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Zusammenfassung

Wir behandeln mithilfe von I'-Konvergenz eine Verallgemeinerung von zwei
klassischen Modellen fiir Spin-Wirbel, und zwar dem planaren XY-Modell
und dem Ginzburg-Landau Modell auf zweidimensionalen Riemannschen Man-
nigfaltigkeit. Das kennzeichnende Merkmal beider Verallgemeinerungen ist
die Emergenz von zwei verschiedenen Typen von Singularitdten nach eines
entsprechenden coarse-graining Verfahrens: fraktionellen Wirbeln (null-dimen-
sional) vom Grad % fir ein m € N und Liniendefekten, in deren Umge-
bung die Winkel der Spins um ein Vielfaches von 2;” springen. In beiden
Fallen, beriicksichtigt der I'-Limes beide Beitrage durch eine renormierte En-
ergie, die von der Wirbel-Konfiguration abhangt, und durch die Oberflachen-
Energie des Sprungdefekts. Zuletzt, untersuchen wir einen regularisierten L?2-
Gradientenfluss des verallgemeinerten XY-Modells im speziellen Fall von zwei
fraktionellen Wirbeln verbunden durch eine immersierte Kruve in R?. Mithilfe
von minimizing movements zeigen wir maximale Existenz des Flusses.
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Abstract

We propose and analyze through the language of I'-convergence a generalization
of two classical vortex models, namely the XY model in the plane as well as
the Ginzburg-Landau model on a two-dimensional Riemannian manifold. The
main feature of both generalizations is the emergence of two different types
of singularities after a proper coarse graining procedure: fractional vortices
(zero-dimensional) of degree X for some m € N and string-like defects (one-
dimensional) around which the angles of the spins jump by a multiple of %” In
both cases, the I'-limit takes into account both contributions via a renormalized
energy, depending on the vortex configuration, and a surface energy of the
jump defects. Our models allow for a simple description of several topological
singularities arising in Physics and Materials Science, such as: disclinations
and string defects in liquid crystals, fractional vortices and domain walls in
micromagnetics, partial dislocations and stacking faults in crystal plasticity.
Lastly, we study a regularized L? gradient flow of the generalized XY model
in the case of two fractional vortices connected by an immersed curve in R2.
Employing minimizing movements we prove maximal-time existence of the
flow.
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Chapter 1

Introduction

Many physical systems present symmetry invariances leading to a number of
equivalent ground states. Sometimes two (or more) of such ground states happen
to be forced to coexist, so that each of them describes only locally the system,
or in other words each of them describes only a certain different portion of the
entire system. In this case an additional energy may be required in order to make
this new configuration energetically accessible. The least energy required is
known as transition energy. The fields describing the system in such a transition
configuration are locally similar to those of the ground states, but present defects,
making them less regular in certain region of the space (the transition regions).
In Materials Science these singularities often appear as irregularities in the
microscopic structure of a material and play a fundamental role in explaining
a large variety of phenomena, ranging from plastic deformations in metals to
superconductivity properties of type-I superconductors.

Despite the large interest in phase separation problems, their rigorous varia-
tional analysis has a relatively young life. It can be traced back to the birth of
I'-convergence [33] and to the analysis of the Allen-Cahn phase-field functional
done by Modica and Mortola in [53,[54]. The passage from the latter scalar prob-
lem to its most significant vectorial analog, the Ginzburg-Landau functional,
has required quite some time and the effort of many mathematicians and the
development of new techniques (see for instance [68, [45] [47, 59] 2] as well as the
books [I6], [60]). The overall result has contributed to give solid mathematical
basis to many fundamental problems in the theory of superconductors.

In the last years, the mathematical community has shown an increasing
interest in the derivation of these effective models starting from fundamental
microscopic lattice models (see for instance [I3][8, 57, 4,6, [7]). The latter results
have helped to understand some basic mechanism of formation, interaction and
evolution of defects pinpointing the presence of additional energy barriers due
to the microscopic length scale and to the essential anisotropic structure of
matter.

The purpose of this thesis is to contribute to the mathematical research in
this field with particular emphasis to a class of models leading to the presence
and interaction of defects of different dimension. More precisely, we will coarse
grain atomistic spin systems whose continuous counterpart will be described by
a spin field presenting point and line singularities. While the point singularities
are associated to fractional vortices, the line singularities represent domain
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walls. The main goal of our analysis is to understand the interaction between
the two different types of singularities, both from a static point of view through
I'-convergence (see [I7), 28]) and from a variational evolution point of view
through minimizing movements (see [L0, [18]).

The first result of this thesis is in Chapter [2| and concerns the analysis
via I'-convergence (see also Section for the necessary definitions) of a
generalization of the classic XY model from condensed matter physics (see [62]
for an elementary introduction of this model). A brief mathematical description
of the XY model is as follows: Fix an open set 2 C R? and consider a spin
field v valued in the unit circle S' ¢ R? and living on a portion of the e-square
lattice belonging to €, namely €Z? N €2, where € > 0 is a fixed and usually
very small scalar. Admissible spin configurations try to minimize an energy
functional that is of nearest-neighbor type. Here, given i,j € eZ? N, we say
that (¢, 7) is a nearest-neighbor pair if and only if |i — j| = €. Then, the energy

functional Eéo) modeling the ferromagnetic interaction of the spin system is:

EO (u) = —% > eX(uli),u(j)), u:eZ®nQ—S'

where Y is shorthand notation for the sum over all nearest-neighbor pairs,
and (-,-) denotes the standard scalar product in R%. Note that the energy
functional above is minimized for u = const, with its global minimum being
approximately the negative area —|Q| of Q. The authors of [4] derive a T'-
convergence result whose limit is finite on those w satisfying |u(z)| < 1 for
a.e. x €  and it is given by —|Q|. In particular, this result is compatible with
ground states configurations obtained by the unconstrained mixing of arbitrary
uniform states {u = s1} == {x € Q: u(z) = 51} and {u = s}, where s1, so € S!,
at a mesoscopic scale large enough. To obtain a finer description of the above
model, in [4] the energy E has been studied after subtracting its minimum
and rescaling by 6. — 0:

BO(w) =67 5 37 (1 (ui) u())) (1)

Note that such a procedure is inspired by the so called development by I'-
convergence introduced in [I2] and further developed in [20]. The authors of
[4] show that an interesting scaling is given by the choice §. = £2|loge|, in
which case configurations of bounded energy may asymptotically develop a
finite amount of vortices. Each vortex of degree d € Z contributes by 7|d| to
the I-limit of Ee(l). We remark at this occasion that the emergence of vortices
is a well known result in the statistical physics community, first predicted by
J. M. Kosterlitz and D. J. Thouless in their pioneering paper [48]. An intrigu-
ing question about the above model concerns the interaction energy between
vortices. This is answered in [6] by employing a second-order I'-convergence
analysis. To be more precise, they fix N € N, which represents the net sum
of the unsigned degrees of limit vortices. Subtracting N7 from the first-order
energy functional in and rescale with 0, == —L

|10g5|:

0.(EY) — N7) = |loge|(EY) — Nm) = XY, — Nrlloge|,



with XY, := E{V|logel, that is:

XY.(u) = 5 3701~ (u(i), i) (1.2

n.n.

for any w: eZ?NQ — S!. Note that, by a previous result, N7 is approximately
equal to the minimum of EX" for & small. By I'-convergence, the authors of [6]
show that a sequence {u,} of spin fields that keep XY, — Nr|log | bounded from
above, asymptotically develop a system of finitely many vortices, concentrated
at points xz; € Q around which they wind di € Z times (here the sign of dy
corresponds to either clockwise or counter-clockwise rotation of the spin field)

and represented by the measure:

