C(v;) — plb]|, <0 Vi>r. (3.1.1)

Condition ([3.1.1]) ensures that extinct subpopulations have a negative potential
growth rate and thus remain extinct even under perturbations. It remains to
determine the eigenvalues of

(Op, B(v,0)C(v1) — )by -+ (9, B(v,b)C(v1) — p)by

(O, B(v, 0)C(vr) = )by -+ (95, B(v,0)C(vy) — )by

in order to determine conditions for the stability of surviving subpopulations.
We will take a look at the conditions for a coalition of two, with two surviving
subpopulations by, by > 0.

g <(8blB(v, b)C(v1) — p)by  (Oh, B(v,0)C(v1) — ,u)bl)
(O, B(v, 0)C(v2) — )by (9p, B(v,)C(v2) — p)bs

tI‘(J) = (8blB(v7 b)O(U1> - M)bl + (ab2B<vv b)C(UQ) - M)bQ
| J| = brbosi (O, B(v, b) — Op, B(v, b)) (C(v2) — C(v1))
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Plankton )

(v, a) I (v, a)
A
[]

Figure 3.1: Schematic representation of external influences to a population, as
happens for example when the bacteria switch between a planktonic lifestyle and
growth in microcolonies.

For a 2 x 2 matrix the eigenvalues have negative real part if and only if tr(J) < 0
and |J| > 0. We can assume without loss of generality that v; > vy (which implies
C(v1) < C(v9)) and recover the conditions

tI’(J) <0 < 81)18(1}, b)C(’Ul)bl + (91)23(1}, b)C(’UQ)bQ < W (bl + bQ) , (312&)
J>0 o Oy, B(v,b) — 9y, B(v,b) > 0. (3.1.2b)

We can interpret condition ([3.1.2a)) as limiting the overall populations growth:
the accumulated changes in growth rate are less than the additional death rate
through overpopulation. In contrast condition (3.1.2b)) states that the subpopula-
tion with higher investment (C'(v1) < C(v2)) also has the higher return (0, B(v, b) >
Op, B(v,b)).

In the special case of B as in equation (2.1.6)), we can show that this later
condition makes sense biologically, as we have

21]]' Z bz — Z bi’Ui
S b))+ T b)°

)2 . 2(2 bi)(vl — ’Ug).

Op;B(v,b) = BuaxT (Z bivi) . Q

BmaXT (Z bz”z)

O, B(v,b) — 0y, B(v,b) = (X bvs)2 + 73 b

Since we assumed v; > vy, condition (3.1.2b)) is always fulfilled.

3.2 External influx

We take a look at models with external influx terms, such as the one considered in
Mund et al. [Mun+16]. These models assume that a part of the bacteria live in a
well-mixed planktonic state, while others separate themselves in order to live in
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microcolonies. A fraction of the bacteria from these microcolonies re-migrate into
the plankton. A schematic representation of these migrations is given in figure [3.1]
If we focus on the planktonic bacteria, we can describe the population with an
[ODE] model that contains an external influx term I signifying the re-migrating
bacteria.

5, = (B(0,b)C(vs) — pllbll,) bs + I(vy) - Hzlh

I (3
S Gt = BbC() — ulbl +
1
The influx term is dependent on the strategy v;, as we assume that microcolonies
are founded by exactly one bacterium. The development of such a microcolony,
and thus the influx term, is then only dependent on its age a and the type (i.e.
strategy) of its founding bacterium. As the total influx can be calculated by

I(v;) = /OOO I(v;,a) da,

we recover an influx function only dependent on the strategy of its founding
bacterium. The influx is then scaled by Hf’)le’ which is the fraction of bacteria in
the plankton with strategy v;. This fraction determines how many bacteria with
strategy v; will separate themselves in order to found microcolonies.

For our purpose, it is enough to know that the influx term is a positive,
monotonously increasing function only dependent on v;. The monotony is given by
the fact that a colonies lifespan is normally quite short compared to the mutation
timespan. A colony can therefore be considered to contain only bacteria with the
founding strategy value. As such, colonies founded by a bacterium with a larger
strategy value will grow faster and to higher numbers than colonies with lower
strategy values, leading to higher influx terms. Further details on this influx term
can be found in Mund et al. [Mun+16]. We take a look at 0;G for this case:

Oys1(vi)

1
lloll;
Oyel(vi)

l[olly

0p:C(vi) - B(v,b) +

alG(Ui, v, b) =

0veC(vi) - B(v,b) +

In order to determine the existence of [ESSg, we need to look for roots of

O1G. To this end we will again use the cost function proposed in equation (2.1.3)),
C(v;) = exp (=K (v$)? — K,(v)?). We find that

81)5[(1}1)

2K v} exp (—Ke(vf)Z - KS(Uf)2> - B(v,b) = ol (3.2.1)
1
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with an equivalent equation for vf. We know that I(v;) is monotonously increasing
in both v} and v{. As such, the left hand side as well as the right hand side
of equation are positive. Whether a stationary point exists is therefore
dependent on the exact shape of I(v;). We determine the Hessian matrix §?G:

2 , _ (Hix Hip
01G (v, v,b) = <H1,2 Ho,
with
825] V;
Hyy = 2K, exp (=Ko (v)? = K,(v])?) - B(v,b) (2K,(v5)* = 1) + ”’ibﬁ ),
1
By Dye I (03
Hyp = 4K Kvfvf exp (—K.(vf)? — K,(v)?) - B(v,b) + ||b|(v>
1
8261' (5
Hyp = 2K, exp (=Ko (v))? = K,(v])?) - B(v,b) (2K, (vf)* — 1) + | bﬁ )
1

We aim to apply the trace-determinant criterion to determine stability of
possible stationary points.

107G = 4K K C(v:)* B(v,b)* (1 — 2K, (vf)* — 2K, (v})?)
2C (v;)B(v,b)

1511,
- 4K3Kevafav§3vgf(vi)>

- (agff(vi)Ke@Ke(vf)z — 1)+ D2 I(0) K, (2K (05)? — 1)

T Hbl||2 (2.1 (05) - 2.1 (05) — (D Due I(1)?)
1

tr(alzG) = 2C(U1)B(U7 b) (Ks(2Ks(Uf)2 - 1) + Ke(zKe(Uf)Z - 1))
8fff(vi) + 8351(1)1»)
1611,

Sadly, it is not possible to determine concrete conditions for tr(9?G) < 0 and
|02G| > 0 without choosing a specific functional term for I(v;).

If one needs to choose a functional term for I(v;), a good starting point is the
equation modelling the growth in microcolonies. We have already reasoned that
we can safely ignore mutation in these microcolonies because of the short lifespan.
As such, based on equation ([2.0.5al) we have for b(a,v;), the amount of bacteria in
a colony of age a and strategy v;

U2

Dub(a, v;) = (Bmax O —pb) b. (3.2.2)

=:f(v:)
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We can solve equation (3.2.2) through separation of variables, getting

o) = flaexp (000 (wesp (o) + L9200 )

Because f(0) =0, b(a,0) is undefined. But we can calculate the limit for v; — 0
and define the continuous extension by setting

b(a,0) = thno bla,v;) = m, (3.2.3b)
which is a term declining in a, as we have set B, = 0 and thus made growth
without impossible.

In addition to the population b(a,v;) in a microcolony, we need to take their
lifespan into account. If we assume that the extinction events underlie a Poisson
process, then the probability of a microcolony surviving until age a is exp(—>Aa),
where A\ = 1/Average colony lifespan. We also include a parameter p, which incorporates
both the amount of microcolonies as well as the percentage of bacteria that
migrate from them, and a parameter £ that denotes the resettling rate for empty
microcolonies. All in all, the influx term is given as

I(t,v;) = B L — /t Epexp(—Aa)b(a,v;) dv;. (3.2.4)
L+ EAH|b[], Jo

The upper limit of integration is ¢, as we assume that there are no colonies
at t = 0 and thus no colonies with age a > t. The pre-factor here is inspired
by calculations from Mund et al. [Mun-+16]. In order to find the derivative with
respect to v;, we need to derive b(a, v;):

0,b0.0) = (o) xp (7(0)a) eesp (7o) + T )

bo
1 Vi) — b !
- (—fm) (raesplitea) + ) (u exp (F(ui)a) + f”b“) ' 1+af(vz-)) .
(3.2.5a)
Again, we find that 0,,b(a,0) is undefined and define it by
Oy, b(a,0) = l_i£n>0 Oy, b(a,v;) = 0. (3.2.5b)

The zero solution is hence a stationary point regardless of parameter values,
while there might be any number of additional stationary points. We will come
back to these functions in section [6.6.3] where the resulting population dynamics
are considered.



3.3. MIXING 61
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Figure 3.2: Schematic representation how the mixing parameter m influences
relations between producing (green) and non-producing (red) bacteria. Black dots
signify exoproducts.

3.3 Mixing

Another method to include spatial dependencies in is to introduce a mixing
parameter m. m determines the ratio of external influence on a bacterium versus
the self-sensing of bacteria in a fixed matrix, depicted in figure [3.2] A mixing
parameter of 1 would signify a completely well-mixed system whose behaviour
should resemble section In contrast, a mixing parameter of 0 would signify a
completely “unmixed”, that is separated, system, where each bacterium perceives
only its own behaviour. In reality, a mixing factor of m € (0,1) is more likely
than either of the extremes.
We can write the mixed system as

G(vi,v,b) = (m - B(v,b) + (1 —m)B(v;, 1)) C(vi) — pl[b]];

with our standard terms for B,

(Zi bivf)2 (Zi bivf)Q
B b :Bmax' ° )
(v,9) b+ ol (5 bt + 7]l
)P ()

B(Uia 1) = Bmax :

W2 +7 ()2 +7
As before, we take derivatives with respect to v§ in order to find [ESSs]

0p:G(vi,v,b) = (MB(v,b) + (1 —m)B(vi, 1)) (—2K,v;)C(v;)
207 ((v7)* +7) — 207 (v])*  (vf)?

(1= m) B ((v5)2 +7)? (vF)? + 7 Ol)
(g (20T 2K )Y@ 7)) (09
= ((1 ) ( ((v8)2 + 7)2 ) (vf)2 47

(v
)2+
. B(v,b)
—QmstZ» Bmax) Bmamc( )7
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with an equivalent term for v§. It is clear that v] = 0 and v{ = 0 are stationary
solutions. For the sake of readability, we continue our search for positive solutions
v without the term for v{ and set v; = v;. This leads to

0=—2Km- BB(:L;;‘) . (Uf +T>2 + (1 —m) (27 — 2K} (v} +T))
N

=:B(v,b)
= —2Km - B(v,b) - (Uf + 2027 + 72) + (1 —m) (27’ —2Kv} — 2var) :

Substituting v? =: w and rearranging results in

0=w?(—2K(mB(v,b) + 1 —m)) +w (—2K7 (2mB(v,b) + 1 —m))
+ 27 (—Km7B(v,b) + 1 —m)

The discriminant of this equation is
D =4K7(1 —m) (4mB(v,b) + (1 —m)(K1 + 4)).

We can take a look at the corner cases, m = 0 and m = 1. For m = 0, the
“unmixed” state, solutions w;/, are given by

2KT+ VAK?2T2 + 16KT7 —K7 TVK?2712 +4K7
w2 = —4K - oK '
Hence there always exists exactly one positive solution for w, and thus exactly

one positive solution v}, namely ,/w,. It holds that

- —KT+VK*r2 +4KTt+4 —Kr+(Kt+2) 1
w = —
2 2K 2K K’

from which we have 0 < v} < 4/1/k. A similar calculation for m = 1 leads to

~ 2K7(2B(v,b)) £ 0 _

Wy/2 =

—2KB(v,b) B

which means that independently from the parameter values, there can never be
a positive stationary point if m = 1. As the mixing model with m = 1 reverts
back to the [DDE] model without additions, this fits in with our observations from
section 311

For m € (0,1) whether or not positive stationary points exist depends on the
exact parameter values. Appel [Appl6] has analysed this problem in greater depth
and shown that there exist stable non-zero strategies for every 0 < m < 1. The



3.3. MIXING 63

absolute value of these is dependent on the mixing factor, as can be expected.
With lower m, the strategies converge to a higher stable value, while a larger m leads
to lower strategy values. m also affects the survival rate of non-producers. In well-
mixed conditions, non-producers can thrive on exoproducts of other subpopulations
and even outgrow these in the process. In contrast, non-producers are driven to
extinction in separated systems.
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Chapter 4

Modelling with partial differential
equations

In this chapter, we will focus on a biological model for G-functions with [PDEg In
contrast to allow us to explicitly model the spatial distribution of
bacteria and their products. To this end, we introduce a spatial variable x in
addition to the time t. As this makes notation more complex, we first fix some
notation standards.

From here on, 2 € R™ will denote an open, bounded set, with S = 0€) as its
boundary. € will be the set from which z is taken, while ¢ € [0,7]. We will call
Q% (0,T) =: Qp. Hence Q7 € R™"! is also an open and bounded set. Equivalently,
we denote S = S x (0,T). The remaining boundaries of Qr are Q x {0} =: B
as well as Q x {T'} =: By. S + B is frequently called the normal boundary and
contains the initial values (B) as well as the boundary values (.5).

We mostly work with Robin boundary conditions where boundary conditions are
needed. They are a general form of insulating boundary conditions when working
with convection-diffusion equations and can additionally be easily converted to
both Dirichlet and Neumann boundary conditions if the biological application calls
for those.

Throughout this chapter, we will assume that £ is an operator defined as

L= E(jt > aij(z,t) 5 ang Zzlbz ai —c(z, 1), (4.0.1a)

2,j=1 %

where we require that
2

Such an operator is called parabolic in Q7. Furthermore, we will often assume
that the coefficients of £ are continuous functions in Q7 and that for all (x,t) € Qr

65
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Jagj (2, 1) — i (2%, )] < A (o — 2% + |t — t°]3), (4.0.2a)
|bs (2, ) — bi(2°,1)| < Alz — 2°)°, (4.0.2b)
lc(z,t) — c(2°,t)] < Alz — 2°)°, (4.0.2¢)

with 6 € (0,1). This implies that £ is uniformly parabolic in Qr, i.e. there exist
positive constants ji, 1 independent of (z,t) such that

AlEP < 3 aij(a, )€€ < mlel* Ve ER™
[2¥}

The G-function model with explicit spatial variables can then be written as

Lyb(t,x) = G(v;,v,b) - by, (4.0.3a)
Lyo(t,x) =e01G (v, v,b), (4.0.3b)

where ¢ is the time-scaling factor introduced in equation (2.0.3)). In order to keep
things simple, we will often consider the concrete cases

0

= — — 4.0.
Ly=5 — Dy > (4.0.4)
and
=2 _poa (4.0.5a)
’L)_at v 9 e
, 0
L= o (4.0.5b)

with D, and D, positive constants.

All of these operators concentrate on growth, evolution and diffusion, omitting
other spatial effects like chemotaxis. We will call a model consisting of operators
(4.0.4) and (4.0.5a)) a fully parabolic model, as both equation parts contain parabolic
operators, and discuss it further in section If we instead combine with
(4.0.5b)), we call the resulting system a coupled system. The operator
L! is not parabolic and equation (4.0.3b]) reverts back to an . This sort of
system is investigated in section M

4.1 Fully parabolic case

For the fully parabolic model, we assume that both bacteria and strategies underlie
diffusion with positive constants D, and D, and thus use (4.0.4) and (4.0.5a}) for



4.1. FULLY PARABOLIC CASE 67

the operators £, and L,. If we take ¢’ := ¢ - D,, we can drop the subscript for D,
in order to simplify notation. The system then reads

Oubi(,t) = G(vi(w, 1), v(x, 1), b(x, 1)) - bi(x, 1) + D Aby(x, 1), (4.1.1a)
Oi(,t) = e01G (vi(w, 1), v(w, ), b(x, 1)) + & Avi(x, 1). (4.1.1b)

A slightly more complex version has been proposed by Kronik and Cohen
[KCO09]:

Ol 1) = G(vi(a,t), vl 1), bla 1)) - bulw, ) & D Abi(a ), (4.1.20)
Opvi(w,t) = 581G(vi(x,t), v(z,t), b(x,t)) + D Avi(a, 1) + 2DVbi(Z(2 .t)vvi(%t)‘
(4.1.2b)

It is based on the assumption that it is not the strategies themselves that
undergo changes, but rather the frequency with which they are employed. To that
end Kronik and Cohen fix a set of N; phenotypes j of subpopulation ¢ and call the
corresponding constant strategy v;;, with population density b;;. They then recover
the overall strategy of subpopulation 7 as the weighted average of the phenotypes:

Ni i b .
bz(l’,t) :Zbij(l',t), Ul'(x,t) = Jbi
j=1 '
Equation (4.1.2]) is the result of differentiating these equations.

4.1.1 Coupled upper-lower-solutions

We concern ourselves with existence and uniqueness of solutions to systems
and , as well as the more general system .

In order to prove existence of smooth solutions to our parabolic systems, we
will employ the method of upper-lower-solutions. But there is the added difficulty
of the G-function not being monotonous, since bacterial subpopulations can have
both a helpful, symbiotic effect on each other through as well as a competitive
and therefore negative effect by using up resources.

Abudiab, Ahn, and Li have introduced the concept of coupled upper-lower-
solutions for non-monotonous cases in [AAL11]. We will follow their definition, but
extend it to account for dependencies on the gradients.

In the following, we will often talk about a vector of the form

(Ul, ey Vi1, Uiy Vi gy o ooy Uy, VUl, Ce VUifl, Vui, V’Uzurl, R va) (413)
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In order to shorten notation, we will abbreviate equation (4.1.3) by
(v[wi], Dav[Dyus]),

while (v, D,v) denotes the “homogeneous” vector (vy,...,vm, Voi,..., Vo). A
definition of the norm |[|-||,, ;.. can be found in definition [A.2} When it is possible
to do so without confusion, we will omit the Q7 and write [|-||,, ;.

Definition 4.1. Two functions u;,u; € C**1+9/2(Q x [0,T]), with Q@ C R”,
6 €(0,1) and |||y, 5, [|i]lo,5 < K for a positive constant K, are called coupled
upper-lower-solutions of the parabolic system

Liu; := Oyu; — d» Au; = fi(ur, .o Uy, Vug, ..., Vg, x)  inQr (4.1.4a)

ozzuz—l—ﬂZ —1/)z(u17...,ui_l,uiﬂ,...,um,x) in St (4.1.4b)
ui(r,0) = ud(z) inQ (4.1.4¢)
with oy, 3; € C1o(+9)/2(g ) @ > 0, f; € CO([infu,sup @] X Bpnx(0) x Q,R),
Y € C'"™(Byn-1).x(0) x Q), u C“‘s( ), if for all i € [m] it holds that:
(i) ;i > uy
(it) Liu; > f;=: nggl;ﬂj fi€[], Do£[Dyu], ) in Qy
(iii) o; + ﬁz&“ > . s?gu] Vi€, &1, 641, 6my ) in Sy

(iv) W(z,0) > ui(z)
(v) Lo < f, = inf  fi(§[w], Du[Dow], 2)  inQp

u; <§J<u]

(UZ) QiU +67, Ou; S 1nf ,lvbl(flv"'afi—l)gi-i-lvgm?x) ingT

i <E<u
(vii) u;(z,0) < u?(x)

If the f; fulfil certain additional assumptions, we can make the following
statement about problems which have coupled upper-lower-solutions:

Theorem 4.1. Let f; in system be uniformly Lipschitzian in all variables,
independent of x, for bounded & = (&1,...,&n) € R™. Additionally, assume that
there exists a function L € C°(R™~1 x R*™=1) R™) such that f; fulfils the following
condition:

fil€lui], Do&[Dyui], x) — fi(§lii], D2&[Dytis], x)

< Pjlu; — @] + L(E, Do) (Dyit; — Dyus) . (4.1.5)
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If u and @ are coupled upper-lower solutions of the parabolic system (4.1.4)), then
there exists a solution u = (u1, ..., Uy), where u;(z,t) € C?*Y4149/2(Q[0,T)), to

the system (4.1.4), such that u; < u; < ;.
Proof. We define the set
K:={0=(01,---,0,) € @CQ+6,1+6/2(§7 [0,7)) :
i=1
U, < 0 < ﬂi,

o1,
ozu—l—ﬁZ Z<046’+51 <auz+6@ )
on

—l<x70) < 91(2770) S U’Z(IaO)u
”‘91'<1'>0)H2+5,Q < Co,
16l 145 < C1,

7: — 17 PP ,m}'

We will fix a value for § later on. Additionally, we define an Operator T" with
T'(0) = v such that v is the solution of

in Qr (4.1.6a)
041'%’4-51'2 = i(0h,- -+ ,0i-1,0i11,- -+ ,0m) in St (4.1.6b)
v;(z,0) = 0;(x,0) on Q. (4.1.6¢)

T is well-defined, as equation (4.1.6)) has a unique solution for all § € K (see
e.g. theorem |[A.11]). The set K has the following properties:

K is non-empty Asu,u; € K, K # (.
K is closed and convex Both properties are easy to see.

T(K) C K In order to show that the operator 7" maps K to K, we check if v
has the properties required to be an element of K.

e u, <y, <wW Yi=1,...,m
From definitions {4.1.(ii)| and [4.1.(iii)| we have that

auz—i_ﬁz L > Y01, 01,041, ,0p) in St
ui(a:,()) > 0;(x,0) on Q.
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We subtract (4.1.6al) from these equations and use definition {4.1.(ii)} getting

> P(u; — 6;) + L(0, D,.0)(D,u; — D,0;)

We transform equation (4.1.5])

fi(0, D0, x) — fi(0lw], D.O[D,w;], x)
< Bj|u; — 6;| + L(0, D,0) (D,u; — D,b;)
= [fi(0[w], D.0[D,u;], v) — fi(0, D0, x)
> —PB|u; — 6;| — L(6, D,.0) (D,u; — D,b;),

where |@; — 0;| = w; — 0;, since 6; € K. We thus have
> Pi(u; — 6;) — Pi(u; — 0;)

+ L(0, D,0)(Dyt; — Dy8;) — L(0, D,0)(Dyu; — D)
>0

From the comparison theorem (theorem [A.4)) it follows that @w; > v;. Equiva-
lent calculations give us u; < v;, hence ||lv;]|, < My = max(||w ||y, [[Tll,)-
1

o Boundary Conditions

ou; .
aiﬂi+ﬁi87u< inf %’(517---afiq?fwhfm,x)

n T u;<EG<uy
S wz(ela 761'7176@'4»17"' 79m)

ou;
aiﬂi+ﬁia% > sup i1, &imt i1y oy T)

u; <& <u;
> Y0y, 0i-1, 0001, 0)
(ZS) Ju;

ou, ov;
o + Bi% < ov; + @‘% < oU; + B o

o Initial Conditions

u;(x,0) < 0;(2,0) = v(x,0) < w(z,0)
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« Regularity
From Pif; + L(0, D,0)D.0; + fi(01,--- ,0,,x) € C° we immediately get that
v; € C2+§,1+6/2< ’ [ ,T])

e Boundedness
The first part is simple, as

W) = () =

v (z) ’ 9450

b () H2+6,Q < Co.

For the norm in Qr, we use theorem [A.9. That means we have ||v;||,,s < C,
where ¢, C' depend only on My, ¢, i, ||[v}(2)]|, and S. As such, we can find a
common ¢ and C for which the inequality holds. This also determines the
value for ¢ that we left open until now.

T is continuous We take two solutions, v; = T'(f)) and ¥; = T(6) and consider
the difference. It follows that for dv; = v; — ¥; and 66; = 0; — 0; it holds

(603)¢ — d; IN(0v;) + Pi(6v;) + L(0, Do) Dyv; — L(6, D,0) D,
= P,00; + L(0, D,0)D,0; — L(0, D,0)D,0; + fi(0, D0, z) — fi(0, D,0, x)
dvi(x,0) = 66;(x,0)

(‘951}1 -
az(svz_{'ﬁz —wz<017"' i— 1792—1—17"' y ) wz(eh"' i— 1797,+17"' 79m)

We aim to apply theorem [A.T1] To that end we reformulate some parts of the
equation:

L(6, D,0)D,v; — L(A, D,0)Dy; = L(6, Dy6) Dy (v; — ¥;)
+ (L(0, D,0) — L(0, D,0)) D,y
and thus

(0v;)y — di A(6v;) + Py(dv;) + L(6, D,0) D, (dv;)
— P,06; + L(0, D.0)D,6; — L(0, D,A)D,b;
— (L6, Ds8) = L(0, Do0)) Dot + fi(0, Do, ) — £:(0, D0, 7).

We know further that
|6, D.6)D,0; — L(0, D,0)Dy0; + (L(6, D,6) — L(0, D,0)) Dy
< | (6, D.8) D605 + || (L (6, D.6) — L(B, D.6)) (D20 — D) |,
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using the multiplication inequality, Lipschitz continuity of L as well as the bound-
edness of v; and 0, we get

< 120, D20) |51 D206115 + (1|00l + [|0.D0]5) 2C
< K [|06] .5

It also holds that || P;00;||; < P;||06||, s and because of the Lipschitz continuity
of f;

fi(6, D.6, ) = (8, D, x)|| < K [|66]|; + K[| Db
< K605

with a similar estimate for ¢;. We can thus conclude from theorem that

10villy 15 < K5[06]]5.5-

T has a compact image We use a version of Arzela-Ascoli, defined in theorem
A.7| to prove that K is compact, taking D = Q x [0,T] as compact metric space.
Then T'(K) is compact as a continuous mapping of a compact space. As we already
know that K is closed, we only need to show boundedness and equicontinuity. Both
can be derived from the fact that for ¢ € K it holds that ||6;]|,,s < C1. This implies
on the one hand that [|6;]|, < C; as well, which guarantees boundedness of K. On
the other hand, the equicontinuity can be derived from the Holder continuity of all
functions 6 € K with a common Holder constant.

Schauders fixed point theorem (see page now guarantees a fixed point
T(v) =v € K C C*%1%9/2(Q) [0, T]), which is the desired solution. O

While this proves existence of classical solutions to equation , there is no
statement about uniqueness as of yet. We will prove such a statement in the next
section. But first we concern ourselves with the application of theorem [4.1] to our
equations. To that end, we identify u = (b, v). We first note the following:

Theorem 4.2. The function

filu, Dyu) = €01G(vg, v,b) + Vva
fulfils the assumption from equation (4.1.5)), namely

581G(vi,v,b) + —581G(’l~)l’,1~),b) +

b;

b; (4.1.7)
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with

—2d;Vb;

Holder continuous with Holder constant 6 if b; > v > 0 and b; € O

Proof. We start by proving equation (4.1.7). To that end, we recall that 0,G is
Lipschitz continuous by assumption. If we denote the Lipschitz factor by P;, we
have

581G(’Ui, v, b) — 581G(’17i, 17, b) < |881G(Ui, v, b) — 881G(17i, 17, b)|
< Pilv; — 7).

On the other hand,

d;Vb; - Vv, B d;Vb; - V1, _ d;Vb; (Vi — Vi)
bi bi b;
—2d;Vb;

In order to show the Holder continuity, we take a look at the j-th component

of L

—2d;0,.b;
Lj(bi, Vbz‘) = bij
o 200"
= |L;j(bi, V)| < —

0
The assumption b; € C'*% implies that aiji © has a finite value. Therefore

|L;(bs, Vb;)|© has a finite value as well. Meanwhile,

Lj(bi(xa t)7 Vbz(w7 t)) - Lj (bi(x/7 t)a Vbi(xlv t))

bi(xa t) bi<5(]/, t)
| 20 (O 0) — O 1) -2 b’ ) ~2d0, bl
— bi(x,t) bi(z,t) bi(x 1)
_—2d; . —2d;y, bi(2, 1) /
— bl(iﬂ, t) (awgbz(1'7 t) - ax]bz(x 7t)) + bl<l', t)bi(.’lj'/, t) (bl(l‘ ,t) — bl(l’, t))
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and thus
(0)

2 e

(Ly(bi, V0P < ==(8,,00) +
f)/
Taken together, we have shown that L is in C? under the given assumptions. [

We construct specific upper and lower solutions for equation (4.1.1)). In order
to keep thing simple, we will use homogeneous Robin boundary conditions, that
means

811,,‘
Wi + Pim— =0, 4.1.
au; + 6 o 0 (4.1.8)
and starting conditions that fulfil
Gmax
0 < b)(r) < Pt 0 <d(z) <v*. (4.1.9)

We can then take

b; = CO(x) - exp(—(Guaxm + Ad;)t), else,

v; = v*, see assumption on page (4.1.10b)
v, =0, (4.1.10c)

b; = inf b0(x) - exp(—Gaxmt), if a; <0
z€Q (4.1.10a)

where ®(x) is an eigenfunction to the eigenvalue problem

o
—AO=)\D, € a<1>+6(3:0, x € 0f)
n
and C' € R chosen in a way that C®(x) < 0?(x). If we take X to be the principal

eigenvalue, it is both real and nonnegative, and we can choose ® to be positive.
We define b; as the solution of

(‘9@ - dz AEZ = (Gmax - ,uBZ) : Bz in ) (4110(1)
a;b; + @g{;" =0 inON (4.1.10e)
bi(,0) = b)(x). (4.1.10f)

Theorem 4.3. The functions © = (b,0)T,u = (b,v)T defined in equation (4.1.10)
are coupled upper-lower solutions for the system (4.1.1)) with conditions (4.1.8) and
(4.1.9).

Proof. We prove that the chosen functions fulfil definitions [4.1.(i)[ to [4.1.(vii)| As
constants or solutions to a semi-linear problem with smooth enough coefficients,
all functions lie in C2*%1%%/2(Q x [0, T]).
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Checking definition
3755@‘ —d; AE@' = (Gmax - Mgi)gi
Z sup G(€W+i7<€m+17"'7£2m)7(517"'agi7"'a§m))gi

w,; <& <y
= Ssup fi(fly--~,§i—175z‘,§i+17~~->§2m;5€)

u; <& <u;

8t@i - dl A@i == 0

_ 2VE; -0
Z Supi alG(Uia<€m+17'"7€2m)7(€la"'a€m))+
u; <& <u; >3 &
= Supi fm-‘ri(gl? s 7€m+i—17@ia€m+i+1a s 7€2max)a
w; <& <

where we have taken advantage of assumption |(IV)|
Checking definition |4.1.(iii)|

0= sup Uil&,-- - &m1:641, -, &oms )

u,; <& <

Oémeﬁng

v,
0= sup Um+i(&r,- - Emricty Emtitts - - - Eom, T)

av; + 3
on u,; <& <

Checking definition [4.1.(iv)]
bi(0,2) =b}(z), Ui = v} (x)
Checking definition 4.1.(v)| If a; <0, we have

atbi - dz Ab@ = _Gmaxmb? exp(_Gmaxmt>

= —p (Z Gzax) b exp(—Glmaxmt)

J=1

< —p (ibz) b;
j=1
S inf G(Sm—l—ia(gm—‘rl)"'vf?m)a(517"'a07"'7€m>)'ﬂi

w,; <& <

é inf fi(fla"'agi—bbiafi—‘rl)'"752m7x)'

;<& <u;
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If on the other hand «; £ 0, we have
Ob; — d; Ab; = CP(x) exp (—(Graxm + Ad;)t) (—Gmaxm — Ad;)
+ d;C exp (—(Gmaxm + Ad;)t) (— AD(x))
= CP(z) exp (—(Gmaxm + Ad;)t) (—Graxm — Ad; + Ad;)
= b; (—Gmaxm)
from which we can continue as before. For v; it holds that

atyi —¢ AQ@' =0= inf _ alG(Oa <€m+17 s 7£2m)7 (517 s 7€m))

u; <€ <TUj

= inf _ fm+’i(£17 s >€m+iflﬂyi7 £m+i+17 S ?£2m7 3:)7
ngfjfuj

where the second equality is due to assumption |[(IV)|

Checking definition 4.1.(vi)| If a; <0, we can conclude from the positivity

of b, and its independence of x that

ob, .
— SO: 1nf, wl(fla'"afi—bgi-i-lv"'ag?m?x)'

on u,; <& <uj

=J
In the case a; £ 0

a;b; + B

@;b; + @gl:; = Cexp (—(Gmaxm + A\d;)t) (Oéi(I)(x) + B 0@(x)>

on
=0= inf i g3 Gi—19Cidly - 9G2m, L)
LB GGG G )
621' .
oV, + 5%% =0= ngl?jfgﬂj ¢m+i<£17 v &mtio1 Emtitts - -5 E2mes m)

Checking definition |4.1.(vii)|

b = Helsf) V)(z) < b(x) = ud(z) for oy <0

b = C®(x) < b(z) = uf(x) for a; £0

1
Q? =0< v?(:r) = u?nﬂ(.r)

It remains to show definition , U; > u;, and that |b;| < K for a positive
constant K. But we know that b; solves

8,561' — d; AB@ = (Gmax - ,ugl) ) BZ

and thus has an invariant rectangle of the form {b;|l; < b; < r;}, with b) < [; < %
and r; > % [see Smo83, Corollary 14.8]. This proves both remaining points.
Additionally, for arbitrary but fixed T, b;,(x,t) > bi(z,T) = v > 0, which we

required. O]
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4.1.2 Uniqueness

As before, we will simplify the boundary conditions m to homogeneous
Robin boundary conditions when showing the uniqueness of solutions for

equation (4.1.4).

fi independent of Vu

If f; is independent of Vu, as is the case for equation (4.1.1]), we can proceed as
follows:

As a first step, we multiply equation (4.1.4a)) by a test function ¢; € C*(D)
and integrate over ) as well as [0, 7]

t t t
//atui-goidxdT:/ /diAui-goid:BdT—l—/ /fi(u,:v)-gpidxdr
0 Ja 0 Jo 0 Jo

We partially integrate dyu; - ¢;

t
Q Q 0 Ja
t t
:/ /diAui-goida:dT—l—/ /fi(u,x)-gpidxdT
0 Ja 0 Ja

and apply the first Green identity to transform Auw; - ¢;

t
. . — 0 . _ . .
/Qu,,(x,t)goz(x,t) dz /Qul (x)@i(z,0)dx /o/Qul Oyp; da dr

t t t
= —/ / d;Vul - V;drdr —/ d;apzu; AS —|—/ / filu,x) - p;dzdr,
0 Ja 0 Joa 0o Ja

where we used equation (4.1.8). After employing the first Green identity once again,
we arrive at

/Qui(x,t)gpi(x t)dx—/ 9(x)pi(z,0) dx—/ /uz Oyp; dr dr
—//duz AcpzdxdT—/Ot dyu; - aa%ds

_/0 /m)dia%'uids—i—/o /sz‘(%x)'%dxdr (4.1.11)

We now assume that there exist two solutions, v and w, with u(z,0) = u%(z) =
w(z,0). By subtracting equation (4.1.11)) for u; and w; (and rearranging some
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terms), we get
¢
/Q(ui(x,t) —w;(z,t))pi(z,t) de = /0 /Q(uz —w;) - (d; Dpi + Oyp;) dx dr
¢ g

* /Ot/Q (fi(u,2) = fi(w, z)) - p; dz dr.