K
o= Z dkr(sa:;c 5
k=1

where d,, is the Dirac delta function at xj. Furthermore, the net sum of the
unsigned degrees, i.e. the total variation |u| = ZkK:1|dk| of i is bounded from
above by N. In the case of equality (Ju| = N) it is shown that all vortices
must be of degree d = +1 and that the I'-limit of XY, — Nw|loge| (see also
Theorem 4.2 in [6]) turns out to be:

W(p) + N, (1.3)

where W is the so-called renormalized energy, inducing an attractive force
between vortices of different sign, and a repulsive one between vortices of the
same sign as well as any vortex and the boundary 92, and v € R is a scalar
independent of p known as the core energy. In this setting, a slightly stronger
I'-convergence result holds true, that not only keeps track of the vorticity but
the whole spin field (identified with a proper piecewise affine interpolation)
altogether, in the limit € — 0. Denoting the limit spin configuration by u, the
I-limit of XY, — Nw|loge| is:

W(u) + Nv, (1.4)

with W being an extension of the renormalized energy from vortex measures
to continuum spin fields u: Q — S!, qualitatively inducing the same attractive
as well as repulsive forces, and v being the core energy from before. Note that
minimizing W(u) over all spin fields u with vortices given by the measure p
reduces to W(p) from (L.3).

In [15], the author together with M. Cicalese, L. De Luca, and M. Ponsiglione
investigate a possible generalization of the XY model.
More precisely, they consider a 27-periodic potential f.: R — R (depending on
€), such as the one depicted in Figure and define for u: eZ?>NQ — St

XVow) = 5 3 F(p0) — 9 3)) (1.5)

where ¢: eZ2NQ — R is an angular lift of u (i.e., 'Y = u where we conveniently
identify R? with C). Notice that taking f(t) := 1 — cos(t) instead of f. in (1.5)
results in the classic XY functional defined in (1.2). The main difference
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O m
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Figure 1.1: Angular potential in the fractional setting.

between XY, and XY, is that the latter not only prefers parallel spins whose
interaction pays 0 energy, but also antiparallel ones (u(i) ~ —u(j)). In fact,
each such pair contributes approximately € to the energy. The preference of
XY, for fractional vortices instead of usual ones can be formally explained as
follows: A prototypical single vortex configuration such as the one given by
u(x) = 77 Testricted to grid points costs mlloge| + O(1) classical XY, energy.
As most of the nearest neighbor pairs of u have small difference-angles (of
order O(e)) and f.(t) > g(2t) ~ 1(2t)? ~ 4g(t) for small ¢ it follows that
XY.(u) = 4n|loge| + O(1), a four times larger leading order term as before. In
Figure we can see a spin field v that has the same net vorticity as u but
costs asymptotically less energy.

Y VY Y'Y

Figure 1.2: Configuration with two fractional vortices each of degree % connected
by a domain wall.
1

More precisely, it has two fractional vortices — each of degree 5 and hence

contributing w|loge| + O(1) to the final XY, energy — connected by a string-
like defect, on which the antiparallel spin pairs accumulate. As the number
of antiparallel spin pairs is of order O(%) their contribution to the energy is
O(1). Consequently, for € > 0 small, v becomes more efficient from an energetic
point of view. In Chapter 2| we illustrate how to make this formal computation
rigorous by through a I'-convergence analysis. In [I5] it is show that spin
fields whose generalized XY energy is bounded by N|loge| (for some N € N)
asymptotically generate a system of finitely many (possibly fractional) vortices
described by the measure:

S

K
= Z?’“au, di € Z
k=1

satisfying |u| < N. In the special case |u| = N, they further show that



Figure 1.3: Angular lift of a limit spin configuration in the case N = 2. The
angles jump by exactly 7 along the sinus shaped curve. Furthermore the spin
field develops %—vortices at both endpoints of the jump defect.

appropriately chosen interpolations of discrete spin fields accumulate at a limit
spin configuration u, having N vortex centers each of fractional degree i% and
satisfying ut = —u~ at H'-a.e. point of the jump-set .J,, (see also Figure.
Here vt and u~ are the approximate jump values of . The I-limit of XY, —
Nl|loge| is then given by:

W(u?) +HL () + N7. (1.6)

In the previous formula, W and v are as in 7 HL.(Jy,) is the crystalline
length of J,, and in the notation u? we identify R? with C. At this point,
we remark that, in fact, the more general case of fractions & (m € N) was
considered in [I5] reducing for m = 2 to the one we presented above. In
this thesis, we will investigate a generalized XY model described by the same
energy functional as in , but with spin fields that are constrained to be
equal to g € C(T5(09Q);S') (where T5(99Q) == {z € R?: dist(x, Q) < §} for
some § > 0 small enough) on points of the grid €Z? N closest to Q. As
before, we deal with the case of general fractions % for m € N, but for the
sake of simplicity we only state the result for m = 2. Assuming a nonzero
degree deg(g, 90) of g around 92, we will show that proper interpolations of
minimizers of the generalized XY model are asymptotically close to a limit
spin configuration u, having 2|deg(g)| fractional vortices with fractional degree
equal to w, and satisfying ut = —u~ at H'-a.e. point of J,. As it is
typical for Dirichlet constraints on functions that are allowed to jump (more
precisely special functions of bounded variation), these may not be preserved in
the limit. Nevertheless, we still have that u? = g2 on 2 in the Sobolev sense.
This is possible, since, by the chain rule (u?)™ = (u*)? = (—u™)? = (u?)~ for
H'-a.e. point of J,, which in fact shows that u? is Sobolev regular. The I'-limit
of XY, — 2|deg(g)|[loge| is given by (see Theorem:

W(?) + Hee (Ju) + Hee({z € 0Q: u(@) # g(x)}) + 2ldeg(g, 0)]y.  (1.7)
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The main difference between and is the extra component (third term
in the equation above) penalizes the size of the subset of 9Q on which u does
not coincide with g (understood in the sense of traces for functions of bounded
variation).

As the analysis of the evolution of the generalized XY spin system proves
to be a rather large endeavour in its most general formulation, in Chapter
we study that of a simplified model of the general case that is (hopefully)
retaining most of the core features. In this regard, instead of the full limit
spin configuration u, we will work with its singularities (vortex centers encoded
by the point measure p and the jump-set J,) only. We further assume that
= %6,0) + 26,01y and J, = im(n), where n: [0,1] — Q is a curve in Q. Note
that in order to make this assumption compatible with the boundary condition,
we need to assume that the boundary datum ¢ satisfies deg(g, 92) = 1. As the
renormalized energy diverges to +o0o whenever two vortices of the same sign
collide, we can assume that throughout the evolution the last term in will
remain constant, and hence, can be safely ignored. Minimizing over all spin
fields that have exactly this configuration of singularities results in the analysis
of the following reduced energy functional:

B(n) = W ((0),n(1)) + He, (),

W: QxQ\{(z,z): z € 2} — R being a Coulomb-type potential (see also (3.17)
for further details). In order to stay in a more classical setting, we exchange
the crystalline length of v by the Euclidean one, and consider:

E(n) = W (n(0),n(1)) + H"(n).

We tackle the problem of studying the motion of 77 driven by the energy E above
from the variational point of view via minimizing movements. This technique
was first used (e.g., see aso [9, [49]) in order to model the motion of compact
hypersurfaces whose motion is driven by their surface area. Many of such
results are formulated in rather weak settings, such as the one of rectifiable
currents or sets of finite perimeter, and one cannot a priori exclude phenomena
such as instantaneous fattening of the hypersurface. In this work, we will use
a parametric approach similar to the one of [36] 506 [37]. In this context, it is
necessary to further regularize the energy F by adding a higher-order term:

B(n) = Wn(0), (1) + Hh ) + 5 [ w2 (1)

where § > 0 is a positive scalar and &, is the curvature of 7. Our minimizing
movements scheme is set up in the following way: We consider admissible curves
in AC defined by:

AC = {n € W2([0,1;R?): |na| = Ly, n(0) # n(1), n(0) and n(1) € Q},

where x denotes the curve parameter, and 7, = %n. Starting from an initial
curve 79 € AC such that its image im(rny) C €2, we define for fixed A > 0 the
sequence {n, }, C AC through:

{7],); € argmin{ E(n) + AD(n,n_,): n € AC} for all n € N, (L.9)

778\ = To,



where D: AC? — R is an L2-type dissipation energy given by:

1t o 1t B
D(n,n):z/o<n—77,1/>2dff+1/0<77—77,1/>2dx

£ 2 1n(0) = A(O)P + 2n(1) — (1),

with 7 and v denoting the unit normals of 7 and 7, respectively. (Using direct
methods of the Calculus of Variations, we will, in fact, show that the problem
in attains at least one minimum.)

Our main result is that, up to extracting a subsequence, the piecewise con-
stant interpolations n* (¢, x) = nf\A i (@) ([At] being the smallest natural number
bigger than At) converge as A\ — oo towards a limit evolution 7. Denoting for
t € [0,00) the length of 7 at time ¢ as L(t) == H'(n(t,-)) and by s € [0, L(t)]
the arc-length parameter we prove that for a.e. t € [0,00) and a.e. s € [0, L(¢)]
the following equations needs to be satisfied by 1 (see also Theorem : With
regard to the geometric evolution of the interior of the curve we have:

VE =k —6(kss + 36%), V= (ne,my), (1.10)

where V = ny = %77 is the velocity of . This is the classic Willmore flow
equation arising when one deals with an L2-type gradient flow of an energy
given by the sum of the perimeter and the squared L2-norm of the curvature.
Furthermore, 7 satisfies natural boundary conditions x(t,0) = x(¢,1) = 0 at
a.e. t, and:

V(t,0) = =ViW(n(t,0),n(t, 1)) + 1s(t,0) — drs(t, 0)n; (¢,0) (L.11)

at the first endpoint, where V{ W is the gradient of W with respect to the first
point. A similar equations also holds true at the second endpoint of n. Finally,
the following equation in tangential direction (arising from the constant speed
constraint in the definition of AC) holds true:
/
v, = r +rnt, V= (g, L' = gL. (1.12)
L dt

Note that the motion of the curve is not restrained to remain inside 2. But we
are able to prove the existence of a maximal existence time Ty > such that for
all t € [0,Tp), the curve n(t,-) is contained in Q while 7(Tp, -) has a nonempty
intersection with the boundary. To the best knowledge of the author, this
is the first successful application of the machinery introduced in works such
as [36] [37] to the case of free endpoints, and may pave the way for studying
more complicated configurations, such as networks of curves with freely moving
junctions. Furthermore, we choose a geometrically motivated constant speed
parametrization. In contrast to this, the authors of previous results such as
for example [36] parametrize the curves as graphs over some fixed interval
[a,b]. In the present setting such a strategy would require to replace [a,b] by a
time dependent interval in order to account for the shortening and elongating
motion of the endpoints making many of the necessary computations quite
lengthy. Finally, we remark that the result presented here is a generalization
of the one found in [14], where the author considered the special case 2 = R2.
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132

Figure 1.4: Minimizing movements starting from a “”~-shaped” curve for two
different values of € (¢ = .025 one the left and € = .005 on the right). The color
of each curve depicts the temporal ordering, starting with violet and ending
with red.

In Figure [I.4] we show a numerical computation of the sequence of step-
by-step minimizers (as defined in ) for Q = R2, starting from an initially
“~v-shaped” curve for two different values of . In both cases, an interesting long
time behavior can be perceived: the curve does not unfold into a straight line
of length 1 (the global minimizer), and instead converges towards an optimal
“y-shape.” We can also see the influence of the regularizing term, as the size
of the limit “knot” is smaller for smaller €. This is also in accordance to the
fact that the regularizing curvature term has less weight in for smaller
values of . It is worth mentioning at this point that the Willmore flow of
curves (or more generally networks) has been studied from a PDE point of view
in [30, BT, 29, B8, B9, 0], mainly assuming additional boundary conditions.
It is not clear whether these techniques can be used in our free boundary
setting. Furthermore, we finish this paragraph by mentioning an interesting
open problem, namely the study of the long time behavior of the evolution
described above and its asymptotic behavior in the limit ¢ — 0.

In the last chapter, we will investigate a generalization of the Ginzburg-
Landau model on a compact oriented 2-dimensional Riemannian manifold. The
classic Ginzburg-Landau model, formulated in the Euclidean setting, is very
well studied model in the mathematical physics community (see e.g. the book
[16]). In the Euclidean setting, we consider functions v € W2(Q; R?), where
Q C R? is an open set, and assign the following energy to them:

1 1
GL.(u) = 5/Q|vu|2 + oL ) de, (1.13)

where € > 0 is a fixed scalar. There is a strong connection between the XY and
the Ginzburg-Landau model, which was investigated in [5]. In fact, under the
same logarithmic energy bounds, one can show similar results to the XY model
(e.g., see also [8]). The authors of [40] study the analog of the generalized XY
model in the context of the Ginzburg-Landau energy. More precisely, given
m € N and an open simply connected set €2, they consider admissible spin



Figure 1.5: A singular unit-length vector field on the sphere. Note that x(5) = 2
in this case.

configurations u € SBV?(; R?), such that ut = —u~ at #' a.e. point in J,,,
and u? = ¢2 H'-a.e. on O in the sense of traces, where ¢g € C>(0Q;Sh) is a
fixed boundary datum. For € > 0 the energy functional is given by:

- 1 1
CL.(u) = E/Q‘v“|2+ S (= [u?)? de + HA ().

Through a I-convergence analysis, they show that minimizers of GL. defined
above converge towards limit spin configurations that have 2|deg(g, 992)| vor-
tices, each with degree M. Furthermore, the I-limit of GL.(u) —
ww\log e| with respect to L!-convergence is given by:

W(u) +H' () + 2|deg(g, 0Q)17, (1.14)

where W is the renormalized energy from , Hl(.]u) is the Euclidean length
of the jump set of u, and 7 is a fixed scalar that possibly differs from ~ of
. Note that the main difference to the XY case is the interchange of the
crystalline length term with the Euclidean one. Both, the XY model and the
Ginzburg-Landau model, already have found their extension to the setting of
compact oriented 2-dimensional Riemannian manifolds (see also [24, [43]). The
mathematical interest for such generalizations lies in the fact that vortices may
naturally arise from the nontrivial topology of the manifold. More precisely, by
the celebrated hairy ball theorem there exist no continuous tangent vector field
on a 2-dimensional Riemannian manifold S with nonzero Euler characteristic
X(S) (see also Figure. Consequently, minimizing the analog of among
tangent vector fields u € W2(T'S) results in nontrivial solutions, even without
the use of Dirichlet constraints.

The classical XY and Ginzburg-Landau model already found their gener-
alization to the manifold setting (see [24], 43} [44]). In particular, both results
show the emergence of |x(S)| vortices, each with degree given by sgn(x(S5))
and compute a similar -limit. In this thesis, we wish to fill in one of the
missing pieces by providing a generalization of the Ginzburg-Landau model on
a compact oriented 2-dimensional Riemannian manifold. The author believes
that the techniques introduced in this regard may also be helpful in a future
generalization of the XY model to a manifold setting.
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In the research literature, important properties of functions of bounded
variation were already successfully generalized to the manifold setting (e.g., see
[521[41]). As in this thesis we will deal with tangent vector fields the need arises
for a generalization of the above results to the more general case of sections.
To this end we study the fine properties of sections of bounded variation, which
are a natural generalization of vector valued functions of bounded variation in
the plane. We provide a proper intrinsic definition of blow-up quantities such
as the approximate gradient (see also Definition , and eventually we prove
the decomposition theorem for sections of bounded variation (Theorem [4.3]).