This form corresponds to the one found in Anderson |[And91|, p. 118f], with
O(x,s,u) = du;, g(z,s,u) = —udu;, h(x,s,u) = fi(u,z), f(z,s,u) = 0 and
3 = 0€). One can therefore construct an appropriate test function ; as the solution
to a related exactly as shown therein (even easier, given the simplicity of the
functions involved). Combined with the Lipschitz continuity of f; we obtain

t m
. — s < s
/Q\ul(x,t) wi(x,t)|de < C/O /Q;\uz w;| dx dr
m t m
= /QZMZ(:B,t) —w;(z,t)]| dzx §m(]/ /QZ|ui—w,-|dxd7'.
i=1 0 8

Using |Gronwall’s inequality| (theorem |A.1])

/QZ |ui(x,t) — w;(z,t)|de <0
=1

= Z|Ui($at)—wi($,t)| <0 Vr € Q)
=1
= wuiz,t) = wi(z,t)  VreQ,

which proves the uniqueness, since t was chosen arbitrarily.

fi: dependent on Vu

If f; is not independent of Vu, as is the case for equation (4.1.2)), we cannot apply
this method. The additional term V(u; — w;) cropping up prohibits the use of
|Gronwall’s inequalityl Instead, we can apply the mean value theorem

filu, Dyu, x) — fi(w, Dyw, x) = 3 w(u] — w;)
j=1 (?uj

m n az ,~7$
22 ajzgmzf)jk) O, (1 — w5),
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where (D,u)* = d,,u;. This allows us to write

fi(u, Dyu, x) — fi(w, Dyw, x) = f: c}(t,x)(uj — wy)
—1

j=

+ Z Z b;'k(t’ x)axk (Uj - wj).

1k

m n
j=1k=

1
The difference between two solutions u and w, v = u — w thus follows the
equation

Oy — d; Dvg =Y At x)v; — Y Z (t,2)0,v; = 0. (4.1.12)
=1 j=1k=1
If we define the components of a matrix operator .Z as
Ly = —c(t,x) - Z Vit x) - Ouer i ] (4.1.13a)
“ - at Z d - Z blk t Z‘ mk7 (4113b>
then we can write equation m ) for all ¢ as
Lo, =0, (4.1.14a)
PBvls,. =0, (4.1.14b)
Cv|i—o = 0. (4.1.14c)

# = diag(a; + B Xp—y nj(7)0d,,) is the boundary operator, with n; the j-th
component of the outer normal vector at x, while € = I,,«.,, gives the initial
condition at ¢t = 0. It is apparent from the diagonal form that these matrices fulfil
the complementary condition.

We aim to prove that the so-defined operator .Z is parabolic, and thus v =
0 must hold. To that end, we first cite some definitions concerning when a
matrix operator is called parabolic, which are taken from Petrovskii [Pet38] and
Ladyzenskaja, Solonnikov, and Uralceva |LSUG7].

Definition 4.2. The principal part of a polynomial L(x,t,iéEX, pA?®) with degree
2br, r € N, is the sum of those terms of L for which

Lo(m,t,3€X, pA*") = N Lo(z, 1, i€, p).

Definition 4.3. An operator L(x,t,0,,0;) is said to be 2b-parabolic at a point
(z,t) if for any & € R™ the roots ps of the polynomial Lo(z,t,1€, p) in the variable
p satisfy the condition

Re(ps) < —0l¢/* (6> 0).
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Definition 4.4. A matrix differential operator £ (x,t,0,,0;) with elements
Zyj(x,t,05,0;), (k,j=1,...,m) is said to be parabolic in the sense of Petrovskii
if
(1) the operator
L(z,t,0,,0;) = det L(x,t,0,, 0)
is 2b-parabolic in the sense of definition [f.3.

(ii) the degree of the polynomials L (z,t, €N, pA?) in A does not exceed 2br;
and

Lj (@, 1,48, p) = olp” + Li;(x, 1,4, p),

where Ly ; is a polynomial not containing p' .

We start out by noticing that for the .Z defined in equation (4.1.13) r; =1
independent of j, b = 1 and ag =1, ai = 0 if j # k. Definition 4.4.(ii)| follows
directly. We can also see immediately from the definition that the principal part of
L = det .Z will be the product of the diagonal elements, as all entries that do not
lie on the diagonal contain at most A!. It follows that

Lo(x,t,iEA, pA?) =[] (pV +diN D> 6;3) ,
j=1

k=1

from which we gather that = m and p, = —d,|¢|*. If we define § = min, <<, {d;},
definition follows. The matrix operator . is therefore parabolic in the
sense of Petrovskii. We can now invoke the following theorem from Ladyzenskaja,
Solonnikov, and Uralceva [LSU67, Theorem VII.10.1]:

Theorem 4.4. Suppose the coefficients of the operators £ ,% and € are smooth
enough. Then the problem

g(l’, t7 axu 8t)u|QT = f
%(l’, t: a{L‘? a2&)7~L|ST =
cg($7 tv al‘? at)u|t:0 =V

has a unique smooth solution in the class of vector functions, which is subject to
the inequality

m m by r
Zl ujllg, <c (2 1fillg, + Zl 1@qll s, + Zl H%HQ) ,
= j= 9= a=

with appropriately chosen norms.



4.1. FULLY PARABOLIC CASE 81
Theorem 4.5. Fquation (4.1.2) equipped with homogeneous Robin boundary con-
ditions and appropriate initial conditions has a unique solution.

Proof. Since f,®, ¥ = 0 in equation (4.1.14]), we can conclude that
Z||vj||QT§c-O = v;=0 VI<j<m,
j=1

which shows the required uniqueness. O

4.1.3 Attracting sets
Theorem 4.6. Let the following assumptions hold:

(I) There exists a region D C R™, which is compact and positively invariant.

(II) For ug € H = L*(Q,D) = {v € L*(Q)|v(x) € D for a.e. x € Q}, equa-
tion (4.1.4) possesses a unique solution u for all time, u(t) € HVt, u €
L*0,T;V),VT > 0 with V = H}() or HY(Q), depending on boundary

conditions,

(III) The mapping ug — u(t) is continuous in H. If moreover uy € V, then
w € L2(0,T; H*(Q)™) VT > 0.

(IV) f is continuous on Q x D

Then the semigroup S(t) associated with equation (4.1.4)) with Dirichlet or

Neumann boundary conditions is such that
1. There exist absorbing sets in H and HN'V.

2. There exists a mazximal attractor A which is bounded in V', compact in H.
A attracts the bounded sets of H. If furthermore D is convex, then A is

connected in H.

For a proof of theorem see Marion [Mar87]. We know that a solution to
equation (4.1.1)) will lie between the upper and lower solutions constructed in
equation (4.1.10). This means we have a positively invariant set for (b, v) given
as D = [0,r]" x [0,v*]", with r > %, for which it holds that S(t)D C D.
Furthermore, the following theorem holds:

Theorem 4.7. If we have the assumptions of theorem[{.f and moreover

(I) the positively invariant region D is convex and
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(II) f(z,u) is of class C* with respect to u on Q X R™ and its derivatives of order
less than or equal to two are bounded on £ x D,

then we set

a .
afi (2, )

c= sup sup sup
1<j<m 1<i<m (3,u)eQxD

Y

dop = min d;.
1<i<m

It follows that the mazimal attractor A has finite Hausdorff and fractal dimen-
stons. Moreover, these dimensions are both bounded by

o1+ |Qem2dy ™),

where ¢ depends on n,m and the shape of Q.

4.1.4 Stationary solutions

In order to determine the long-term behaviour of our fully parabolic system, it
is of use to take a look at the stationary solutions of equation (4.1.1]). These are
themselves solutions of the system

—&' Av; = e01G(vy, v, b) (4.1.15b)

or, depending on the choice of model,

D B = 20,G(wi 0, ) + VY ELT)

with appropriate boundary conditions.

It is important to note at this point that our observations from chapter 2 remain
true. This is due to the common diffusion coefficient of the equations. Such a
structure makes instabilities of Turing type impossible and therefore the stability
of a spatially homogeneous equilibrium is the same as for the point process, as
Kronik and Cohen note in [KC09, page 71].

Coupled upper-lower solutions

Definition 4.5. Two functions u;,u; € C**° are called coupled upper-lower
solutions to the stationary system

—d; Au; = fi(ug, ..., Up,x) in ) (4.1.16a)
u;
C\Jlul—{—ﬁlaii :@Zzi(ul,...,ui_l,uiﬂ,...,um,x) in 092 (4116b)
if it holds that
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(1) uw; > w,
(II) _dz Aﬂz Z E?Iiifz(gla>€l—lvﬂz7€l+17€m7aj) an
(I11I) ozu; + 3; %% > S?E Vi€, &, Eiy &y ) 0 ON

(IV) _dz Aﬁz S Hlf fz(gla"'>fiflaﬂi7€i+la€m7$) an

J

(V) Oéiﬂi‘i‘ﬂia% < inf (& 6o Gy Emy ) in 09

O — —_
uj; SE] Suj

Theorem 4.8. Let f; in system (4.1.16|) be uniformly Lipschitzian independent of
x, ; € C*(R™ 1Y) as above. If u and U are coupled upper-lower solutions of the
elliptic system (4.1.16)), then there exists a solution uw = (uy,...,u,) to the system

(4.1.16)), such that u; < u; < ;.

For a proof see Li, Abudiab, and Ahn [LAAOQS|. This theorem is only given in
the absence of any dependency on the first derivatives of u, but we could generalize
it as in the parabolic case before. Existence and uniqueness theorems, a priori
estimates of solution as well as the comparison theorem remain valid in the elliptic
case [see for example |GT01, Lemma 6.30, 6.31].

We state additional lemmas before constructing coupled upper-lower solutions
for our specific system.

Lemma 4.9. The equation

— Au = up(z,u) xr € Q
ou
a(x)u+ Bz )8n 0 x € 0N

has a unique strictly positive solution iff the principal eigenvalue A\ (A+p(z,0)) > 0.

A proof of this lemma can be found in Li and Liu [LL93, Lemma 2]. The next
lemma is taken from Pao [Pa092, theorem 1.2].

Lemma 4.10. Let L be a uniformly elliptic operator on D. We can consider the
etgenvalue problem

(L —c(z)u+ Ir(x)P =0 ASRY)
(a(a:) + 6(35)8871) d =0 x € 09,

where c(x),r(x) € C(Q),¢c > 0,7 > 0. Then the principal eigenvalue \; is real
and nonnegative, and the corresponding principal eigenfunction can be taken to be
positive on §2. Moreover, Ay > 0 when ¢ and a are not both identically zero.
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We now construct our upper-lower solutions in the elliptic case similar to the
parabolic case (see equation (4.1.10)).

b; =0, (4.1.17a)
T; = v*, see assumption on page (4.1.17b)
v, = 0. (4.1.17¢)
We define b; as the solution of
—dl ABZ = (Gmax — /LBL) . Bz in Q2 (4117d)
) b
a;(z)b; + Bz(x)a - =0 in 092, (4.1.17¢)

on

where we assume homogeneous boundary conditions, that is
I/Ji(ul, ooy Uiy, Ui 1y - - - ,Um,l’> =0.

Theorem 4.11. The functions u = (b,v)",u = (b,v)T defined in equation (4.1.17)
are coupled upper-lower solutions to the system (4.1.15)) with the boundary condition

Ou;
;U + ﬁl% =0 inof.

Proof. We prove that the chosen functions fulfil assumptions {4.5.(I)| to [4.5.(V)l As
constants or solutions to a semi-linear problem with smooth enough coefficients,
all functions lie in C*T(Q).

Assumption [4.5.(1V)
_dz Abz =0= inf _ fi(éla S 7£i—17bi7£i+17 cee 7£2m7 .CL’)

u,; <& <

- lnf G(§m+i7(£m+17~"7£2m)7(£17--~707~~7£m))'0

u,; <& <

_5, AQ'L =0= inf _ fﬂ‘L+i(£17 s 7§m+i—layi7§m+i+17 s 7527717'1;)
u,; <& <

= infﬁ 81G((), (fm.t,_h‘--7§2m)7(§17-~-7§m))7

u; <&;<u;

where the last step is due to assumption |(IV)}

Assumption [4.5.(V)]

ob; .
a;b; + 51‘87” =0= gjglgfgaj Vil€1, - 6im1, &igts -5 Soms T)
aQi .
Qm4il; + 5m+i% =0= u<1£lf<ﬂ Vimti(§1s - - s Empio1, Emtitts - - -, Sam, T)
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Assumption [4.5.(11)|
—d; Agi = (Gmax - ,ugi)gi

> sup fi(fb-~-,fi—lygz‘,fwb---7§2m7$)
u; <& <u;
= Supi G(gm—i—i; (§m+17 cee aSQm)a (517 cee 762" cee 7£m))Fz
;<& <
> sup  fmti(&1y - Smtio1, Uiy Smig 1y - - -5 Eoms T)
u; <& <u;
= 3?27 81G<@ia (£m+l7 s 7£2m)7 (517 s 7£m)) see 7 p-
U; 565Uy 20

Assumption [4.5.(I1I)|

- b
b+ Bim—=0= sup (&, ., 61,841, Som, T)
on u; <& <uj
_ v,
UmtiVi + Bmyim— =0 = sup V(€1 -+ Emtin1s Emrit1s - - - Sam, T)
on u; <& <y

It remains to show assumption 4.5.(1)} @; > u;. We know that b; solves

—Ab; = Gmaxd_“bi B, inQ
+
:pl(w,bl)
_ ob;
ai(x)b; + fi(z) 7= =0 in 092,

on

In order to apply lemma 4.9, we need to look at the eigenvalue problem for
A + p; (SL’ s 0)

AP + G;axq) =P in Q2

= (—A—Ci‘;?"qu)cb:o in Q2
a; () —1—6(%)2 d =0 in 09
(2 1 an - 7

which has the shape discussed in lemma , with ¢(z) = ©2ex and r(z) = 1. We
thus have fulfilled all assumptions of lemma and as ¢(z) is not identically zero,
we know that A;(A + pi(x,0)) > 0. It follows from lemma [4.9| that b; > 0 = b; and

hence assumption {4.5.(1)| O
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4.2 Coupled ODE-PDE system

If we assume that strategies do not diffuse on their own, it is more natural to use

equation (4.0.5b)) and get a coupled system. It can be written as

Opbi(z,t) = G(vi(t),v(t),b(x,t)) - bi(x, t) + D Abi(x, ), (4.2.1a)
Ovi(x,t) = e G(vi(x,t),v(x, 1), b(x,t)). (4.2.1b)

We will specifically work with a homogeneous Robin boundary condition,

ob;
on

4.2.1 Existence and Uniqueness of solutions
Weak solution

First we take a look at weak solutions of our problem, allowing for solutions that do
not have the smoothness required of classical solutions. For b, we will be using the
Banach space X = C([0,T7]; L*(2)) with |||, = nax. 16(t) || 12 () and the standard

weak formulation therein.

Theorem 4.12 (Existence and Uniqueness of weak solutions). The equation (4.2.1])
has a unique local weak solution.

Proof. We will prove this in three steps. First we will show that equation (4.2.1b))
has a unique solution v® for b fixed. In a second step we will show that this v°
induces a unique solution b. Thus we have a mapping B(b) = b. In a third step we
will show that this mapping B has a unique fixed point (via Banachs contraction
mapping, theorem [A.5)), thus showing that the original system has a unique local
solution.

15t Step: Unique solution v for (4.2.1b]) with fixed b
This result can be gained directly from the Picard-Lindel6f theorem, because
01G is Lipschitz continuous by assumption. It is thus also Lipschitz continuous

in the L?(Q2)-norm, and it follows that there exists a unique solution v* which
lies in X.

27d Step: Unique solution b for ([#2.1a)) with fixed v”
We can apply the arguments from section to the case with v’ as parameter
and b as the only dependent variable. As G - b is Lipschitz continuous from our
assumption, the same constructions lead to a unique solution b in C2+01+/2,
But since €2 is bounded, that implies be X.
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3rd Step: Fixed point for B : b+ b
The goal is to show that B is a contraction, meaning that

98] := |B®) - B®)| < Cllov] =

with ¢ < 1. To this end we first consider v = v* — 12, where b and b
are two arbitrary but fixed functions from X with b(x,0) = b(z,0). Using
equation (4.2.1bf) we have

GV}, v, b) — 81G(vl, b p)
Oyov = ¢ -
816’(1)75”, Wb, b) — 81G(v%1, V2, b)
Multiplying with dv and integrating over €2 leads to

G (b, v, b) — (’316'(1)1, v2,b)

/8t(5v-(5vdx:/€ <ovdx
Q Q o
LG (v, 07, ) 1G(vp,, 02, )
ala(ﬁ ; b) — (91G(v1,v b)
= Ld —||6v|)%. < 5/ : |0v| da
2dt L Q _ ‘ '

G (b, Wb, b) — 0,G (vt v2, b)
We use the Lipschitz continuity of 0;G with Lipschitz factor L'

oot < e v |() = ()| -l

< a/ﬁL’/ (‘UE - UQ‘ + ’5 - QD |6v| d
Q

— ey/ml (/Q|5v|2dx+/g|5b||5v|dx>.

At this point, one can apply the Cauchy-Schwartz inequality and divide by
|0v]| ;> afterwards

d
g 19vllz - 16Vl 2 < ev/mlf (lI5vlZ2 + 116D] 2 l16v]] 2)

d
19vlle < ev/mL ([|9v]] 2 + [16b]] )
_.02

Integration from 0 to ¢, where it is known that dv(z,0) = 0, gives us

t t
o0l < Ca [ 8]0 ds+Co [ flov]]2 ds
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Here we apply (Gronwall’s inequality| with a(t) = Cy [y |0b]|,» ds non-decreasing
and f(t) = Cy

t
160]| 2 < C’2e02t/0 16b]] 2 ds (4.2.2)

Now that we have an estimate of ||6v||;., we take a look at Héi)”p. Based on
equation 1) we can state the following for 6b := b — b:
G( ? b B)B - G(U% Uéa é)éz
0,0b = : + AGb

G( E l;)l; - G(U%“ 'Uga é)éz
We integrate over €2 and apply the first Green identity, using equation (4.2.1c])
G( ? Ea 8)8 - G(Ula [;)B
/at(sé-az%dx:/ : b da
) Q _

. 1d
2dt

~

b’ < / - 60| d.
L? Q _ N NN
G( b b>b - G(’U%,Ué, b>bz

At this point we need the Lipschitz constant L of G. As seen in lemma [2.1],

it holds that L = Guax + L1|b;]. but we know that |b;| < max{b;(x,0), @}

G'max} and the Lipschitz constant

(£)- )

< 01/9 (165] + [6v[) 18] d.