An important tool in dealing with vortex models is the ball construction
independently introduced in [58] 46] and one of the technical difficulties is its
generalization to the manifold setting. This was already successfully achieved in
[25] (see also Corollary 1 of Section 5.2), where the authors follow the strategy
of [46]. Ours is more aligned to results such as [58] 60] and we tried to make out
proof as self-contained as possible in order to be accessible also by non-experts.
The main idea behind the ball construction can be shortly described as follows:
Given a tangent vector field u € W12(TS) whose Ginzburg-Landau energy is
of order O(|loge|) and an admissible » > 0, the ball construction allows us to
find a finite family % of disjoint closed geodesic balls surrounding the zeroes of
u, whose radii sum up to r, and:

GL:(u,UpecsB) = /|V % 4 1—|u| 2vol > 7D, (Dre

- C) , (1.15)

where D, is the sum of the unsigned degrees of u around each ball B € B, and
(' is a universal constant independent of € and wu, and vol denotes the standard
volume form of S (see also Theorem |4.6). We remark that this is exactly the
same estimate (with a possibly larger C) as in the Euclidean case.

The main result of Chapter [4]is the following I'-convergence result: Given
a manifold S, as above, admissible spin fields are SBV? regular tangent vector
fields on S (sections of T'S), additionally satisfying ut = —u~ for H#'-a.e. point
on J,. Furthermore, for fixed € > 0 the generalized Ginzburg-Landau functional
GL. is defined as:

/\V |? +53 (1 — |ul?)? vol + H*(J,).

We show by I'-convergence that minimizers of GL. in AS. converge, up to
extracting a subsequence, towards a limit spin field u, which has 2|x(S)| isolated
vortices each with fractional degree w. The I'-limit of GL. — |X(S m|log €|
is equal to (see also Theorem [4.7)):

W(u) +H' (Ju) + 2[x ()3,

where 4 is the scalar from (|1.14]), and:
W(u) = lim ( /|v 1% vo ( ) 7 log(r )) (1.16)

with S, denoting the complement of the union of geodesic balls of radius r
around each vortex center of u (see also Lemma for well-definedness). Note
that the more general case of fractions % for m € N is also considered.
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From the statement itself, the above result seems to be a very natural
generalization of the one found in [40]. Nevertheless, our proof strays away
on several occasions from the one in [40]. This is mainly due to the fact that
the crucial trick employed in all results concerning fractional vortices does not
pass over trivially to the manifold setting. In the flat setting we have a simple
procedure at hand that can transform a vector field v with fractional vortices
of degree in %Z, and jumps satisfying u™ = —u~ into a vector field v without
jumps and with nonfractional vortices instead. More precisely, given such a
vector field u, we define v(z) by “doubling” the angle of u(x) with respect to the
x1-axis for every x € ). By the chain rule, the resulting vector field v satisfies
the desired properties, and we can bound from above the Dirichlet energy of v
with the one of u as follows:

/|Vv|2dx < 4/|Vu|2dx. (1.17)
Q Q

This procedure is constrained in the case of a compact oriented 2-dimensional
Riemannian manifold S by the following two reasons: The first problem arises
due to the nontrivial topology of S. In order to double angles on S, in each
tangent space T}, S, we need to choose a reference unit vector e(p) that represents
the zero angle. By the hairy ball theorem, if S has a nonzero Euler characteristic,
it is impossible to find a smooth unit length vector field e: S — T'S.

Figure 1.6: Doubling the angles on a sphere. On the left, one can see a tangent
vector field v on the sphere with 4 fractional vortices, each of degree % In the
middle, we depicted the singular frame (vortex of degree 2 at a single point),
with respect to which we double the angles of u. The resulting vector field v
can be seen on the right. Note that not only all the fractional vortices of u
became full ones, but also a new vortex (red dot) was created in this process,
located exactly at the singular point of the frame and having degree equal to
—2. This is in accordance with the Morse index formula, which enforces the
net sum of the vortices to be equal to the Euler characteristic (x(S) = 2 in this
setting). See for the general relation between the vorticity of u, v, and e.

As a result, doubling the angles with respect to a singular field e with
nonzero vorticity may create additional synthetic vortices (see also Figure .
Hence, a doubling procedure is only available locally. The second problem
stems from the nontrivial geometry of S. More precisely, given a tangent vector
field u € AS. with fractional vortices, a unit vector field e € C*°(TU), and
v: U — TU being the resulting vector field after doubling the angles of u with
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respect to e, the analog of the estimate ((1.17) in the present setting turns up
to be more involved (see (4.36) for more details), namely

/|Vv|2 vol < 4/ |Vul? vol —4/ (jac(u),jac(e)) vol + Oe—p(1). (1.18)
U U U

Here the 1-form jac(u) is called the pre-Jacobian of u defined as jac(e)(X) =
(Vxu,ut) for X € TM, u* being the vector u rotated by 5 in anticlockwise
direction. It is not clear a priori if the second term in might — compared
to — perturb the relation between the Dirichlet energies of v and u in
a non-negligible fashion. But knowledge of the precise scaling of the Dirichlet
energy of v is a crucial component in the proof in the nonfractional result in [43].
We will overcome this hurdle by making a “good” choice for e, more precisely,
we choose a harmonic vector field in U, minimizing the Dirichlet energy:

1
7/|Ve\2vol.
2 Ju

For such a choice of e, we will be able to control the second term in (1.18) from
below and above by a constant independent of €.



Chapter 2

Generalized XY model

2.1 Preliminaries

2.1.1 Gamma-convergence

In this thesis we will investigate several physically motivated problems from the
variational point of view. More precisely, we will investigate pairs (E.,, X¢,)
where g9 > 0 is a fixed parameter, X., a metric space, and E.,: X., = R an
energy functional on R. The correct choice for the parameter ¢y > 0 will vary
from problem to problem. Nevertheless, in all cases which are of interest to us,
go will be a small positive scalar (e.g., the lattice spacing in a crystal). The
following prototypical problems are the main interest here:

1) Determine the infimum of E., in X,,, classify its minimizers.

2) Starting from a general initial datum ug € X,,, describe a motion of ug
driven by the energy F..

As we shall see later on, the first problem will be challenging to solve in the
go-dependent setting, at least. One way to approach this difficulty is to consider
a family of models {(Ex, I.)}ccr — instead of the fixed model (E,, X.,) —, where
I :== (0, ) for some a > 0, and pass in the limit £ — 0 to an effective model
(E, X), that may be easier to handle. Once a correct notion of convergence is
chosen, one may aspire that the model described by (E.,, X.,) is “close” (in
a sense that will be specified later on) for 0 < gg << 1 to the effective model
(E, X).

It is an ardent wish to shortly comment on a minor technical issue. A
definition of convergence for {(E., X.)}. could be greatly simplified if we were
to remove the dependence of the metric spaces {X.}. on ¢ from the get-go. In
all cases that interest us, we shall thus be able to isometrically embed X, into
a common metric space X. Without further mention, the functional E. is then
implicitly assumed to be extended to E.: X — R := RU {oo}, defined as

~ E (u) ifue X,
00 else.

Note that this kind of extension is favorable for variational problems, seeing
that it does not perturb the minimum of E.. From this point on we will identify
FE. with its extension F., as well as X with X.