Therefore we can take by, := max{b;(x,0) Vi,
is thus Gax + L1bmax

2dt

/Q \/E (Gmax + lemax)
C1

Once again we use the Cauchy-Schwartz inequality, divide by H&;Hm’ integrate

over ¢t and subsequently use [Gronwall’s inequalityl We can also plug in (4.2.2)
for ||0v]| ;2.

¢
,ds + Ol/o |0v]| ;2 ds

~ tyoA
o8], < 1 [ o,

|3 , < 0102e01t/0t e </0 160112 dT) ds
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A~ t S
= o] . < et [Fe (/ ||5b||XdT> ds
L2 0 0

A~ t
= b <0102e01t/ eC255 b . ds
0

L2 —
et (Ct—1) +1
Cs

= ||9b,, < Cre“tt. - [|6b]

If this equation holds for all ¢, it also holds for max
0<t<T

e (Ct—1)+1
Cs

o8], < Cre I

We can now take ¢ — 0, and see that the right hand side goes to 0. This means
there exists a Ty for which B is a contraction for ¢ € [0, Tp).

]

Classical solution

Theorem 4.13 (Existence and Uniqueness of strong solutions). The equation
(4.2.1) has a unique local classical solution.

Proof. We are now interested in the space C**%1%9/2(Q x [0, T)) of functions whose
second derivative in x is Holder-continuous with coefficient 4 and whose first
derivative in ¢ is Holder-continuous with coefficient /2. As estimates regarding the
norm in this space are quite hard to obtain, we will not use Banachs but Schauders
fixed point theorem (theorem . As we already know the uniqueness of the weak
solution, it follows that the classical solution must be unique as well.

The first and second step of the proof remain the same as in the proof for a weak
solution. Hence we start with the mapping B : b — b, with b, b in C2t1+9/2(D). Tt
maps b to the solution of

Aybi(x, 1) = G(W°(t), v (t), bz, 1)) - bi(z,t) + D Aby(z,t) inQ (4.2.3a)
o Ol .
W (x) = b(2) (4.2.3c)

We take a subspace X = {f € CHHF(D)|| flloys < K}, with K to be
defined later on. This subspace is clearly non-empty, closed, bounded and convex.
It remains to show that B is continuous and its image is compact.
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e B continuous
We take a convergent series by, ;, with lim,,_, b,,; = b;. We want to show that

b; == lim,, o B(by,;) = B(b;). Defining lA)m = B(b,;) it solves the equation
8tlA)m- = G(U?”, Ubn, bn)gn,z -+ D Agnﬂ
We take the limit n — oo

lim (&JA)M-) = lim (G(vf”,vb”,bn)?)n,i + DAl;n,i)

n—oo n—oo

As both the derivative operator and G are continuous it follows that

Oy (lim ZA)m> = (G’(vl-im"*“’ bn plimn—oobn iy b,) lim IA),” + DA lim IA)M) )
n—00 n—00 n—o00

¢ n—o0

We know that v is continuously dependent on b,

Oy <lim ZA),”> = <G(vf,vb,b) lim Em + DA lim Bm)
n—oo n—oo

n—oo

which is what we wanted to show.

e Bmaps X to X
We use the [boundary Schauder estimates| (see theorem [A.10)):

2+6> ’

where f =0, 1) = 0 and 5 = b? from the definition in equation (4.2.3). Since
b) € C*°(Q) with bounded 2, we know that [|69[],, s < C for a C € R. If we
choose K = K - C we have B: X — X.

bY

7

b

<K <||f||5 + [l s +

246 —

e The functions in X are equicontinuous
As stated above, we know that ||b; ors < K, which gives an upper limit to

the Lipschitz constant for all functions in X.

This shows that all prerequisites of [Arzela-Ascoli| (theorem [A.7]) are fulfilled, so
X is compact. As a continuous mapping of a compact space, Im B is compact as
well. We can thus apply the [Schauder fixed-point theorem| O

Theorem 4.14. The local solution can be extended in time to any arbitrary T'.

Proof. Take the values at time Tj as the new starting values; as v and b are bounded
a priori by v* respectively byax, we can then repeat the arguments above to extend
the existence of the solution to the interval [0, 275]. These steps can be repeated
as needed. O
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4.2.2 Asymptotic Behaviour

In order to look at the long-time development of the population number, we will
use an orthogonal decomposition of b;. It is well-known that the eigenfunctions
(1) jen of the eigenvalue problem

— A@/)J(m) = /\j@[)j(l’), x e
O _

form a complete orthonormal system in L?(2), where A\; = 0 with ¢;(z) = Cy, and
Aj > 0 for j > 1. Note that we have again simplified the boundary condition to a
homogeneous Neumann condition. We can then display b;(z,t) as

bl t) = Y- a5 (005(0) = ah (9 (2) + i (5,0)

where
@5() = (b, 1), 0i(@)) = [ b, )} da.

We drop the superscript ¢ in the following in order to simplify notation. First,
we are interested in the behaviour of a;(?).

m@%z@@jﬁm@»:C@A@@wﬁm (4.2.4)
= jtal(t) - qu/gatb,.(x,t) da
- (J¢/QDAbi(x,t) dx+0¢/QG(vi,v,b)bi(x,t) dz

-, /Q G (i, v, b)bi(, 1) dz, (4.2.5)

where the last step is due to the first Green identity and the homogeneous Neumann
condition on b;. It also follows from equation (4.2.4]) and the previously established
a-priori-estimations of b; that

0<a(t) <AQ)Cy Gza". (4.2.6)

We concentrate on the case G(v;,v,b) < 0 first, which for instance arises if

v; = 0 is the only Equation (4.2.5)) then indicates that a(t) is monotonously
decreasing in ¢, while equation (4.2.6) guarantees the boundedness. Taken together,
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we have shown that a;(¢) converges to a constant for ¢ to infinity. It remains to
investigate the behaviour of ¢, (x,t). We know the following:

O
=0 (4.2.7)
(Yr,91) =0 = /sz dz =0 (4.2.8)
= Yol < CrlIViL e, (4.2.9)

where we have used the|Generalised Poincaré inequality|with p(¢,) = | [ ¢, dz| =0
in order to gain equation (4.2.9). Substituting b;(x,t) by our orthogonal decompo-
sition, we arrive at
O (ar(t)n(z) + ¢o(z,t)) = D A(ar (D) () + oz, 1))
+ G(v3,v,0) (a1 (D) (z) + (1))

= jtal (O1(x) + By (z,8) = D Ay (2, 8) + G(vs, 0,b) (ar () () + ¥ (2, 1)) .

Multiplying with 1, and integrating over {2 leads to

—al /¢1 Vb (x,t) dx—l—/(f)ﬂbet <y (z,t)dx
:D/QA#)L x,t) -y (z,1) dx+/QG v, 0, b) (a1 ()1 (x) + Yo (x,t)) Yy (z,t) dx

Green’s first identity, equations (4.2.7) and (4.2.8)) allow us to simplify

[ 53 (0r(@0) de = =D [ (Vi (2,1), Vo (e,1)) da
+ / G(v3,0,b) (ar ()01 (x) + ¥ (x,8)) o (2, ) dz
SN O+ DITeL @ = [ 6o 0,) (0 (0) + (0, 0) b (5, 0) da

3Ol + SOl < [ Gl o) (@) + 0a(e.0) bl do
(4.2.10)

where the last step is due to equation (4.2.9). We aim to apply the following
theorem from Eisenhofer [Eis13]:

Theorem 4.15. Let y(t) and a(t) be non-negative functions with y € C*'([to, t1])
and a € C([to, t1]) for 0 <ty <ty < oo. If the inequality

d

V@) +y(t) < a(t) (4.2.11)
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is satisfied with v > 0, then for to <t <ty it holds that
t
y(t) < y(te)e 0 4 [ q(s)e™ 1) ds.

to

If in addition [y a(t)dt < oo,
y(t) < ylto)e "™ 4 | a(s)ds,
to
which implies y(t) — 0 for t — oco.

We set y(t) = [ (B)ll72, alt) = Jo G(viv,b) (ar()gn (@) + 01 (2,1)) ¢y do
and find that equation (4.2.10)) transforms into equation (4.2.11)), with v = D/C3.

The next step is to take a closer look at a(t), using the a-priori estimates of b; as
well as equation (4.2.1al).

0< [ biet) :/Qb?(a:)+/0t85bi(x,s) ds dz (4.2.12)

t t
+/ /DAbi(x, s)dxds—i—/ /G(vi,v,b)bi(x,s) dz ds
L 0 Ja 0 Jo

=0

Soforallt>0

// G(vi,v,b)b;(x,s)drds <
:>/ / (vi,v,0) (a1(s)Yr(x) + Yo (x, 8))dxds <
In order to apply equation (4.2.13)) to a(t) we note that

alt) = [ =G 0.0)(@®i() +vu(e,) ) (—p) do

>0

(4.2.13)

Since we assumed G(v;,v,b) < 0, we can now apply the mean value theorem
) < ol / (v, v, b) (a3 (£) 81 () + 1 (2, 1)) da. (4.2.14)
Combining equations (4.2.13) and (4.2.14), we gather that [;°a(t)dt < oo,
4.15]

which lets us apply theorem It follows that y(t) = ||¢.||7» — 0, which implies
’QZJL — 0.
All in all, if G(v;,v,b) < 0 Vz,t we have

bi(z,t) = a1 (t)yr (x) + Yo (z,t) = Cyai®. (4.2.15)
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A very similar calculation can be done in the case G(v;,v,b) > 0, where we
establish an upper bound in equation through our a-priori estimate G yax /-

In biological terms this implies that in situations where v; = 0 is the only [ESS]
(G <0), or there is only a positive and the starting population is low (G > 0),
the resulting equilibrium population is constant. If, however, that is not the case
and there are for example multiple [ESSs], the resulting equilibrium might well be
more complex, as can be seen in chapter |§| (e.g. figure . Determining such an
equilibrium analytically in the general case is quite difficult, unfortunately.



Chapter 5

Experiments

Frequently, when using mathematical models to explore biological processes, exper-
imental evidence is required to validate certain features of a model, make reliable
predictions or compute parameter values which may be used in numerical simula-
tions. Similarly, experimental findings inspire and help shape mathematical models.
The following chapter is the result of my 6-month research stay at the laboratory
of Stephen Diggle, where I conducted experiments which are also used to explore
some aspects of my model numerically in chapter [6]

The laboratory group itself was based at the University of Nottingham in the
Centre for Biomolecular Sciences. My stay was partially supported by the Erasmus+
program, while the work was supported by a Human Frontier Science Program
Young Investigators grant (RGY0081/2012) and a NERC grant (NE/J007064/1)
to Stephen P. Diggle.

As evolution in bacteria is hard to measure experimentally because of the effort
involved in sampling and sequencing resulting mutants, the focus of the experiments
is on the role of spatiality for producer/non-producer interactions.

5.1 Experimental setup

All the experiments were conducted at the University of Nottingham at the Centre
for Biomolecular Sciences in a laboratory of biosafety level 2 by myself. A FastPrep-
24 5G bead beater (MP Biomedicals) and a Tecan multimode plate reader available
to all laboratory users were used in these experiments.

5.1.1 General Idea

The main hypothesis of this series of experiments can be summarised as

H1 [[as] mutantd act as cheats in media with adenosine as carbon source.

95
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H2 Higher concentrations of agar limit diffusion of the signal molecule.

H3 With limited diffusion of the signal molecule, the relative fitness of the cheat
will decline.

These hypotheses are meant to explore two new ideas. The first is that, as
assumed in the model itself, [quorum sensing (Q)S)|signal is already a public good in
itself and can be cheated against. This has been theorised before, but it is shown
conclusively in these experiments. The second point is that a reduction of cheating
can be achieved by thickening the medium, thus limiting diffusion.

This simple step can already serve to make an in vitro experiment replicate
in vivo conditions more realistically, for example the thick, adhesive mucus that
blocks the airways of cystic fibrosis patients with chronic lung infection.

One important thing to consider when using signal as a public good is the
impact of the regulated exoproduct. As secreted exoproducts are public goods
as well, fitness benefit of mutants might be caused by those, instead of signal,
thereby obscuring the role of signal.

For that reason we will use jadenosine (Ad)| as a carbon source.
is deaminated to form inosine, which is degraded inside the cell by a
lhydrolase (Nuh)| to hypoxanthine plus ribose; hypoxanthine is then metabolised
to produce glyoxylate plus urea (Heurlier, Dénervaud, and Haas [HDHOG|, see
also figure . is crucial to the breakdown of adenosine because the las
system (through the regulator LasR) positively regulates . Because acts
intracellularly, any fitness effect of a loss-of-function mutation in the signal gene
lasI in this growth medium will be directly due to the lack of signal and not to any
downstream effect on the production of extracellular enzymes. The signal molecules
of |Pseudomonas aeruginosa (P. aeruginosa)|are shown in detail in figure

In order to tune the impact of on growth, the total available carbon will be
comprised of [casamino acids (CAA)| as well as jadenosinel [CAA|is available to all
bacteria, regardless of ability.

5.1.2 Materials and Methods

The strains used were the wild-type [P. aeruginosad) laboratory strain [PAOT]
mutant (lasl”) and |lasR mutant (lasR™)|, both isogenic insertion mutants created via
insertion of a [gentamicin (Gm)| resistance gene in the genes lasl respectively
lasR (PAOL1 lasl::Gm respectively lasR::Gm), where the latter is used as a negative
control. The growth medium used in these experiments was|quorum sensing medium|
(QSM)|, which is specifically designed to make maximal growth dependent upon
lasRI-regulated proteases. As a last step, I added 0.1 % w/v of carbon sources as a
mix of and [Adl and the medium was filter sterilised. The exact mixture of
[CAA] and [Ad] depended on the experiment in question and is given there.
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In order to measure the concentration of signal [N-3-oxo-dodecanoyl-1-ho{
moserine lactone (3-oxo-C12-HSL)|after 48 h of incubation, 100 puL of the culture
supernatant was mixed with the same amount of a log phase culture of an
lcherichia coli (E. coli)| bioreporter (psB1142). This mixture was incubated for
3h while luminescence and [ODgqg| were recorded. To estimate [3-oxo-C12-HST]|
concentration, the luminescence of unknown samples was then compared to that of
known concentrations. A [P. aeruginosd[PAOT] strain containing a chromosomal
mini-CTXlux fusion to the lasB promoter (PAO1 lasI” plasB::lux) was used in order
to test 13-axo-C12-HSIJ diffusion in different media over the course of 8 h.

A more detailed description of the materials used can be found in Mund, Diggle,

and Harrison [MDH17].

5.2 Cheating in liquid culture

The liquid culture experiments were conducted in 24-well-plates with a volume of
2mL of media and 2 pLL of mixed or pure bacteria cultures. Cultures were incubated
overnight in sterile [lysogeny broth (LB)| medium and brought to an of 0.8
respectively 0.9 (PAO1)) prior to inoculation. Starting frequency of the
mutant was determined by diluting and plating the starter cultures, in order to
determine the [colony forming units (CFU), The plates were then incubated at
37°C with orbital shaking for 24h or 48 h. After that time, cultures were diluted

and plated on [LB|as well as [LB| + [Gm|(25 pg/mL), in order to count [CFU| of [PAO1
and in pure and mixed culture.

5.2.1 lasI mutants act as cheats in liquid medium

Looking at the [CFU| count after 24h and 48 h, one can notice that with higher
@ levels the total count declines (see figure . As the resulting
CFU| count was quite low for 0.1% the incubation time was chosen to be 48 h
for future experiments. This effect was not as pronounced with pure as it
was with [lasI] While all different cultures had a [CEU] count of around 1 x 108 for
pure [CAA] the |[CFU| count dropped to 4.6 % of that amount for pure and to
0.1% for pure at 0.1% [Adl As a result, the in pure medium
grew to only 7% of the density of pure in the same medium, while mixed

cultures have an in-between value.

From this, it is already apparent that grows poorly in an environment
where is required for growth. We now want to investigate the growth of mixed
populations in more detail. To this end we calculate the amount of doublings the
bacteria undergo in 48 h for [PAOT] and [[asT| both in pure and mixed culture.
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was added to reach 0.1 % carbon source in every culture. With rising
content, growth of cultures was retarded. This effect was more noticeable in
cultures.
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Figure 5.3: Amount of cell number doublings after 48 h incubation time for [PAO1
and in pure or mixed cultures. One can see that cultures have a higher
number of doublings when in pure culture, while the reverse is true for
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As we can see in figure has a higher number of doublings in pure
culture while tends to have a higher number of doublings in mixed culture.
This implies that adding to the bacteria has a negative impact on their

growth, while the benefit.

Another measure for the relative growth rate of two populations is the relative
fitness, defined as

fend (]- - fstart)

relFit = ,
fstart (1 - fend)

(5.2.1)

where fiart and fenq stand for start and end frequency of the focus population,
calculated as the [CFU]of the focus population divided by the total [CFU} A relative
fitness of one therefore indicates fsart = fend, While a value of less than one signifies
relatively poorer growth and vice versa. From here on onwards, we will use
respectively as focus population. We can plot the relative fitness values
calculated from our experimental data for different percentages of and
for pure or mixed culture with figure as result.