13
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The notion of convergence for variational problems is the one of Gamma-
Convergence, first introduced by De Giorgi in the 1970s. Its precise statement
is as follows:

Definition 2.1 (I'-convergence)

Given a metric space X, we say that a sequence of energy functionals (E,,),en
with E,: X — R I'-converges towards a functional E: X — R as n — oo if
and only if for all u € X the following is satisfied:

(i) (T-liminf) For every sequence (u,) C X converging to u

E(u) < liminf E, (uy). (2.1)
n—oo

(ii) (T-limsup) There exists a sequence (u,) C X (also called recovery se-
quence for u) converging to u such that

E(u) > limsup Ey, (u,). (2.2)

n—oo

Remark 2.1. The conditions in and compete with each other, while
depending on the choice of metric on X. On the one hand, if we weaken
the metric on X, the Gamma-liminf in must be tested against more
convergent sequences and, therefore, is harder to satisfy. On the other hand,
if we strengthen the metric on X, we have less sequences converging towards
u, and won’t be able to find a recovery sequence satisfying anymore.
Therefore, the correct choice of metric on X — keeping the balance between
the condition in Item and Item — turns up to be a crucial part of a I'-
convergence result and should be considered first. Finally, it is worth remarking
that this definition can be generalized to the setting of topological spaces. For
references, see [28].

The main justification for the notion of convergence introduced in Defini-
tion is that — given a compact set K C X — it relates for sufficiently small
€ > 0 the infimum of E. in K to the minimum of E in K as well as (almost-
)minimizers of E.|x to the ones of E|x. The following condition allows for a
generalization of this relation in the case of K = X:

Definition 2.2

A sequence (E,,) of energy functionals on metric space X is called equi-mildly
coercive if and only if there exists a non-empty compact set K C X so that
infy F, =infg F,, for all n € N.

Then the precise statement of the relation between the relation could be
phrased as follows:

Theorem 2.1
Let X be a metric space and (E,) a sequence of equi-mildly coercive energy
functionals on X T'-converging towards E. Then E attains a minimum (even
though each approzimating functional might not attain one) and:

n}}nE = lim inf E,. (2.3)

n— oo

Moreover, if (u,) C X is a precompact sequence such that:

lim (E, (u,) — i&f E,) =0,

n—0o0
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then every limit of a subsequence of (uy,) is a minimizer of E.

In order to prove that result we need to refer to Theorem 1.21 in [I7].

2.1.2 Jump and vortex singularities

N U S S A
~\\V A
~<X\ /A
N
& ¢ ) NN =
4 A NN
| YA A NN
(a) Jump discontinuity (b) Vortex discontinuity

Figure 2.1: Two examples of singular vector-fields. The red curve on the left
and the red dot on the right depict the supports of the respective singularities.

Throughout this subsection, m, d € N and  C R¢ will denote an open
set. We will shortly discuss several important results concerning two different
types of singularities of (vector-)valued maps u: @ — R™. In Figure [2.1] an
example for each of the two types of singular maps can be seen. Figur
shows the jump discontinuity of the indicator function u(z) := 14(x) for some
A C R?, while Figure shows the vortex created by the vector-valued map
v(z) = \%I Even though, from the geometrical point of view, these two types
of singularities are rather simple, their correct analytical description is quite
challenging and remains an active area of research up to this day. The problem
of main interest to us is the detection of the geometrically or topologically
relevant singularities of vector-fields through analytical means (this will be
made more precise in a moment). A more thorough presentation containing all
relevant proofs can be found in [II] (for the first type of singularities) and in
[1] or [21] (for the second).

Jump-type singularities: The starting point for the study of jump-type
singularities is the definition of the total variation:

Definition 2.3
The total variation of a function u € L{. (€;R™) in an open subset U C Q is
defined as

var(u,U) = sup{/ (u,divp) dz: ¢ € C(Q;R™), |l@lle < 1}, (2.4)
U

where div p: £ — R™ has entries

d
. , 9 .
(div )’ = divy? = E %903, je{l,...,m}.

i=1
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In the case U = ) the abbreviation var(u) — instead of var(u, {2) — will be used,
calling the total variation of u.

Note that the total variation extends to a unique positive measure (still
denoted by var(u,-)) on Q. We shall also define:

Definition 2.4 (Functions of bounded variation)
The set BV (Q;R™) of functions of bounded variation on  with values in R™
is defined as:

BV(Q;R™) = {u € L*(Q): var(u) < co}. (2.5)
Given u € BV (€;R™) we defined its BV-norm as:
lull v = [lullLr + var(w).

Equipped with the norm above BV (;R™) turns into a separable Ba-
nach space. As we will shortly see, the distributional derivative of a function
u € BV (;R™) can be identified with a vector-valued Radon measure. Such
measures are defined as follows:

Definition 2.5 (Radon measure)
Let B(£2) bet the set of Borel subsets of Q. A function u: B(Q) — R™ is called
a finite (R™-valued) Radon measure if and only if:

(i) p is additive, this means that for all Ay, Ay € B(2):

AiNAy =0 = p(A1UAg) = p(Ar) + p(Az);

(ii) p is o-additive, this means that for all (A, )nen, it holds that:
n=0 n=0

The set of such measures will be denoted by M(; R™). In the case m = 1 the
abbreviation M () — instead of M(£,R) — will be used. The set of positive
scalar Radon measures will be called M (). Finally the total variation |u| of
a Radon measure p € M(;R™) is defined for any A € B(Q2) as:

|x|(A) = sup{Z|u(En)|: (E,) pairwise disjoint, A = U An}
n=0

n=0

Note that the total variation |u| turns out to be a positive measure (see also
Theorem 1.6 in [I1]). The distributional derivative of (R™-valued) function of
bounded variation can be identified with a (R™-valued) Radon measure. Or
more precisely:

Theorem 2.2
For any uw € BV(Q;R™) there exists a R™-valued Radon measure Du €
M(Q; R™%4) such that for any o € C°(;R™*4) it holds that:

m d
/(u,—div<p>d;v:/@dDu:ZZ/apngiuj,
Q Q Q

i=1 j=1
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where Diw? € M(Q) == M(Q;R) the i-th component of Du? or equivalently
the component of Du in the i-th row and j-th column. Furthermore, the total

variation measure var(u, -) of u coincides in the sense of measures with the total
variation |Du| of Du, as defined in Definition [2.5,

The identification in the theorem above allows us to define a notion of weak*
convergence for a sequence of functions of bounded variation:

Definition 2.6 (weak* convergence)
A sequence {p,} € M(;RF), k € N, is weakly*-convergent towards u €
MG RF) (p, = ) if and only if for any ¢ € C.(Q;RF)

lim wdDu, = / wdDu.
Q

h— o0 Q

Consequently a sequence {u,} C BV (;R™) is said to be weak*-convergent
towards u € BV (;R™) (u,, - u) if and only if u, — u in L*(Q;R™*?) and
Du,, = Du in M(Q;R"™*%),

A special case of functions of bounded variation are those taking values in
the set {0,1} only.

Definition 2.7 (Sets of finite (generalized) perimeter)
For an £%measurable set A C R? we define its (generalized) perimeter in an
open set 2 C R? as:

P(A,Q) = sup{/ divedz: ¢ € C2 (4G RY), o]l < 1}.
A

We say that A has finite (generalized) perimeter in the open set  if and only
if P(A,Q) < co.

Equivalently, a set A C R? has finite perimeter in an open set Q C R? if and
only if the indicator function 14 € BV () equals a scalar function of bounded
variation in 2. Furthermore, we have that:

P(A,Q) =var(la,Q).

We will now discuss the fine properties of BV -functions, which allow us
to describe the distributional derivative of a BV -map in a more constructive
fashion. Let us consider two motivating examples: First, let u € WH(;R™).
In this case one can show that v € BV (Q;R™) and that its distributional
derivative Du is equal to Vu £?, where Vu denotes the Sobolev derivative of .
Secondly, we consider u := 14 for an open set A C R? with smooth boundary.
We can show for any open set Q C R? that 14 € BV(Q) with a distributional
derivative equal to v4 Hd*1|3 Anqs Va: OA — R? denoting the inward-pointing
unit normal-field and H*~! the (n — 1)-dimensional Hausdorff-measure in R?.
In other words for any ¢ € C°(€;R?), we have:

/ —divedz :/ (,va)dHYT.
A QNoOA

This shows in particular how we can recover the singular set of the function u
on the left of Figure by investigating the fine properties of its distributional
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derivative. In the following we will show how to generalize the procedure in the
two examples above to the general case. The starting point lies in the definition
of blow-up quantities:

Definition 2.8 (Approximate continuity point)
Given a function v € L _(£; R™) we say that u has an approzimate limit = € R?
at x € Q if and only if:

loc

1

) —z|dy = 0.
P B @) W

We call x € Q an approximate continuity point if u has the approximate limit
z = u(z) at . A point in which u does not attain an approximate limit is
called an approximate discontinuity point of u.

The set of approximate discontinuity points of « will be denoted by S,,. The
approximate limit of u at z, if exists, is unique and will be denoted by @(x).
One can show (see also Proposition 3.64 in [I1]) that S, is an L%mnegligible
(|2\ Su| = 0) Borel set and the function @: 2\ S, — R™ is a Borel function
coinciding £%a.e. with u. With this notation 2 € € is an approximate continuity
point of u if and only if x ¢ S, and 4(z) = u(x).

Definition 2.9 (Approximate jump point)
Given u € L (;R™) we say that a point x € S, is an approzimate jump
point of v if and only if there exists a,b € R™ and v € S%~! such that:

) —ald
r—>0|B gjy|/ (z,v) |y

= lim ————— lu(y) — bldy =0,
r—0 ‘Br ([E,l/)| B, (z,v)

where
Bf (z,v) = {y € B,(2): {y — x,v) > 0},

Br (2,v) = {y € Bo(w): {y — z,v) < O}.

The set of approximate jump points of u will be denoted by J,,. The triple
(a,b,v) in the definition above is unique up to a permutation of (a,b) and a
change of sign of v. Implicitly assuming this equivalence, we will write the triple
as (uT(x),u” (z),vy(z)). One can show (see Proposition 3.69 in [I1]) that J,
is a Borel subset of S,, and ut: J, — R™, :J, = R™ and v, : J, — S
are Borel functions.

Definition 2.10 (Approximate differentiability point)
Given u € Ll (Q;R™) we say that z € Q\ S,, is an approzimate differentiability
point of w if and only if there exists a matrix L € R™*? such that:

1 1 } -
[B: ()| /BT@) ~luly) — @(x) - Ly — )| dy = 0,

where u(z) is the approximate limit of u at x.

The set of approximate differentiability points of u will be written as D,,.
The matrix L from the definition above is unique and is therefore usually written
as Vu(z). We can show (see Proposition 3.71 in [I1I]) that D, is a Borel set
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and Vu: D, — R™*? is a Borel function. We shall continue by discussing
the Lebesgue differentiation of the distributional derivative Du of a BV-map u
which decomposes Du into an absolutely continuous (with respect to £¢) and
singular part. In the general setting of Radon measures these two notions are
defined as follows:

Definition 2.11 (Absoutely continuous & singular)

Let € M(Q,R™) and A € M, (). We say pu is absolutely continuous with
respect to A (u << A) if and only if for any Borel set A € B(Q) with A(4) =0
it holds that |u|(A) = 0. We say p is singular with respect to A (1 L A) if and
only if there exists a Borel set A € B(£2) such that |u|(4) = A(Q2\ 4) = 0.

The statement of the Lebesgue differentiation is then as follows:

Theorem 2.3 (Lebesgue differentiation)

For any u € BV (S}; R™) there exist unique Radon measures D*u and D*u €
M(Q;R™) such that D% is absolutely continuous with respect to L, D*u is
singular with respect to L and Du = D% + D*u.

Lastly, we will discuss a notion of regularity for #? !-dimensional subsets
of R%:

Definition 2.12 (H% '-rectifiabile set)

I' C R? is called a (n — 1)-dimensional C!-graph if and only if there exists a
(n — 1)-dimensional plane 7 and a C'-map f: m — 7+ (,where 7+ is the line
through the origin orthogonal to 7) such that:

F={xz+ f(x): z e}

We call an H¢'-dimensional set E C R? is H? L -rectifiable if and only if there
exist countably many (n — 1)-dimensional Lipschitz-graphs {T';, }ren such that:

Ht (E\ G rn> =0.

We are ready to state the decomposition theorem in BV:

Theorem 2.4 (Decomposition in BV)
A function u € BV (Q;R?) is approzimately differentiable at L£%-a.e. point
(LYQ\ D) = 0) and the absolutely continuous part D*u of Du can be written
as:

D% = Vu LY,

where Vu is the approzimate gradient of u. Furthermore, the set of discontinuity
points S, is H* ™ -rectifiable, H* (S, \ J.) = 0 and the jump part Diu = D%ulg,
of u satisfies:

Diu=(ut —u")@v, H" s,

where @ denotes the tensor product and therefore (ut —u~)®v, = (ut —u~™)- vl
in matriz notation. Combining both results leads to the following decomposition.:

Du=Vul®+ wt —u) @y, HI!

J, + Dcu, (26)

where Du == D*ulo\g, is the so called Cantor-part of u.
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The chain rule in the setting of Sobolev functions generalizes in the following
way to the BV setting:

Theorem 2.5 (Chain rule in BYV)
Let uw € BV(Q;R%) and f € CY(R%;R%), where Q C R% is an open and
bounded set and dy, do, d3 € N. Then v = f ou € BV (Q;R%) with:
D% =V f(u)Vu LY,
Dlv = (f(u®) = f(u7)) @va H Mg,
D¢ = V f(@) D¢u,
where u(x) is equal to the approzimate limit of u for any x € Q\ Sy D spt(Du).

For a proof, see Theorem 3.78 and Theorem 3.83 in [I1]. Another important
tool is the notion of traces:

Theorem 2.6 (Traces in BV)
Let Q C R? be an open set with Lipschitz boundary and u € BV (;R™). Then
for H¥ oa.e. & € O there exists Trog(z) € R™ such that:

lim 7"_"/ lu(y) — u®(z)| dy = 0.
QNB,(x)

r—0

Moreover, the trace is continuous with respect to strict convergence in BV, this
means that if u, — u in L*(Q;R™) and |Du,|() — |Dul(2) we have that:

Troq(u,) — Traq(u) in Ll(aQ;Rm).

For a proof we refer to Theorem 3.87 in [II]. Finally, we mention the
following lemma:

Lemma 2.1 (Cut and paste)

Let u, v € BV(Q;R™) and A C Q a set of finite perimeter with 0*A oriented
by the inward-pointing normal v4. Let ug*A and uy., be the BV -traces on 0%A
of u and v, respectively. Then w = ula +vig\a € BV(Q;R™) if and only if:

+ —
/ UG — Vgea
9*ANQ

Also, if w € BV (Q;R™) we can decompose Dw as follows:

dH! < .

Dw = Du| g1 + Dv|ao + (uf, —uz.,) @ vaH!

0*ANQ,

where Al (A°) is the measure-theoretic interior (exterior) of A, defined as:

Bo(z)NQ
AL {p e rd: g Br@ 0O
"5 B (2)]

)
(
0. el fim [Br@ N _
A ._{ € R%: LO B, (2)] 0}.