One can now observe the circumstances under which grows better or worse
than the wild type by comparing the relative fitness values to 1. Looking at
the pure cultures, we recover the same trend as before — with increasing
the growth of is more and more diminished. For mixed cultures, however,
this trend is reversed. In media with both [CAA] and [Ad] has a relative
fitness of above 1, making it perform better than the wild type does. There is,
however, a decline in relative fitness when all carbon is supplied as [Ad] This
is most likely attributable to the wild-type bacteria growing more slowly in the
absence of carbon sources that can be exploited before responses are fully
switched on. As we have seen in figure [5.2] [CFU]| count is drastically decreased in
pure [Adl This means the wild-type cells enter an “up-regulated” status later on,
leaving less time to be exploited by the [las] mutant] But even though the relative
fitness in mixed culture may sink below 1, it is still significantly higher than the
relative fitness in pure culture. In fact, the difference between relative fitness of
lasT] in pure or mixed culture is significant in all media except for pure [CAA] where
QS is unnecessary (Adenosine level/p-Values: 0%/0.9692, 0.05 % /4.4787 x 1074,
0.075%/3.4198 x 1075, 0.1 %,0.0049)

All these results indicate that [[as] mutants act as cheats in media with adenosinel
as carbon source, with [3-oxo-C12-HSL]as a public good — they have a lower growth
rate when alone, which is increased in the presence of signal producing wild-type
cells and in turn decrease wild-type growth.
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Figure 5.4: Relative Fitness of after 48 h incubation time.

5.2.2 Signal production is increased in adenosine

Signal production of wild-type cultures was measured as signal concentration
in cell-free supernatant. After 48 h of growth and extraction of a small volume
for counting purposes, the remaining medium was filter-sterilised to prepare for
measurement.

As described in section [5.1.2] 100 uL of this supernatant as well as a series of
(QSM| with known concentrations of [3-oxo-CI12-HSI] were mixed 1:1 with
bioreporter psB1142. Both luminescence and of the bioreporter with the
known concentrations are shown in figure [5.5] Luminescence of the bioreporter
was adjusted by its to account for rising cell numbers during measurement.
One can make out an outlier curve for 0 M [3-oxo-C12-HSIL| which has no further
influence on the calculations. From the time course of luminescence for known
concentrations we choose ¢t = 150 min as a point in time at which the luminescence
for different concentration is markedly different without the bacteria having reached
exponential phase, as indicated by the [ODggol

Based on the luminescence of for our known concentrations, a linear
model is fitted to the calibration curve, linking concentration of [3-oxo-C12-HSL|
to luminescence of the bioreporter. As the dependence seems to be parabolic in
type (see figure , the squared concentration was included as predictor as well.
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(a) ODggo of biosensor psB1142. After 150 min, the curves
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(b) Luminescence of E. coli biosensor, adjusted by ODggp.
At t = 150 min the curves have separated.

Figure 5.5: Time course for calibration series. Different concentration of purified
[3-ox0-C12-HSL|are shown as different colours, while lines of the same colour indicate
technical repetitions.
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Table 5.1: Estimators for Luminescence

Luminescence ~ Concentration + Concentration?

Estimate Star}dgrd t Value p Value
Deviation
Concentration 5.4 x 108 7.4 x 10° 7.3 3.6 x107?
Concentration? 8.0 x 107 4.5 x 108 17.6 1.4 x 1072
Degrees of Sum of Mean of
Freedom Squares Squares F value p Value
Conc 1 1.3 x 1010 1.3 x 1010 5087.2 <1016
Conc? 1 8.2 x 108 8.2 x 108 311.0 <1016
Residuals 44 1.2 x 108 2.6 x 108

The values for this fit can be found in table 5.1 For this fit, two Cook’s distance
outliers have been removed from the data set. They can be identified visually in
figure |5.6|

Having found the correlation between luminescence of the bioreporter and
signal concentration, we can calculate the unknown signal concentration of the wild-
type supernatant. The resulting concentration, as shown in figure [5.7a], declines
with increasing fadenosingl But we know from section [5.2.1] that [CFU] count also
decreases with fadenosing. We therefore divide the signal concentration by the [CET]
count of the culture which produced it (see figure [5.7h). We can then observe
the reverse trend - signal concentration per [CEU| increases with [Ad] level. The
most notable jump occurs for 0.1 % [Ad], where the produced concentration jumps
from around 1 x 1072 1M/CFU to 6.5 x 107 nm/CFU. So even though the total
13-ox0-C12-HSL| concentration is lowest at 0.1 % the per capita production is at
its highest.

5.2.3 The cheating benefit is provided by the signal itself

As described in section the digestion of is internal and controlled
by the las system. Any benefit that non-producing mutants incur should therefore
be due to [3-oxo-CT12-HS1|

In order to check that this hypothesis holds true, two sets of control experiments
have been conducted. First, the same experimental setup has been performed
with instead of [lasT] is a signal-blind mutant lacking the las-Receptor,
meaning it cannot respond to the signal in any way. In a setup with adenosine]
it should thus not be able to derive any benefit by being in proximity of
because it cannot digest even in the presence of [3-oxo-C12-HST]J
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Figure 5.6: Luminescence for calibration series at ¢ = 150 min (coloured dots),
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Figure 5.7: Calculated signal concentration in bacterial supernatant after 48 h.
While total signal concentration is negatively correlated with [Ad] percentage, cul-
tures in pure [Ad have the highest per-capita production rate. Dots of the same
colour indicate technical repetitions, while different colours indicate the biological
repeats.
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Figure 5.8: Comparison between the relative fitness of [lasl| and |lasR mutant| after
48 h. While has a significantly higher fitness in mixed than in pure culture,
there is no such effect for lasR] Every dot stands for one measurement.

To simplify comparison, we use equation to calculate the relative fitness
of in pure and mixed culture, where mixed again refers to a 1:1 mix with
[PAOI] We can then compare the computed values for [lasI] and [lasR’] It is visually
apparent from figure 5.8 that relative fitness of pure cultures undergoes
a similar decline with rising [Ad] level as pure cultures. At the same time,
where in mixed culture has a relative fitness significantly greater than that
in pure culture, relative fitness shows the same trend for both mixed and
pure culture. This shows that are indeed unable to cheat in this
situation, confirming the hypothesis that [3-oxo-C12-HSIL] and not some downstream
exoproducts, acts as a public good.

To further confirm this, as a second control experiment both mutants as well as
wild-type were again cultivated for 48 h, this time only in pure culture but
with the addition of 10 uM [3-oxo-C12-HSI] This should, in theory, have a similar
effect as co-culturing the mutants with [PAOT] as it provides a source of external
signal.

The purified [3-oxo-C12-HSI] was helpfully provided by Alex Truman from the
University of Nottingham. As it was solved in methanol, another set of experiments
with the same amount of pure methanol was conducted as proof of the fact that
any changes are not due to addition of methanol. After calculating relative fitness
from the results, we recover the data displayed in figure 5.9, Again we find that
with increasing [Ad] level the relative fitness of nearly all culture types decreases,
with the only exception of either in mixed culture or in pure culture with
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added [3-oxo-CI12-HSI] Apart from some biological variation in the measurements,
methanol has no effect on relative fitness of cultures, while [3-oxo-C12-HSL| has the
same effect as adding [PAOT]

Apart from the visual interpretation of the results, one can also fit a
[near modell to the data sets in order to assess the influence of the different culture
conditions. This will be undertaken in section [5.4

5.3 Cheating in solid culture

The experiments in solid media were conducted in 48-well plates with 1 mL culture
volume. The basic remained the same, but was supplemented with 1% agar,
in order to solidify the culture medium. Since cannot be autoclaved while
agar has to be autoclaved, stocks of doubly concentrated were mixed with
doubly concentrated agar solutions in equal parts. Bacterial cultures were added
while this mix was around 40°C. At this temperature the media was still warm
enough to be in liquid phase and thus allow for distribution of bacterial cultures,
while at the same time being cool enough to prevent hyperthermic cell killing.

In order to count [CFU]| from these solid 1mL agar cubes, they had to be
liquefied using a bead beater. Due to volume constrains for bead beater tubes, agar
cubes were divided into three parts with a sterile metal spatula and the resulting
re-liquefied volumes remixed before plating out.

5.3.1 Adding agar retards diffusion

As a proof of concept that different agar concentrations have an effect on signal
diffusion I conducted a “sandwich experiment”, consisting of three layers: a bottom
layer of purified [3-oxo-C12-HSL|in 0.5 % agar (0.1 mL of 0.5um), a middle layer
of different agar concentrations (0.8 mL of 1% to 4% Agar) and a top layer of
PAOL1 lasI” plasB::lux biosensor in with 0.5 % agar (0.1 mL, [ODgo=0.2). The
signal would over time diffuse trough the middle layer into the top, where it would
induce the bacteria to luminescence. figure [5.10] shows a mock-up of this setup
with food colouring instead of |3-oxo-C12-HSL| and biosensor to better illuminate
the concept as well as prove that when poured in a careful manner, the layers do
not immediately mix but rather diffuse with time.

In order to check if higher luminescence was due to increased bacteria num-
ber, [CFU| were counted after 8h. The results indicate that there was no large
growth difference between the different agar treatments, see figure [5.10a] However,
treatments with lower agar concentrations did reach higher luminescence values.

shows the time curve for these treatments.
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Figure 5.9: Relative fitness of [lasI'| and [lasR'| for varying treatments. With higher
[Ad] concentrations, relative fitness of almost all mutant cultures declines, the only
exceptions being in mixed culture or with added [3-oxo-CI12-HSI]
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time

Figure 5.10: Concept of sandwich experiment, done with red food colouring. The
top and bottom layers consist of 0.5 % agar, while the middle part consists of 4 %
agar in these photos. When carefully poured, the layers remain separated at first
and only small molecules diffuse with time.

This indicates different diffusion rates of [3-oxo-C12-HSL| in different agar
concentrations. Due to time constraints and difficulty working with higher agar
concentrations, 1 % agar was chosen for the cheating experiments themselves.

5.3.2 Slowing diffusion reduces cheating

As our theory suggests, cheating in 1% Agar is limited. This can be determined by
comparing the relative fitness of in the solidified media with the values from
the liquid experiments conducted before. The results are displayed in figure |5.12
and show that while relative fitness in pure culture does not differ much between
liquid and solid media, there is a reduction of relative fitness in mixed culture when
agar is added. The significance of this reduction will be shown in section [5.4]

Looking at the total @ values after 48 h (accounting for different experiment
volumes, see figure @ , one can see that there is not much change for 0% to
0.075% At 0.1% @, however, we have a large increase in for cultures in
solid media. This increase is likely due to nutritional value of agar and thus plays a
larger role in a nutrient-depraved environment such as pure when signal
concentration is low. As we only compare relative fitness of cultures, this increase
in total [CFU| does not play a role in our analysis.

5.4 Generalised linear models

In order to assess the importance of the different environmental aspects and the
significance of the findings, the relative fitness values can be fitted by
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Figure 5.11: count and luminescence of PAO1 lasl::lux in a top layer with
0.5 M [3-oxo-C12-HSI| in the bottom layer and different agar concentrations in
between. Lines indicate mean values, while shaded areas indicate standard deviation
around this mean. Although the data is noisy, one can see that there is a clear
trend towards lower luminescence for higher agar values.
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Table 5.2: Potential predictors for relative fitness

Description Fitted as Short form
- . . continuous

How much the medium contained variable Ad

Whether or not the mutant was grown in a factor Mix

coculture with

Whether or not the medium was enriched factor 012

with |3—0X0—C 12—HSL|

Whether or not the medium was solidified .
factor Solid

with 1% agar

linear models (GLMs)| A look at the typical distribution of the relative fitness
reveals that data with higher mean also shows higher variance. Hence a gamma
distribution was chosen as underlying distribution for all the following [GLMg
Table [5.2] shows the possible predictors for relative fitness. Depending on the
situation, a subset of the possible predictors was chosen for the model. The analysis
was conducted using the R package 3.2.3 and the model with or without interaction
terms chosen depending on goodness of fit.

As a first dataset, we analyse the dependence of [lasl’| and [lasR7| fitness on
co-culture and [3-oxo-C12-HSL| addition. From figure [5.9] we expect both influences
to be roughly similar. A plot of the [GLM] with standard deviation as shaded
interval can be found in figure We indeed find that Miz and C12 have
a similar influence on the relative fitness. A detailed list of all estimators and
significance values can be found in appendix B Here we just note that relative
fitness declines with level for all cultures, as could be seen from the raw
data points before (estimate for —11.79 to —20.92). However, this is offset by
the interaction term of Ad and C12 respectively Miz for cultures (estimate for
Ad:C12/Ad:Mix 25.14/22.76), leading to a positive slope for in mixed culture
and with 3-oxo-C12-HST] There is no such thing for colonies, and indeed the
interaction term is not significant for them. This reinforces the statement made
earlier: colonies have a growth advantage over [PAOT] when external signal is
supplied in some form that colonies do not achieve.

In the second analysis we want to compare relative fitness of in solid and
liquid medium. The raw data in figure [5.12| suggests that for pure cultures, Solid
should not change the behaviour, while the reverse is true for mixed cultures. And
indeed we find that Solid does not have a big impact on pure cultures - the
interaction term between Ad and Solid is not significant (Ad:Solid p = 0.61), while
Solid on its own, though significant (Solid p = 0.01) has a very small estimator
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Figure 5.14: (GLMg| of [lasR"| and [lasI'| in pure/mixed culture and with/without
loxo-C12-HST] For [lasR7] relative fitness is negatively correlated with [Ad] percentage
regardless of treatment. In [lasT] both the addition of purified 3-oxo-C12-HSI] and

lead to a significant increase in relative fitness with [Ad]
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Figure 5.15: of fitness in liquid and solid media, depending on culture
condition. While there is a positive correlation between [Ad| concentration and
relative fitness for in liquid mixed culture, solidifying the media negates this
effect, reverting the correlation back to a negative one as found for pure cultures.
On the other hand, there is no notable difference in relative fitness when adding
agar to pure cultures.

(Ad —20.20, Solid 0.28). At the same time, there is a significant decrease of relative
fitness with [Ad|level (Ad p < 10716). For mixed cultures Solid is very significant
(p = 0.001) and the interaction of Ad and Solid leads to a slight negative correlation
of fitness with [Ad] in solid culture in contrast to the positive correlation in
liquid culture. As before, a list of all estimators and significance values can be
found in appendix [B] We can also visually compare the behaviour in figure .15

These findings emphasise the impact of solidifying the media on relative fitness
and show how important even a very simple spatial structure is. As such, they
not only allow us to estimate parameters for the numerical simulations in the
next chapter, but also encourage the ideas developed in chapters [3| and [4] about
the importance of spatial modelling. Furthermore, our findings regarding growth
rates of different cultures correspond well with the assumptions made in chapter
regarding costs and benefit of [QS]
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Chapter 6

Numerical implementation

6.1 Setting parameters

We use the experimental data from chapter [f] to derive values for the parameters in
our model. Our aim here was to obtain rough estimates which replicate the general
qualitative behaviour, as opposed to fit the experimental data exactly.

In the experimental set-up, there were two different [P. aeruginosal strains
investigated in different conditions: [PAOT] bacteria in pure culture, further referred
to as [wild-type bacteria (W'T)| as well as|las/ mutants (lasl’)|in pure culture and
both [WT]and in mixed culture. Going back to chapter [2| we start with the
simplest form of G-function, described in section [2.2.1 We note the shape of
the G-function for the different culture conditions, the average number of
forming units (CFU)|as well as the amount of doublings in 0.05 % adenosine and
casamino acids (CAA)|after 24 h in tables[6.1] and [6.2] To this end, we assume that

wild-type bacterial have a strategy v = 1, a strategy v = 0.

From these doublings, we can calculate a rough estimate of the cultures growth

Table 6.1: Averaged experimental values for 0.05% adenosine and

Type CFU at start CFU after 24h  Doublings
[WT] pure culture 1.2 x 10° 3.7 x 107 8.26
pure culture 1.2 x 10° 2.7 x 107 7.79
[WTI mixed culture 6.0 x 10* 5.1 x 10° 6.42
[as] mixed culture 6.2 x 10* 2.4 x 107 8.60

115
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Table 6.2: Comparison of G-function shape and calculated growth rates in 0.05 %

adenosine and @

estimated growth

Type G-function rate (1/h)
[WT] pure (Bmax . #T:WT + Bmin) e X — pwr 0.2386
pure Binin — (s 0.2251
W mix (Bmax : % + Bmm) e K — ywrimm  0.1854
[asl] mix (Bm,m . % + Bmm) — p(WT-HasD) 0.2484

rate (summarized in table [6.2)), as

b(24h) = by - 247
bO . 2doub1ings — bO . 624 h-r
_ doublings

r= In(2).

We can do this calculation for in pure culture, obtaining
1
M = 02251 -

The second parameter we want to calculate is p. As we see a carrying capacity
of about 107 CFU, we use the growth rate of in pure culture (being the lowest)
to calculate p through

_ 10" CFU
0.2251h™" = pu- g

p=18x10°h'CFU "

We divide by 20% as we will use a two-dimensional grid with 20 “spaces” in each
direction in our calculations later on. The total amount of bacteria in the grid will
therefore be

20 20

ZZbZ’J %202[?

i=1j=1

if enough time has passed for the bacteria to distribute. As such, we will also adjust
the start and end of the cultures by dividing through 202 for the further
calculations. The [CFU| at start will be used to calculate the population-dependent
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death rate, while the after 24 h is used in calculating the effect of [QS] because
the benefit of is more apparent with higher cell numbers.
We start by noting that

1.2 x 10°CFU
202

Another short calculations for the two bacteria types in mixed population gives

Buin = 0.2251h ! + 4 - = 0.2256 "

us

rwr + (WTHRsD) oK 0.1859
NG + (WTHED) "~ 0.2489
= K =0.2918.