While the blow-up quantities defined above characterize the absolutely con-
tinuous as well as the jump part of a BV function, they provide no information
on the Cantor part. This motivates the definition of the set of special functions
of bounded variation.
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Definition 2.13
We define the space of special (R™-valued) functions of bounded wvariation
SBV(;R™) as:

SBV(;R™) == {u € BV(Q;R™): D = 0}.
Furthermore, for any p € (1, co] we set:
SBVP(Q;R™) == {u € SBV(Q;R™): Vu € LP(Q; R™*), H¥1(J,) < oo}.

Note that the space SBV (€;R™) is a closed in BV (; R™) with respect to
the strong but not the weak™® convergence. In fact, for each v € BV (;R™)
we can find a sequence {u,} C C*®(;R™) C SBV(Q; R™) weakly converging
towards u (see also Theorem 3.9 in [II]). Therefore, any compactness or
closure statement in SBV with respect to weak* convergence must assure that
no Cantor-part can be created in the limit:

Theorem 2.7 (Compactness in SBV?)
Let {u,} C SBVP(Q;R™) for some p € (1,00] such that:

sup </ |V, |P dL? +’Hd71(Jun) + ||un||oo) < 00. (2.7)
n Q

Then there exists u € SBVP(; R™) such that, up to a subsequence,

u, — u in LY(Q;R™),
YV, — u in LP(Q;R™*4), (2.8)
HOY SR, i M(QR™).

Un

Definition 2.14 (Weak convergence in SBVP)

A sequence {u,} C SBVP(£2;R™) is said to be weakly convergent towards u
in SBVP(Q;R™) (u,, — u) if and only if u,, — u in L'(Q;R™) and (2.7) is
satisfied.

The next theorem identifies a class of integral functionals in SBV? that are
lower-semicontinuous with respect to weak convergence:

Theorem 2.8 (Lower semicontinuity)
Let 9 € C(K x K;[cg,00)), where K C R™ is a compact set and cg > 0, be a
positive, symmetric function such that for all a, b, c € K:

¥a,c) < I a,b) + 9(b, c).

Moreover, let ¢ € C(R%Ry) be an even, convex, and positively 1-homoge-
neous (p(Axr) = \p(x)) for all z € R? and X\ > 0) such that ¢(v) > ¢y for
all v € S%1. Then for any sequence {u,} C SBVP(Q;R™) weakly convergent
towards u € SBVP(Q;R™) for some p € (1,00] we have

lim inf/ I(ut,uy) (v, ) dHT! > / I(ut,u) o(v,) dHTE. (2.9)
Jun

h— 00 Tu

For a proof we refer to Theorem 5.22 and Example 5.23 in [I1]. Lastly, we
mention an approximation result for SBV-functions taking values in a discrete
set:
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(a) Case: 0 € U. (b) Case: 0 ¢ U.

Figure 2.2: The Brouwer degree of u(z) == € R?, around two circles.

Theorem 2.9 (Approximation of finite Caccioppoli partitions)

Let Z C R™ be finite, Q@ C R? open and with Lipschitz boundary, and let
u € SBV(Q; Z). Then there exists a sequence {u,} C SBV(; Z) such that
Ju, is polyhedral, u, — u in L*(;R™), and:

lim / Y(uf,ur vy, ) dHIT = / Yu,u",vy) dH! (2.10)
h— oo Jun Ju

for any continuous function : R™ x R™ x S4=1 — R, (,where R, = (0,00))
satisfying V¥(a,b,v) = (b,a, —v) for all (a,b,v) € R™ x R™ x S=1. In partic-
ular, we have that u,, — u strictly in BV.

For a proof we refer to Theorem 2.1 and Corollary 2.4 in [19].

Vortex-type singularities Firstly, we introduce the classic notion of (see
section 2.10 in [I]):

Definition 2.15 (Brouwer degree)

Let M and M’ be m-dimensional, oriented, compact manifolds (without bound-
ary) such that M’ is connected, let u: M — M’ be a smooth map and let
y € u(M) be an arbitrary regular value of u (i.e., Du(x) # 0 for all x € u=1(y).)
Then the degree deg(u, M, M") of u is defined as:

deg(u, M, M") = Z sgn(det Du(x)). (2.11)

veu—1(y)

Remark 2.2. The definition of degree in is well defined due to the following
reasoning: As y above is taken to be a regular value of u, the set u~!(y) turns
out to be discrete. By the continuity of f it is also compact and hence finite.
Thus the sum in is, in fact, finite. Furthermore, by the connectedness of
M’ one can show that the degree does not depend on the choice of the regular
value y.

Intuitively the Brouwer degree counts the “number of times” w(M) covers
M’ where we also have to take into account the orientation of u(M). We
consider an illuminating example: Let u(z) = ra7 for = € R2\ {0} and let

U C R? be an open, connected set with smooth boundary such that 0 ¢ OU.
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We are interested in the Brouwer degree of the map u: OU — S (see also figure
Figure . In the case 0 € U we have that for any y € S%~! there exists a
unique z € QU such that u(x) = y. As u is orientation preserving on U, this
leads to — combined with — deg(u,0U,S%1) = 1. In the case 0 ¢ U we
can find for any regular value y of u|gy exactly 2 points 1 and xo such that
u(z1) = u(x2) = y. Moreover, u is orientation-preserving on one point while
being orientation-reversing on the other. This leads to deg(u,dU,S%1) = 0.
And it also coincides with the idea that u(AU) covers S exactly one time in
the first case and 0 times in the second.

It can further be shown that the Brouwer degree is invariant under uniform
convergence. With that being said, we can extend this very notion of degree
to continuous maps u: M — M’. Furthermore, the following integral formula
holds true for any u € C°(M, M’):

1
vol' (M)
where vol and vol’ are the volume forms on M and M’, respectively. (Surpris-
ingly enough, the integral on the right-hand side of is invariant under
change of Riemannian metric of M or M’, respectively.) Hence, by approxima-
tion and the formula in 7 we can then extend the notion of degree to the
case of Sobolev maps u € WH™ (M, M"). Note that the L™-integrability of Du
is optimal: For a map u € WYP(M, M') with 1 < p < m the integrand in
may not be in L' — so we could possibly not find an approximating sequence
of smooth maps. For further details, see also [21].

Next, we would like to introduce the basics needed in order to study vortex-
type singularities of maps u € WH1(Q; R?) N L*°(2;R?), where Q C R? is an
open set. (Note that we could deal more generally with maps u € W1 (Q;R*)N
L>(,R*), where Q C R? is an open set and & < n. For readers who are
more interested in general theory, see also the discussion found in [I].) Due
to the aforementioned remark we cannot define the degree in this setting by
approximation alone. Here we shall take the distributional approach similar
to the one used in the study of functions of bounded variation instead. The
object allowing us to detect singularities is the (signed) Jacobian Jac(u), which
is pointwise defined as follows:

deg(u, M, M") = / det(Du) dvol, (2.12)
M

_ Ouy Qug  Ouy Oug
 Ory 0wy Omg Oy
where u; and uy are the components of u. On first glance, this does not seem
to be a desirable choice: For u(z) = f’?' on some bounded domain ) containing

Jac(u) = det(Du)

the origin we saw that u has a vortex at 0. But as v maps 2 C R? into the lower-
dimensional set S! we have by the area formula that Jacu = 0 for all z # 0.
(The very same thing can be observed by direct computation.) Consequently,
the pointwise Jacobian is “blind” to the vortex singularity of u. Thus, we are
motivated to take on a distributional point of view, as in the theory of BV-
functions. In this regard, we will first define the pre-Jacobian of u € C>° (£, R?)
as:

jac(u) = <VU7UL> = (<vz1uaul>, <Vz2u,uJ‘> r
( 8u1 8UQ 3U1 a’LLQ)T

U —— — Ul 7, U2 — U] =—
83:1 8x1’ 8x2 8x2
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where ut = (ug, —u;)?. It follows from Schwartz’s theorem that the pointwise

Jacobian can be rewritten in the following way:

div(jac(u)J‘) 0 ( 8U1+ 8U2)+5< 8’U,1 8uz>

T 0w \ 0wy MOms) " 0w \"0m “om
_ Oug Ouy | Ouy Oug | Oup Quy  Ouy Qug

Qw1 01y 012 0xy | Ora a1 Owp Oy
= 2det(Du) = 2 Jac(u).