In order to calculate B, and 7, we compare wildtype populations growing in
pure and mixed conditions. It holds that

Tpure THUWT
3.7 x 107 CFU/20?
= | Braz - 0.2256 h=t) . e 02918
( 37 % 107 CFU/202 17 > ¢
=0.2391h!
rmix_’_M(WTm
—(B,..- 0.2256h~ 1] . e
( (1.3 x 10%)2CFU + 7 - 7.3 x 10* + ¢
=0.1859h!
9.2 x 10* CFU
= Bmam : = 01363 h_l
9.2 x 10*CFU + 7
1.7 x 108 CFU
Binas - = 0.0699 h~!
1.7 x 108CFU + 7 - 7.3 x 104
9.2 x 10% 1.7 x 108 CFU S7.3x 104
N X s 700X T 9499
9.2 x 10*CFU + 71 1.7 x 10

= r="761x10CFU
= Bihae = 0.1024 1071

We now have a full set of parameters for the situation with 0.05% adenosine
and [CAA] If we repeat the process for the 0.075 % adenosine, we get the parameters
listed in the first two lines of table [6.3]

The situation for pure [CAA] and pure adenosine is a bit different. If all carbon
is supplied in the form of [CAA] the growth rates of all our experimental setups
is equal to 0.269 4+ 0.006. We will therefore conclude that seems to have no
special impact on the bacteria in this situation.
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Table 6.3: Calculated parameter values for different media.

Bmaz a Bmzn K 12 T
Media 1/h 1/h 1/(hCFU) CFU
0.05% 0.1024 0.2256 0.2918 1.8 x 107 7.6 x 103
0.075% 0.091 0.1945 0.1978 22x10°% 6.1 x 103
0.1%[Ad 0.7186 0.0181 2.459 7.2x 1077 1.5 x 10°

Table 6.4: Comparison of G-function shape and calculated growth rates in 0.1 %
adenosine.

estimated growth

Type G-function rate (1/h)
WT| pure (Wit + oz + Brin) €K 0.0608
lasI'| pure B,in 0.0065
'WT| mix (m + H“% + Bmzn) e_K 0.0474
lasT| mix (wrrmwmmg T Brin) 0.0384

For pure adenosine we calculate the growth rate from the doublings after 48 h.
Since the bacteria have not yet reached carrying capacity in this case and exhibit
very slow growth, this will give us more accurate numbers. The resulting estimates
can be found in the last line of table [6.4l

It becomes apparent that it is not possible to proceed analogously in the 0.1 %
[Ad] case, since we can find no biologically feasible parameters that fit the estimated
growth rates.

Looking at the growth rates again it becomes clear that in mixed culture the
wild type has a higher growth rate than [lasI] For this reason, we suspect that
there might be a private, non-cheatable benefit associated with in this medium.
Table already shows the appropriate G-function terms for the different cases if
we assume a private benefit as detailed in section [2.2.1] The calculations themselves
then proceed much like before; results can be found in table [6.3

6.2 Method of lines

If we want to make numerical simulations of the coupled [ODEHPDE] systems
developed before, the pre-programmed [PDE] solvers of Matlab will not suffice. In
order to calculate a numerical solution, we must therefore discretise the equations
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Figure 6.1: A basic representation of the method of lines

with respect to both time and space.

The method of lines is a way to discretise a [PDE] with respect to space, turning
it into a system of coupled [ODEs| This system can then be solved using standard
ODE]| solvers, e.g. Runge-Kutta methods. It is a simple method for cases like ours,
where the exact shape of €2 is not of particular interest. Schiesser [Sch91] introduced
the method for many classes of in his book. In order to keep the results
demonstrative, we will concentrate on space dimension 2.

The basic idea is to have an evenly spaced grid with distance h. The grid
intersections will then have coordinates (x;,y;), where Ax = z; — x;_1 = h as well
as Ay = y; — y;—1 = h for all grid points. In the following, we will assume €2 to be
a square of side length L and require h to be a divider of L, s.t. L="h-(N — 1)
for an N € N. Without loss of generality we can assume the square to have its
lower left corner in the origin. It then holds that z; = (i — 1) - h and thus z; = 0,
xry = L. Figure |6.1| shows this construction, along with the notation we will adapt,
namely denoting the bacterial population of type k at the grid intersection points
x; and y; as bf’j:

In two-dimensional space, the Laplace transforms to
Aby(t,x,y) = O2b(t, 7, y) + 8Zbk(t,x, ).

It remains to find an approximation to the partial derivatives in the discretised
system. For that, we will use the standard central finite difference schemes with
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second order accuracy, e.g.

bE bk
k_ 24l il 21
axbl 2h ) (6 )
bE,, — 2bF + bF
O2pk = “L = L (6.2.2)

All in all, equation (4.2.1]) transforms to a coupled system for bf; and v,
namely

DE A DF L —ADE R bE b
Ot = G(vf, iy, byy) - b, + D - R h; Ll T892l (6.2.3a)
(9151)2- = 581(;(@%7 Vi bij). (6.2.3b)

In order to solve the full problem, we need to take care of initial and boundary
conditions. While initial conditions translate into the discretised system without
further problems, one needs to take a bit more care with boundary conditions. In
this case, as there is no loss of bacteria on the boundary, we will assume Neumann
boundary conditions. They translate to

9.5 (t,0,y) =0,  9,b°(t, L,y) =0,
d,b"(t, x,0) = 0, d,b"(t,z, L) =0,

and can be reshaped using equation ((6.2.1)) to get
bf,o = bf,27 bf,NH - b?,N—lv blg,j - bg,jv b?\”rl,j - b?\fq,j- (6.2.4)

The system of consisting of (6.2.3)) together with (6.2.4) and appropriate

initial conditions is then implemented in Matlab and solved with Runge-Kutta-
techniques. The explicit Matlab code for the calculations themselves can be found
in appendix[C.2] It makes use of an explicit Runge-Kutta-Solver inherent in Matlab,
based on the Dormand-Prince method.

6.3 Changes to equation system

When going from the theoretical analysis done in chapters 2] to [4] to a numerically
solvable system, a few changes are usually necessary. For our system, there are
three such changes: We define concrete initial and boundary conditions and modify
the definition of our cost function.
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Figure 6.2: Output of the patches code (see appendix |C.1)) with 2 species (depicted
in blue and red), a patch size of 4 and a separation of 2.

Initial conditions For initial conditions we will be using patches for b, as we
assume that the subpopulations are mixed but not completely homogeneous in the
beginning. Appendix displays the code used to create these patches, while
figure [6.2] exemplarily shows the output.

Boundary conditions In chapter [ we have often assumed homogeneous Robin
boundary conditions, or even more general ones. For our numerical calculations,
we will simplify the boundary conditions to homogeneous Neumann conditions in
order to model the no-flux condition of the experimental system.

Modification of the cost function We also add in a feature of that we
have neglected before: the costs of depend on the signal level, as products
are only produced when the signal level is high enough. For models without

we can achieve this by modifying the cost term from equation (2.1.3)

to
C(vi,v,b) = exp (—K - (B(v,b) ~vi)2) : (6.3.1)

as B(v,b) is a measure for the level of [QS] We have not done so before, since it
does not change the analysis qualitatively, but leads to unnecessarily long and
obfuscating terms.

If we already work with explicit model terms for signal, we can use this
straight away by setting

C(s,v;) = exp (—K- <s2j—272 : vz-) ) : (6.3.2)
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Table 6.5: Comparison of relative fitness (see equation ([5.2.1])) of different cultures
after 48 h, from numerical simulations and experimental values

liquid solid
Media simulation experiment simulation experiment
0.05 % 2.39 2.68 1.29 1.48
0.075 % [Ad] 1.56 1.70 0.91 0.94
0.1%[Ad 0.72 0.64 0.54 0.56

6.4 Replicating experimental situations

We first run simulations based completely on the parameters calculated in section 6.1
and check if the qualitative behaviour we find is the same as in the experiments.
For this part, we will use the system analysed in section [4.2, with the changes
discussed in section [6.3] The equations to be solved are

Obi(z,t) = G(vi(z,t),v(x, 1), b(x, 1)) - bi(z,t) + D Abi(z,t), =€  (6.4.1a)

Gbia(z, ) _ 0. red  (6.4.1b)
i (z,t) = €0y G(v;(x, 1), v(z, 1), b(z, 1)). r e (6.4.1¢)

The only parameter not yet determined is the diffusion coefficient D. Through a
series of simulation runs, we find that simulations with D = 0.1 mm?/h correspond
well to the experiments done in liquid culture, while D = 0.001 mm?/h lets us
replicate the experimental values from solid culture. Table gives an overview of
the correspondence between simulation and experiment. The plots for 0.05 % to
0.1% can be found in figures to[6.5] We can see that the lower diffusion
rate of D = 0.1 leads to a fast spatial homogenisation, while D = 0.001 preserves
the initial inhomogeneous structure longer. Consequently, cannot profit as
much from being in proximity to [WT| when diffusion is low, which we found to be
true in the experiments. Additionally, the growth advantage of is diminished
by rising [Ad] content. This is visually most apparent when comparing the growth

in liquid culture, figures [6.3a], [6.4a] and [6.5a]

6.5 Comparing different G-functions

In chapter [2| we have examined two different categories of G-functions, with and
without [abiotic components| In addition, we have explored the possibilities for
a private benefit to [QS] in addition to [public good (PG)| production. We now
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(b) Simulation results for D = 0.001.

Figure 6.3: Simulation results in 0.05 % Both and start out with the
same [CFU], but [lasI'lends with the higher density after 48h. This effect is more
pronounced in liquid culture (D = 0.1), while the lower diffusion in solid culture
(D = 0.001) preserves the initial inhomogeneous structure.
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Figure 6.4: Simulation results for parameter values in 0.075 % adenosine.
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(b) Simulation results for D = 0.001.

Figure 6.5: Simulation results for parameter values in 0.1 % adenosine.
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want to explore the behaviour in these cases numerically. In order to keep the
results comparable, the underlying model will remain as before, namely a coupled

ODEHPDH system.

6.5.1 G-function without [abiotic components|

In this case, the equation system to be solved remains exactly as in equation (6.4.1).
We study the cases investigated in section [2.2.1} a case where there is only the public
benefit to , one with private benefits B(v;) and one with a strategy-dependent
death rate.

G (vi; v, b) = B(v,b) - C(vi) — p]|b]l

We have seen in our calculations that v; = 0 is the only stable strategy in this
situation. We should therefore have v; — 0, and if By, = 0, b; — 0. Yet, when
looking at the simulation results for 3000 h as displayed in figure we notice
that this convergence is very slow indeed. A quick calculation of 9;G and G for
our parameter values confirms that both are close to zero. So even though is
theoretically unstable, both cheaters and producers persist alongside each other for
a very long time, albeit at different densities.

G(vi,v,b) = (B(v,b) + B(v)) - C(v:) — ullbll,

In section we have focussed on Hill-terms for B(v;) and realized that the
long-term behaviour is critically dependent on the Hill coefficient h. Figures
to show the results for h = 1,2 or 3.

As predicted, the behaviour in these cases is quite different. For A < 2 we
postulated that there can only be one positive stationary point for v and if it
is stable, then the zero solution is unstable. This is the case for the parameters
we have calculated. Additionally, we find that for h = 1 the zero solution is not
a stationary point. Thus both strategies converge towards the stable positive
equilibrium, one from above, the other from below. Population 2, which started
out as cheaters, gains functionality, while there is reduced production from
population 1. Since reducing production is slower to reach the stable point in this
parameter constellation, population 1 succumbs to the population pressure from
population 2 and dies out (see figure . This happens on a rather short time
frame of less than 200 h.

For h = 2, we can see from figure that once again the strategies converge to
a positive value. But this time the zero solution is a stationary point, although
an unstable one. Hence population 2 cannot gain functionality by starting out
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Figure 6.6: Long-term behaviour of two populations with different start strategies,

using

a G-function without additions. Both populations numbers are slowly

converging towards zero, with WT| having the lower [CFU}
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Figure 6.7: Evolution of two populations with different start strategies, using
a G-function with private benefit and a hill factor of h = 1. Note the shorter
time-scale in this plot. Population 1 dies out rather quickly, while population 2
gains the functionality, albeit at a low level, and remains at a stable population

level.
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Figure 6.8: Evolution of two populations with different start strategies, using
a G-function with private benefit and a hill factor of A = 2. In this scenario,
population 1 reduces its strategy to a lower, but stable value. Population 2 is
unable to compete and dies out.
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Figure 6.9: Evolution of two populations with different start strategies, using a
G-function with private benefit and a hill factor of h = 3. Both population 1 and
2 are coexisting in a stable way with similar [CFU] One population is active
while the other is not.
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with v9 = 0. The end result is the extinction of population 2, while population 1
remains stable.

All in all, for A < 2 we find that one population is driven to extinction, while
the other stays at a stable level with intact at lower levels.

When h > 2, we know from section that there might be a stable positive
strategy in addition to a stable zero solution. We find this to be the case for h = 3
for our parameters, as one can see in figure This means that both population 1
and population 2 remain at stable population and strategy levels, with population 1
practising while population 2 consists of cheaters. In this scenario, producers
and non-producers can live side-by-side indefinitely.

Additionally, for h = 3, there might exist unstable positive stationary strategies,
depending on parameter values. For simplicity’s sake, we show the effect for one
population only and set B,;, = 1, K = 0.5 as well as disable cost dependency.
As a result, when set to this unstable state both population and strategy remain
constant, but tend towards either zero or the positive [evolutionary stable strategyi
if perturbed. If the perturbation is not spatially homogeneous, the resulting
stationary state might not be homogeneous as well. One example for such an effect
is shown in figure [6.10]

G(vi, v,b) = B(v,b) - C(vi) — p(vi)||bll,

Instead of a direct private benefit we have also discussed G-functions with strategy-
dependent death rates u(v;) in section [2.2.1] The explicit function examined in
detail was

—dv?
,U('Uz) - (,umax - ,Umin) € av; + HMmin -

We know that the behaviour largely depends on the relation between K and
d and between B(v,b), ||b]|;, Ap and K. In order to change the latter of the two
relations, one would have to change some of the “main” parameters we have kept
constant so far. In addition, it is difficult to calculate this value before running the
simulation. It is thus easier to change the relation between K and d, even though
we have raised some concerns about the case K > d in section 2.2.1] Our primary
concern we voiced was about the instability of the positive stationary point v; and
the subsequent divergence of the strategy value for large v;. But in praxis, this
instability hardly matters if v; is large enough. In fact, one could even relax our
initial assumption from

F*: GV, v,b) <0 Yo, > 0"

to

0

J* > max{ v;

Oo} : 01G(v*,v,b) <0
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Figure 6.10: Time evolution of a strategy starting out in an unstable stationary
point with and without perturbation. Without perturbation, the strategy value
remains in the unstable point. With the addition of a small perturbation, it
converges towards the nearest [ESS| If the perturbation is sine-shaped, as in this
case, the resulting strategy limit is spatially inhomogeneous.
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without implications. As such, we can safely consider a parameter set with K > d,
as long as v; > max{|[|v?|| _}-

Since we have set K = 2.459, the cases d = 2 and d = 3 are of particular
interest. Additionally, we need to specify fimax as well as pmi,. We expect that the
constant death rate of yu = 7.24 x 1077 is the maximal death rate for this model.
For the minimal death rate we roughly assume a reduction to one tenth, so that
fmin = 7.24 x 1078,

If d =3, we have K < d and a behaviour very similar to a private benefit with
h = 2: There is a positive stable equilibrium point for v; to which population 1
converges, while the strategy of population 2 is caught in the unstable zero point.
In accordance with these results, population 2 dies out while population 1 remains
at a stable level. The results are shown in figure [6.11]

If d = 2, on the other hand, we have K > d. Since a short calculation for
our parameter values yields v; = 108, the critical point is indeed far away from
the interesting strategy value domain. As expected, the populations behave as in
the case without additions, with both populations declining very slowly towards
extinction (see figure [6.12)).

6.5.2 G-function with [abiotic components|

As discussed in section [2.2.2] we can also model the benefit from directly
through the signal and enzymes produced. We take the system proposed there and
add in the signal influence on costs:

$ = Fy(v,s,b) + Ds As,

¢ =F.(v,s,e,b) + D, e,

b; = G(vi, s, e,b) - by + Dy Ab;,
U; = e G(vy, s,e,b),

with
2

Fi(v,(s,e,b)") ijv + B - Si'zijf—%sa
J

2+7-2
F,(v,(s,e,b)") = B, 52—1—7'2 Zb]fu] Yel.

It follows that we have to set values for some additional parameters, some of
which we will take from literature while we calculate the others. First, we divide
the total cost for into signalling costs and responding costs. As we know that
signalling is the less expensive step, we choose to divide them approximately 1 : 3.
The resulting costs as well as the other parameters are detailed in table [6.6 We
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Figure 6.11: Evolution of two populations with different start strategies, using a
G-function with a strategy-dependent death rate and d = 3. In this scenario, the
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Figure 6.12: Evolution of two populations with different start strategies, using a
G-function with a strategy-dependent death rate and d = 2. Both populations
decline towards zero, albeit very slowly, with population 1 having the lower [CFU}
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Table 6.6: Standard parameter values for the numeric simulations with

description name value source

signal base production as 92 x107°  nmol/(Lh) [Fek+10]
enzyme induced production 8, 4.8 x10° mol/(CFULK) [Vet+9§]
signal induced production Bs 92 x107*  nmol/(Lh) [Fek+10]

effectiveness of enzyme a1 3.6 x 10! 1/(molh) [BGM95|
food intake of bacteria co 1 x107"* 1/(CFUh) [Sim8&5|
enzyme degradation Ve 2.1 x107? 1/h

nutrient degradation Yo 2.3 x 1072 1/h

signal degradation v 55 x1073 1/h [Eng+07]
enzyme cost K. 0.14 1

signal cost K, 5.78 x1072 1

replenishment of nutrients ng 4 x107¥  mol/(Lh)

signal threshold T 70 nmol /L [Fek+10]

choose to measure the signal s in nmol/L, the enzyme e and nutrients n in mol/L.
Since the production rates for products are usually given as an amount of moles
in the literature, we need to reformulate it. To that end we note that we want our
total area to represent 1mL, as in the experiments from chapter |5, Like before, we
divide this total volume by the amount of spaces in our grid, getting

1mL _3

1
=V 1=4x10°-.
L

In order to transform our two-dimensional space into three-dimensional volume,
we can continue to think about the spaces in our grid as 1 mm long and imagine a
“height” of 2.5 mm.

G(vi, s, e,b) = B(e,b) - C(s,v;) — pl|bll

If the G-function is structured in this way, signal and enzyme are freely available
to bacteria in the vicinity. We have noted before that this leads to the demise of
cooperators in the long term. Inspired by equation ([2.2.30a)), we take

c1€ Un
allblly + 9 cre+
B(e,b) = Buax - n(e,b).

n(e,b) =
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Figure 6.13: Evolution of two populations with different start strategies, using a
G-function dependent on explicit [abiotic components| without private benefits. The
strategy of population 2 is constantly zero and not shown here. Population 1 dies
out right away, lowering both strategy values in the process. Population 2 remains
stable as long as there are abiotic components left and starts to decline quickly
afterwards.
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The results are shown in figure As expected, the cooperators decline after
the initial growth spurt, which leads to lower enzyme concentrations and, ultimately,
to the extinction of both populations. It is notable that after the remaining enzyme
is degraded, this extinction is much quicker than the one predicted by the G-
function without [abiotic components| (see figure [6.6), though both share the same
ultimate fate.

Private Compartments

In order to model the behaviour of |P. aeruginosal when one considers private
compartments, we revisit section [2.2.3. We want to include private compartments
for both signal (s;) and enzyme (e;). From equation (2.2.31) we have

Be 52 o+
_— . .6. ¢ —|— . = E .6’ $’ 3
0= + 7. v 24712 07+, ‘ (vF, 07, )

€;
where s; is the solution of equation ([2.2.36)):

0=—s(14+70") + ((ozs + Bs)w + s) 57— 7214 7,0~ s; + (asw + 5)72
2

S4
& 0= o, + B - L — +0(s — S;) — VsSi.
e R ( )=

i

While it is possible to solve equation for s;, doing so involves calculating
the root of a cubic polynomial and thus requires a lot of computing time if done
often. For that reason, instead of using a Hill function for activation, we use a step
function, reducing the equation to

0= asv] + Bsv; - 1s; +0(s — 8;) — VsS;.

For practical purposes, we calculate s; by

S; - . .
0+ s Sit gy ifsi>T

— O!s'UZL-g + 93’ s; = {Si b if 8 <T (651)

This leads to a slight underestimation of the actual signal concentration, as
the step function only admits a higher signal production once the base production
is sufficient in order to reach the threshold 7, while a Hill-function term already
admits a partial activation. Figure|6.14/shows a comparison of both versions. There
is however little actual difference in the simulations when using any one of the
activation terms for our parameter values.
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Figure 6.14: Comparison between the actual activation function using a Hill term
and a step function simplification.

The system to be solved is based on equation (2.2.33]) and can be written as

§=M-> (bj(s; —5)) + Ds As — 7,s

J

E=A) (bj (G_Gj - 9+e)) + D. ANe — 7.e
J

bi = ((ran(vi, v,,0)) C(v;) — pllbll,) -b; + Dy 2b;
G(vy,e,b)
Uz’ - 8alG(Ui7 v, €, b)

with

n(vi.v,e.b) — ( cre 1 E(v§,v3 e)) ' no

b n n |
A (e o) o
J

It remains to calculate 9,G(v;, v, e,b). We have

01 G(vi,v,e,b) = rpn(vi, v, e,b) - 0, C(v;) + 1,05, n(v;, v, €,0) - C(v;)

. avfc(vl) _ 812 ? stis
P, C(vi) = <3U§C(Ui)> =2 (sf + 7'2> C(vi) K.vf
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Table 6.7: Adjusted parameter values for the numeric simulations with private
compartments

name value

as 2.3 x10° nmol/(Lh)
B 1.2x 10" mol/(CFULM)
Bs 2.3 x10° nmol/(Lh)

A 4 x 10710 1

0 2.6 x 10* 1/h

o+  1075.6- 1/h
C1 Un

Oy;n(vi,v,€,b) =

2+ Yn | ' ( E RIE )
2 C1 <€+Z(bjE(vj,vj,e))> + Yn i
j

/86 5@2
0=+, st+72

Be . 25,12
p— /l] .

0- +7. " (s?+72)2
o (s + Bs)82 4 ue?

038 = —

T 0+ )~ 2 (0 80T o) H (14 )T)

Due E(v7, v}, ) =

17 7))

Dps E(vf, v}, €)

R

. 81,5 S;

where the last equation is gained by deriving equation with respect to v;.

Due to the shift from extra- to intracellular production of products, we
need to recalculate some parameters that depend on volume. We assume that
a bacterial cell has an inside volume of 1 x 107'° L and recalculate the values of
Qs, Bs, Be based on this number. Additionally, we have

A\ = V;ntracellular o 1 x 10715 L
- Vextracellular - 25x 10791

For 6, we take a rather high value to model the high permeability of the
bacterial cell membrane for signal found in experiments. A summary of the
new parameter values can be found in table [6.7]

The result depends on the magnitude of 67, as might be expected. For 6~
small, a large part of the enzymes produced remain with the producing bacteria
and provide private benefits. Accordingly, cheating bacteria die out (figure .
Again, this process happens faster than when modelling the behaviour without
explicit fabiotic terms]

If on the other hand 6~ is large, more enzyme is freely available to all bacteria,
which leads to coexistence (figure . It is however noticeable that non-producing
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Figure 6.15: Evolution of two populations with different start strategies, using a
G-function dependent on explicit [abiotic components with private benefits and
6~ = 2.6. The strategy of population 2 is constantly zero and not shown here. Note
the short time-scale. strategy as well as population numbers of population 1
remain stable, while population 2 dies off.
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Figure 6.16: Evolution of two populations with different start strategies, using a
G-function dependent on explicit [abiotic components with private benefits and
0~ = 2.6 x 10*. The strategy of population 2 is constantly zero and not shown
here. With this higher exchange rate, population 1 reaches a high number of [CFU|
quickly, while population 2 takes longer to grow but eventually surpasses the other.
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Figure 6.17: Simulation results for an system with a plain G-function and
two populations. Both populations decline after the initial growth spurt.

bacteria grow more slowly, as it takes time for enzymes to diffuse from the
producing bacteria. But in the long term they are able to reach the same number
or even outgrow the cooperators.

6.6 Comparing different equation systems

Having seen how the shape of the G-function influences the competition outcome
between cooperators and [QSFCheaters, we now ask how the choice of equation
system influences said outcome. In chapters [3] and [d] we have seen a variety of
equation systems that could describe the |Q5]interactions. We will restrict ourselves
to a basic G-function without additions in these cases, so as to keep the results
comparable.

6.6.1 [ODE] system

When passing from a system with explicit spatial variables to an system,
we need to adjust the death rate u. As we have divided the total amount of bacteria
by 202 before, we now gain the adjusted death rate ;o by dividing our former rate
by 202. This gives a value of u = 1.81 x 107°.

As we already expect from our analytical results in section [3.1] there is no
stable strategy different from zero and both populations as well as strategies are on



144 CHAPTER 6. NUMERICAL IMPLEMENTATION

Population 1 —— Population 2

T T 1
107 1
10* |- 1051 |
10t | 1

| | 0 | |

0 1,000 2,000 3,000 0 1,000 2,000 3,000
t t
(a) Population count (b) Strategies

Figure 6.18: Simulation results for an system with a mixing term of m = 0.5
and two populations. We can see that the strategy of population 1 declines towards
zero, while both populations are growing.

a decline (see figure [6.17). The speed of this decline is comparable to the coupled
system from section [6.5.1], shown in figure

6.6.2 [ODE] system with mixing

One way to achieve spatial effects with is to introduce a mixing parameter
m, as detailed in section and Appel [Appl6]. While Appel investigates the
behaviour for many different values of the mixing parameter, m, we will just
exemplarily pick m = 0.5 and m = 0.

For m = 0.5, we find that population 1, starting out with a strategy of 1
and thus a full producer, is able to increase in population (see figure . The
“cheater” population 2 still has a growth advantage, but on a much lower level.
This is mainly due to the decline in strategy value that population 1 undergoes in
this scenario — m is large enough to allow growth and subsequent evolution of the
population, but too small for a positive value of v; to be stable.

For m = 0, the situation is quite different. Here, the non-producer population
2 is unable to derive any benefit from being in close contact with the producer
population 1, while they in turn gain the entire benefit from [QS] This leads to
a sharp decline for population 2, whereas population 1 grows towards a stable
population size. At the same time, the strategy values remain stationary, as

displayed in figure [6.19]
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Figure 6.19: Simulation results for an system with a mixing term of m = 0,
i.e. a separated system. In this scenario, the non-producer population 2 cannot
survive, while population 1 remains active and converges towards a stable
population level. Both strategies remain unchanged.

6.6.3 [ODE] system with external influence

We implement the simplified influx term as specified in equation , and solve
the corresponding [ODE] system. At first, the behaviour resembles the one without
additions, as seen in figure [6.20] But when looking at a longer time scale, the
strategy value of population 1 declines until quite close to zero, while the population
itself is able to stabilize. At the same time, the rise and evolution of population 1
sparks the extinction of population 2.

6.6.4 Coupled [ODEHPDE] system

We have already seen the results of this system in section They are quite
comparable to the results from an unmodified ODE] system, as shown in section[6.6.1

6.6.5 Fully parabolic PDE| system

In this version, not only the bacteria, but also the strategies underlie diffusion.
Numerically, it is quite simple to implement diffusion via method of lines for the
strategies as well.
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Figure 6.20: Simulation results for an system with external influence, on two
different time scales. Population 1 very slowly reduces their strategy to a near-zero
level, where it stabilises. At the same time, population 2 dies off after dominating
the other initially. After this event, the population count of population 1 remains

constant.
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The behaviour is very similar, too. When taking a G-function without additions,
both strategies as well as populations decline as they did for the coupled system, with
no discernible differences in population numbers. We can gather from figure [6.21
that the only notable difference is the “smoothness” of the strategy data.

The magnitude of strategy diffusion has no strong influence on this behaviour.
Changing D, from 0.01 - Dy to 100 - Dy results in a deviation of only 1.5 %.

6.6.6 Quasilinear [PDE] system

In contrast to section [6.6.5] we forgo the autonomous strategy diffusion, using the
same diffusion constant as the bacterial population, but add an advection term.
The resulting equation for v; has been described in equation (4.1.2b)):

2DVb;(z,t) - Vus(z,t)
revisited)

By using the central finite difference scheme proposed in equation (6.2.1f), we
can write

Ow;(x,t) = salG(vZ-(x, t),v(x,t),b(x, t)) + D Avi(x,t) +

2DVbF - VoF 2D

= (0ub*0u0" + 0, 0° + 9,0%)

2D (b — by _ Vi, — Uy n b1 — by _ Ui Ui
2h 2h 2h 2h

bk,

v

= 2Dk ((bfﬂ,j - bf—Lj)(Ufﬂ,g‘ - Uf—l,j) + (bf,jﬂ - bf,j—l)(vf,jﬂ - Uf,j—ﬁ) .
]

In this way, our quasilinear system can be solved by the method of lines as well.
As one can see when comparing [PDE] systems in figure [6.22] the results do not
differ from those without advection, except for a minor drop in strategy value.

One can however find a slight difference in strategy evolution when looking at
a different start situation. To that end we define the function

e+ 1+ cos (% : \/(:(;—a)2—|— (y—a)2) if (z,y) € B.(a)

;b(x,y) = {8 if (may) Q/ BT(CL) 7

)

where r and a are parameters defining the centre and radius of the resulting “hump’
and B, (a) the ball around a with radius . We scale 9 so that the overall starting
[CET] remains the same and fix different centres for two populations in order to
observe the spatial behaviour better. With this starting condition, we regain the
same overall behaviour as before, namely a cheater population whose growth is
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Figure 6.21: Simulation of three different systems with the patches start.
Population numbers (first 2 rows, blue/yellow) remain the same across the different
systems, strategy evolution (last 3 rows, red) deviates slightly.
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dependent on a declining [WT] population. But there is a difference in the evolution
of strategy between the three [PDE] systems.

This difference is quite small between the coupled [ODEHPDE] and the fully
parabolic system, consisting mostly of a difference in “smoothness” caused by the
smoothing properties of the Laplacian. The added advection term in the quasilinear
system, on the other hand, influences the strategy evolution perceptively. That is
especially apparent with low bacteria numbers, since

01G(v;,v,b) = C'(v;) B(v, b),

where B(v,b) scales with the amount of producing bacteria. Thus, when bacteria
numbers are low, the rate of change for the strategy goes to zero. But the quasilinear
system mitigates this behaviour by introducing an advection term which is not
negatively dependent on the bacteria numbers. All in all, it follows that the strategy
value in populations with low [CFU| count is more subject to change in quasilinear
systems than it is in coupled or fully parabolic systems. This effect can be seen in
figure [6.22]



Chapter 7

Conclusion

In this thesis, we have developed several models to investigate |quorum sensing| in
[P. aeruginosa), focussing on evolutionary forces and population development in
spatially organised communities. Previous studies [Bro07; CMF12; (CRL09; Mel+10;
Rum+12; DCG12| had indicated that both assortment and private benefits might
help stabilise cooperation through and we have indeed found correlations
between these effects and [ESSdl

We have considered simplified models at first, using [ODE] systems as basis
and foregoing explicit modelling of molecules. We found that when has
a purely public benefit without any assortment, is evolutionary unstable, as
has been shown experimentally [Rum+09; MDH17|. But we have also shown that
this instability persists both when changing the underlying system to a [PDE] or
coupled [ODEHPDE]| model as well as when modelling explicitly. We
established that in order to stabilise cooperation, it was necessary to introduce
some kind of external separation.

This separation could take the form of a mixing factor which determines the
strength of interaction between bacteria. In systems with a low mixing factor,
serves more as a self-inducing mechanism than as a group behaviour and there
exist positive We have found evidence of such behaviour in our experiments,
where a reduced diffusion led to less cheating behaviour and higher relative fitness
for the [QStactive subpopulation [MDH17].

Another variant is a process of segregation and re-mixing, modelled by external
influxes. It represents migration of bacteria from a well-mixed, planktonic state
into segregated micro-colonies and back again. Depending on parameter values,
such a system can admit a positive [Mun+16].

If we do not enforce spatial effects through such mechanisms, but work directly
with spatial variables in a [PDE] system, the stability of [QS]is dependent on the G-
function we apply. G-functions that admit a private benefit for [QStactive bacteria,
either directly or by reducing cell death, allow for the existence of positive [ESSs|

151
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For a certain class of benefit terms subpopulations engaging in can even coexist
indefinitely with non-producers.

Besides consideration of long-term behaviour, we have also explored existence
and uniqueness of solutions to the systems. Proving and applying a theorem about
the existence of coupled upper-lower solutions has established the existence of
strong solutions to a broad class of [PDE| systems, ours included, provided the
functions involved fulfil certain smoothness assumptions. In the case of coupled
[ODEHPDE] systems, we have successfully applied fixed point theorems to gain
existence and uniqueness results. We were also able to demonstrate the asymptotic
behaviour for some special cases of G-functions, including all systems with only
zero for [ESSL

We have also employed numerical methods to showcase the behaviour and
confirm our results. This allowed us to explore the systems in a range of conditions.
While we have not found much difference between simulations of different [PDE]
systems, changing G-functions as well as certain key parameters had a profound
impact on both evolutionary and population dynamics, as we had predicted.

Naturally, there are still open questions. For all our models, we have assumed
that bacteria that share a genotype also exhibit the same phenotype. This might
not hold true for [QS} bacteria may have intact genes while not participating
in the process. Such a mechanism changes the dynamics of the cooperation,
as the fitness benefit of this kind of “cheating” bacteria results in an increased
reproduction rate of bacteria with intact genes [HS15]. There are also other
mechanisms that might help stabilize [@S] that we have not explored, such as policing
or kin selection [for an overview, see RGK14].

Furthermore, it has been reported that plays a role in antibiotic resistance,
both directly [Lih+13] and indirectly by regulating biofilm formation [Dav+9§].
While we have made some approaches to this topic by considering a strategy-
dependent death rate, integrating these dynamics in more detail could be of further
interest, as the complex interplay between [QS], biofilm formation and antibiotic
resistance has a profound impact upon medical treatment strategies.

From a mathematical point of view, another interesting expansion would be
a strategy-dependent diffusion rate. This would require an in-depth look at the
foundations of the G-function ansatz but would potentially allow for Turing-type
perturbations in [PDE] systems.
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Appendix A

Theorems

A.1 Norms, spaces and properties

Definition A.1 (Sum of derivatives). The symbol Diu denotes any derivative of
a function u(x) with respect to x of order j, and we denote the summation over all

possible such derivatives of order 7 by

> Diu.
()

Definition A.2 (Norms for C*/2). Let | be a positive, non-integral number. For
the Banach space C“/% of functions u(x,t) that are continuous in Qp = Q x [0,T],
together with all derivatives of the form D] D, for 2r + s <l and have finite norm
|ull; o, we define the following norms in the style of Ladyzenskaja, Solonnikov,

and Uralceva [LSUGT|:

L]
. l j
(i) l[ullg, = (WS + > (W)

J=0

.. 0 0
(ii) (u)igy = |ulgy) = max u,

U _ r s, ((0)
(Z“) <u>QJT - Z |Dt Dxu|QT7
(2r+s=j)

. l l /2
(iv) () = () + ()

l r 1S —|1
() W = S (DD,

(2r+s=|1])
. 1/2 - s (1727'75
(vi) (WD) =3 (DiDu)o?
0<l—2r—s<2
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|uz, t) — u(2’, 1)|

(vii) (u>§3a) = sup - L0<a<,
QT @ heQr |z — 2|
|z—z'|<po
a u(x, t) —u(x, t/
i) () = sup B ZUBO]
(@,0),(2,)€Qr it — |
[t—t"|<po

Definition A.3 (Norms for C!). Let | be a positive, non-integral number. For the
Banach space C' of continuous functions u(x) that have continuous derivatives up
to order |1] in Q0 and finite norm |ull; o, we define the following norms in the style
of Ladyzenskaja, Solonnikov, and Uralceva [LSUGT]:

1]
. [ ]
(i) |lull, o = (@)s + 3w,
j=0

(i) (u)g’ = |ul§) = max Jul,

(© )

(iii) {(u Z ‘DJ

(iv) {u}) = > (DIu)™ Y,

() [u(z) —u(@)]
(v) {wq S o V<@
lz—2z'|<po

Definition A.4 (Norms for LP). Let 1 < p < co. We define the Banach space LP
of integrable functions u(z) that have finite norm ||u||,,, with the norm defined in

the usual way:
1/p
fulln = ([ wtwyrda) .

Definition A.5 (analytic). A map f:U C X — Y, with U open, is analytic in
U if f is infinitely often differentiable at each point of U and if, for each x € U,
there exists 6 = 0(x) > 0 so that whenever ||h|y <9,

flx+h)= Zk'f

the series converging in Y-norm uniformly in ||h|| < 4.
An equivalent condition is that, for some d > 0, there exists a constant M =
M (z,9) so that

klle(k)(:c)Hék <M <oo, VEk>0.
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A.2 Inequalities
Theorem A.1 (Gronwall’s inequality). Let I denote an interval of the real line of
the form [a, 00) or [a,b] or [a,b) with a < b. Let o, 5 and u be real-valued functions

defined on I. Assume that 5 and u are continuous and that the negative part of «
is integrable on every closed and bounded subinterval of I.

(a) If B is non-negative and if u satisfies the integral inequality
t
u(t) < alt) + / B(s)u(s)ds,  Vtel,

then

t t
ult) < a(t) + [ al(s)3(s) exp</ B(r) dr) ds, tel
(b) If, in addition, the function o is non-decreasing, then

u(t) < a(t) exp(/:ﬁ(s) ds), tel.

[see Bel43]

Theorem A.2 (Generalised Poincaré inequality). Let @) be a bounded and Lipschitz
set in R™, and let p be a continuous seminorm on H(Q) which is a norm on the
constants (p(a) = 0,a € R = a = 0). Then there ezists a constant ¢ depending
only on @ such that

lull 2 < e() (IVull 2 + p(w)),  Vu € HY ().

[see [Tem97|, p.51f]
Examples for p are

/Qu(a:) dz

p(u) = [Jull ¢y, w C Q,measw >0

o) = ([ ouptar) "

p(u) =

)
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Theorem A.3 (Poincaré inequality). Let p, so that 1 < p < oo and Q a subset
with at least one bound. There then exists a constant C', depending only on ) and
p , so that, for every function u of the WOLP(Q) Sobolev space,

[ullzo0) < ClIVullLog)-

[see [Eval0, Theorem 3, p.279f]

Theorem A.4 (Comparison theorem). Let v(z,t) and w(z,t) be continuous func-
tions in Qr, and let the first two x-derivatives and the first t-derivative be continuous
in Qr. Let F(x,t,p,pi,pij) be a continuous function together with its first derivative
with respect to the pp in a domain E containing the closure of the set of points

(z,t,p, pi, pij) where

(z,t) € Qp, p € (v(x,t),w(z,t)),

ov(x,t) Ov(z,t) O*v(x,t) O*v(zx,t)
pi € 9 ) Dij € 3

here (a,b) denotes the interval connecting a to b. Assume also that % is a positive

semi-definite matriz. If

ov ov 0% ,

E > F (l’,t,rl)?axi,al’ing> m QT, (A21)
ow ow 0*w

< — } 2.
T F (x,t,w, . 8@0@) in Qr, (A.2.2)

and if either

v > w on B+ Sr, (A.2.3)
or
v>w on B, (A.2.4)
@+ﬁ( t )<a—w+ﬁ( t,w) S (A.2.5)
5 2,8,0) < 55 x,tw on Sr. 2.

then also v > w in Q.

[see [Fri64, Theorem 16, p.52f]
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A.3 Fixed point theorems

Theorem A.5 (Banach fixed-point theorem). Let (X, d) be a non-empty complete
metric space with a contraction mapping T : X — X. Then T admits a unique
fixed point x* in X.

[see Ban22, p. 160]

Theorem A.6 (Schauder fixed-point theorem). Let X be a non-empty closed
convex subset of a Banach Space V. If T : X — X 1is continuous with a compact
image, then T has a fixed point.

[see |Sch30]

Theorem A.7 (Arzela-Ascoli). Let (X,d) be a compact metric space, and let
M C C(X), where C' denotes as usual the space of continuous functions equipped
with the supremum. If M fulfils

(i) M is bounded,
(i) M 1is closed,
(iii) M is equicontinuous, i.e.

Ve > 030 > 0Vx € M : d(s,t) <d=|z(s) —z(t)| < e

then M is compact.
[see Wer(07, theorem I1.3.4]

A.4 Uniqueness, Existence

Theorem A.8 (Rolle’s theorem). Let f € C([a,b]) be a real-valued function, that
is differentiable on the open interval (a,b).If f(a) = f(b), then there exists at least
one ¢ € (a,b) such that

f'(c)=0.

Konigsberger [see Kon92, p.134]
The following theorems are concerned with norms of the solution u of

Lu(z,t) = f(x,1) in D, (A.4.1a)
u(z,0) = u’(z) on B, (A.4.1b)
Oulz,t) + Bz, t)u(z, t) = P(x,t) on S, (A4.1c)
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Theorem A.9. Assume that u(z,t) € C*'(D) is a solution of

up — Y ag (@, t,u)0y,0p,u + b(2, T, u, ug) = 0 in D
1,J

ou

On

u(z,0) = u’(z) in B

+ oz, t,u) =0 in S

where the functions a;j,b, ¢ are subject to the following conditions for |u| < M,
(xz,t) € D

ﬂ£2 < Zaij(x,t,u)&fj < /sz Vf eR (A42a)
i
|Ouais|, 10z, |0vais], |07ai5, 10u00ais], |0urais], |02 0patis] < po (A.4.2b)
|b(, t,u, pl < p(1 + p?) (A.4.2¢)
|00 (1 + [pl) + |0u0] + [9:0] < (1 + p?) (A.4.2d)
|21, 10upl, 10201, 10l |02 10uBatp ], [0urp] < p (Ad.2e)

and S € C?. Then, if supp, |u| < M it holds that

sup uel < My, lully 5 < C,

where My, 0,C depend only on M, ¢, p, ||[u®(x)||, and S.

For a proof of this statement, see Ladyzenskaja, Solonnikov, and Uralceva
[LSUGT7, Theorem 7.2].

Theorem A.10 (boundary Schauder estimates). Let £ be defined as before. If the
following conditions hold:

~

. The coefficients of L are locally Hélder continuous with coefficient o € (0,1).

NS

. For any (x,t) € D and for any real vector &:

Z aij(l}t)fifj > K|£‘27
ij=1

o

ﬁ(l‘,t) € Hl+a7

. f(x,t) € HoyYp(7,1) € Higo,u’(x) € Haras

SN

. S € Hypy,
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then there exists a unique solution u(x,t) of equation (A.4.1) and a constant C

such that

L (L e LY

[see |Lie86, Theorem 5]

Theorem A.11 (Schauder estimates). Let L be defined as before. If the following

conditions hold:

1. The coefficients of L are locally Hélder continuous with coefficient o € (0,1),

2. 5(:1:,t) S Hl+a;
3. f(l’,t) € Haaw(xat) € Hl+a7¢(x) € H2+a;

4. 5 € Hypy,

then there exists a unique solution u(x,t) of
Lu(x,t) = f(x,t) in 2 x (0,7),

QLD | Byl t) = wlat)  on S,u(x.0) = o(a)

on(z,t)

and a constant C' such that

lallysagr < C (g + 11 iasy + 18leras)

If u(z,t) satisfies a Dirichlet condition instead, i.e. solves

Lu(z,t) = f(x,t) in Q% (0,7),
u(x,t) = YP(x,t) on S,u(z,0) = ¢(x)

then it holds that
lellasagr < C (1 lagr + 18llsas + [l 00)

[see LSUG67, Theorem 5.2,5.3, p.322]

in €2,

i €,
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A.5 Asymptotic behaviour
Definition A.6 (dissipative).
1S (#)uolly < Q(lluollg)e™" + C. up € @

Where ||-||s s a norm in the function space ® and the positive constants o and
C. and the monotonic function Q) are independent of t and uyg.

Efendiev [see Efel3, p.19]

Definition A.7 (Global attractor). A set A C ® is a global attractor for the
semigroup S(t) if

1. A is compact in ®;

2. A is strictly invariant: S(t)A=A Vt > 0;

3. A is an attracting set for the semigroup S(t): 1tli}m disty(S(t)B,.A) = 0 with

disty (X,Y) := sup inf d(z,y).
zeX YEY

Definition A.8 (Exponential attractor). A set M is an exponential attractor for
S(t) in H if

1. it is compact in H

2. it is positively invariant, i.e. S(t)M C M, ¥Vt >0
it has finite fractal dimension,

it attracts exponentially fast the bounded sets of initial data in the following
sense: there exists a monotonic function Q) and a constant o > 0 such that

e

VB C H bounded, disty(S(t)B, M) < Q(||B|lz)e *,t >0

If S(t) possesses an exponential attractor M, then it also possesses the global
attractor A C M and M is a compact attracting set.

Efendiev [see Efel3, p. 27]
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Table B.1: Estimators for ~Ad + Mix

Relative Fitness ~ Adenosine + Mix

Estimate Star'ldz%rd t Value p Value
Deviation
(Intercept) 0.52 0.23 224 3.3 x 1072
Adenosine —11.79 3.03 —3.89 54x107*
Mix —0.84 0.22 —-3.77 75x107*
DoF  Deviance Res. Res1‘dual F value p Value
DoF Deviance
NULL 31 23.39
Ad 1 5.67 30 17.72 14.09 7.8 x107*
Mix 1 5.54 29 12.18 13.76 8.7 x 107*

AIC 21.64

Table B.2: Estimators for ~Ad + C12

Relative Fitness ~ Adenosine 4+ C12

Standard

Estimate o t Value p Value
Deviation
(Intercept) —0.03 0.21 —0.12  9.0x 107!
Adenosine —15.43 2.74 —5.63 4.9x1077
C12 0.37 0.20 1.81 7.5x 1072
Dol Deviance Res. ReS{dual F value p Value
DoF Deviance
NULL 63 70.14
Ad 1 15.37 62 54.77 23.36 9.4 x10°°
C12 1 2.15 61 52.62 327 T6x1072

AIC 42.197
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Relative Fitness ~ Adenosine * C12

Estimate Star‘lda‘rd t Value p Value
Deviation
(Intercept) —0.07 0.26 —0.26 8.0x 107!
Adenosine —14.71 3.89 —3.78 3.6x107*
C12 0.45 0.37 1.22 2.3 x 107!
Ad:C12 —1.46 5.50 —0.27 79x107!
DoF  Deviance Res. Res1‘dua1 F value p Value
DoF Deviance
NULL 63 70.14
Ad 1 15.37 62 54.77 23.24 1.0 x 1073
C12 1 2.15 61 52.62 325 7.6x1072
Ad:C12 1 0.03 60 52.59 0.05 83x107!
AIC 44.155
Table B.4: Estimators for ~Ad * Mix
Relative Fitness ~ Adenosine * Mix
Estimate Stal‘ld%rd t Value p Value
Deviation
(Intercept) 0.47 0.21 224 2.7x1072
Adenosine —20.92 3.12 —6.70 6.9 x 10710
Mix 0.20 0.30 0.66 5.1x107!
Ad:Mix 22.76 4.42 5.15 1 x1076
Dol  Deviance Res. ReS{dual F value p Value
DoF Deviance
NULL 125 164.95
Ad 1 1.78 124 163.17 2.09 1.5 x 1071
Mix 1 59.44 123 103.73 69.63 1.3 x 10713
Ad:Mix 1 14.83 122 88.91 17.37 5.8 x 107°

AIC 254.92
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Table B.5: Estimators for ~Ad * C12

Relative Fitness ~ Adenosine * C12

Estimate Stagdgrd t Value p Value
Deviation
(Intercept) 0.26 0.36 0.72 47x1071
Adenosine —16.40 5.31 —-3.08 3.1x10°?
C12 —0.04 0.51 —0.07 9.4 x 107!
Ad:C12 25.14 7.51 335 14x1073
DoF  Deviance Res. ReS{dual F value p Value
DoF Deviance
NULL 63 92.90
Ad 1 2.37 62 90.53 1.92 1.7 x 107t
C12 1 23.61 61 66.93 19.12  5.0x107°
Ad:C12 1 11.98 60 54.95 9.70 2.8 x 1073
AIC 139.07

Table B.6: Estimators for pure cultures, ~Ad + Solid

Relative Fitness ~ Adenosine + Solid

Estimate Star'lda‘rd t Value p Value
Deviation
(Intercept) 0.43 0.12 3.64 4.0 x 1074
Adenosine —20.20 1.55 —13.03 <1076
Solid 0.28 0.11 2.49 1.4 x 1072
DoF Deviance Res. ReSl,dual F value p Value
DoF Deviance
NULL 125 125.27
Ad 1 48.81 124 76.45 118.41 <1076
Solid 1 2.55 123 73.91 6.18 1.4 x 1072

AIC 92.89
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Table B.7: Estimators for mixed cultures, ~Ad * Solid

Relative Fitness ~ Adenosine * Solid

Estimate Stax.lda'urd t Value p Value
Deviation
(Intercept) 0.67 0.23 294 3.9x1073
Adenosine 1.84 3.35 0.55 5.8x 107!
Solid —0.28 0.32 —0.88 3.8x 107!
Ad:Solid —5.53 4.74 —1.17  25x 107!
DoF  Deviance Res. ReS{dual F value p Value
DoF Deviance
NULL 125 86.38
Ad 1 0.02 124 86.36 0.02 88x 107!
Solid 1 10.95 123 75.41 11.13 1.1 x 1073
Ad:Solid 1 0.96 122 74.45 098 3.3x107!

AIC 357.75
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Appendix C

Numerical code

C.1 Auxiliary code

function matrix = patchmatrix(e,pS,N,K,k)

% Start out with one 'unit'
unitsize = (pS+te) xK;

unit = zeros (unitsize);
unitnr = ceil (N/unitsize);

% Fill the one unit appropriately

patch = ones (pS);
for 3 = 1:K

lo = (j-1)« (pS+e)+1;

unit (lo:lo+ (pS-1),lo:1lo+(pS-1)) = patch;
end

<)

% Repeat units as needed, shifting appropriate for subpop nr

matrix = repmat (unit,unitnr);

matrix = circshift (matrix, (pS+e)*(k-1),2);
matrix = matrix(1:N,1:N);

end

function z = smoothsquare (X,Y,a,r,scale)

eps = le—4;

more = ((X-a).”"2+(Y¥-a).”"2 < r"2);

z = more.x* (cos (pl/r*sgrt ((X-a).”2+(Y-a).”2))+1) + eps;
z = scalexz;

end

177
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C.2 Calculations for PDE systems

function dt = TwoDApprox_Vectorized(t,in,N,K,h, const,Gfunction, ...
dGfunction, tend)

%% unpacking of v and b

% 1 are the discretisations in x-direction, j in y-direction; v
and b are

% given as vectors. We define accordingly that i will be unpacked
first,

% before j and k; for N = 3, for example, it would hold that

% v(4): i=1, j=2, k=1, v(10): i=1, J=1, k=2 and so on.

braw = in(l:end/2);

vraw = in(end/2+1l:end);

v = reshape (vraw, [N,N,K]);
b = reshape (braw, [N,N,K]);

dvdt = zeros (N, N, K);
dbdt zeros (N, N, K) ;

o\

Calculation of dt
In order to calculate the diffusion, calculate shifted matrices;

o° o o

Neumann boundary = mirrored borders
bl = circshift(b,1,2);
bl(:,1,:) = bl(:,3,:);

br = circshift (b,-1,2);
br(:,end, :) = br(:,end-2,:);

bu = circshift (b,-1,1);
bu(end, :) = bu(end-2,:);

bo = circshift(b,1,1);

bo(l,:) = bo(3,:);

vl = circshift(v,1,2);
vi(:,1,:) = v1(:,3,:);

vr = circshift(v,-1,2);
vr(:,end,:) = vr(:,end-2,:);
vu = circshift(v,-1,1);
vu(end, :) = vu(end-2,:);

vo = circshift(v,1,1);

vo(l,:) = vo(3,:);
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%$Calculate the diffusion
diffb const.D/h”2 * (bl+br+bu+bo-4xb);
diffv = const.D/h"2 * (vl+vr+vu+vo—-4xv);

$Calculate the gradient term

gradv = const.D/h"2 * ((bu-bo).* (vu-vo)+ (bl-br).x(vli-vr))./(2+b);
%$NaN values are artifacts of starting conditions; igore them
gradv (isnan (gradv)) = 0;

% Calculate the reaction term
for k = 1:K

dbdt (:, :,k) = Gfunction(v(:,:,k),v,b).xb(:,:,k);
dvdt (:, :,k) = const.eps » dGfunction(v(:,:,k),v,b);
end
dbdt = dbdt + diffb;
dvdt = dvdt + diffv +gradv;

%% Reshape the matrices back into vectors
dvdtend = reshape (dvdt, [N*2xK,1]);
dbdtend = reshape (dbdt, [N*2xK,1]);

dt = [dbdtend;dvdtend];

%% Progress bar
persistent wait;

if (isempty(wait))

wait=waitbar (0, 'processing..."');
else

waltbar (t/tend, wait) ;
end

if (t>=tend && ~isempty (wait))
close (wait);
wait=[1];

end

end
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