Now, if u € L>® N Whl we still have that jac(u) € L'. As a result, the
divergence above can be taken in the distributional sense. From this point
on we implicitly assume that Jac(u) is defined in this sense. We conclude
this section with the following relation between the Brouwer degree and the
distributional Jacobian:

Proposition 2.1

Let Q C R? be an open set, S = {x,}5_| for some K € Ny, and u € Wlif(Q\
S;SY). Then the distributional Jacobian Jac(u) is a measure supported in S,
and:

K
Jac(u) = m Z deg(u, 0B, (z1,),S") s,
k=1
where r > 0 is chosen sufficiently small so that the balls { B, (x)}r are disjoint.

2.2 Previous work

2.2.1 Binary discrete spin system

Binary spin systems were first investigated from a variational point of view
in [3], based on which we want to present the relevant results for this thesis.
Such spin systems can be shortly described as follows: Let Q@ C R¢ be an open
bounded subset with Lipschitz regular boundary. Given € > 0 we define:
00 =c72nQ, (2.13)
O = {(i,4): i,4 € A, |i — j| =} (2.14)
(We shall retain this notation throughout the entire chapter.) A pair (¢, j) € ng)
is called a nearest neighbor pair. A binary spin system on a square grid in €2
with grid spacing € > 0 is a map u: ng) — {=1,1} (1 and —1 encoding a binary
choice for the spin.) The set of all such spin configurations will be denoted by
AS..

The authors of [3] take into account several different choices of energies
defined on AS. in the vanishing e-limit through a I'-convergence analysis. How-
ever, here we will only focus on the so called ferro-magnetic interaction with
the energy F.: AS. — R given by:

Bw)=—y Y uliu), (215)

(i,5)eal”

where the sum above is over all nearest neighbor pairs (i,j) € le) without
repetition. The energy in (2.15) prefers the spins on a nearest neighbor pair to



2.2. Previous work 25

coincide (ferro-magnetic case). The factor 2 assures that E. does not blow up as

¢ — 0. (Note that the number of grid points lying in 2, this means #QS:O), scales
like £72 as € — 0.) As already mentioned in the introduction to I'-convergence,
we first need to embed the sets AS. into a common topological space. In
the limit ¢ — 0 we expect the discrete spin configurations to accumulate at
continuum spin fields, defined on the whole set 2. Hence, we must identify
each u € AS. with a map @: QQ — R, defined on the whole 2. In the present
case this is done through a piecewise constant interpolation

@(x) = u(i) for all z € i +eQ, i € Q)

where @Q = [0,1)2. In [3] it is shown that L>°(£2) equipped with the weak*-
topology is the correct embedding space. We extend F. from into L ()
by setting it to be co for any u € L°°(£) that is not a piecewise constant
interpolation of a discrete spin field in AS.. The following I'-convergence result
holds true (see also Theorem 3.1 in [3]):

Theorem 2.10 (Zero order I'-convergence, binary spins)

The functional E.: L=(Q) — R = RU{oc} as described above T-converges with
respect to the weak*-topology of L>(Q) towards the functional E: L=(Q) — R,
defined as:

B(u) = —4|1Q| if u e L>®(Q;[-1,1)),
R otherwise.

Intuitively speaking, this result shows that a sequence (u.) can arbitrarily
mix the uniform states —1 and 1, respectively, at a mesoscopic scale and with
a negligible variation of the minimal energy as € — 0. In order to gain more
insights into the model, we will now attempt a I'-convergence analysis at a next
order where we won’t keep track of the energy but its perturbation from the
minimal value instead, which is restricted to lie in close range J. = o(1) as
e — 0. More precisely, we consider sequences (u.) satisfying:

E(us) = min E, + O(4;).

The minimum of E. is achieved when all spins are either +1 or —1, respectively,
hence:
min B, = 752#99).

In [3] the authors choose d. = &, and we are thus led to study the energy
functional Ee(l): AS. — R:

E, —minE
E(l) _ £ £ _ _ . .
D) = 222 e - u(iu(y)),
(i.3)
which is assumed to be extended to L>°(2) in the same way as E.. The following
I'-convergence result holds true (see also Theorem 4.1 in [3]):

Theorem 2.11 (First order I'-convergence, binary spins)

The functionals Eél) : L>®(Q) — R I'-converge with respect to the strong topology
of L' (Q) towards the functional B : L>®(Q) — R, defined as:

O {4 [ v dHTY we SBV(Q;{-1,1}),

%) otherwise,
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where Jy, is the jump set of u, v, the approrimate normal and |-|1 denotes the
I*-norm in R™.

In contrast to the zero-order I'-convergence result, the spins now accumulate
in domains {u = 1} and {u = —1}, and the limit energy penalizes the ['-
perimeter (also called crystalline perimeter) of the interface between them. As
a further illustration, consider ¢ € (—1,1) and let {c.} C R4 be sequence

converging towards ¢ as € — 0, and such that c. - #ng) € N for all € > 0.
Applying the aforementioned result, any sequence (u.) C L (), where u, is
a piecewise constant interpolation of an element of:

argmin{ E™M (u): E.(u) = ¢}

converges strongly in L' towards a nonconstant u € SBV (Q, {—1, 1}) satisfying
fQudx = ¢ while minimizing the crystalline perimeter of the interface J,
between the two phases.

2.2.2 XY spin system

The respective proofs as well as a more thorough discussion of the results
presented in this subsection can be found in [4] and [6], respectively. Similar to
the previous section we will consider spin configurations living on a rectangular
grid (with spacing € > 0) contained in an open bounded set Q C R? with
Lipschitz boundary. The crucial difference in the present case of the XY model
is that the spins take values in the continuum S' C R? instead of the discrete
set {—1,1}. More precisely, we consider the following set of admissible spin
fields:
AS. = {u: Q) — st}

The extension of the energy in (2.15)) to the XY setting is as follows:

1

E-(u) =3 > uli),ulf)), ue AS., (2.16)

(i,5)eqt?

where (-,-) denotes the Euclidean scalar product in R2. As before, we iden-
tify each u € AS. with its piecewise constant interpolation, extending E. to
L*(2,R?) by oo through this identification. The zero-order I'-convergence
result coincides with the corresponding one for discrete spin systems:

Theorem 2.12 (Zero order I'-convergence, xy)
The functional E.: L=(Q,R?) — R as defined above T'-converges in the weak*-
topology of L™= ($;R?) towards E: L>=(Q;R?) — R, defined as:

E(u) = —4[Q[ ifu e L*(; B),
T otherwise,

where B denotes the closed unit-ball in R2.

Motivated by the similarity to the binary spin setting, we might attempt to
prove a higher-order I'-convergence result by investigating the following energy
functional:

E. — 2#0)

EWM = ,
€ 5.

5. =e. (2.17)
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(a) sharp interface (b) diffuse interface

Figure 2.3: Sharp vs. diffuse interface in the XY model.

Interestingly enough, the above scaling does not give rise to interfacial surface
energies in the limit. (This fact holds true, even when §. = w(e?) as e — 0
(this means lim._,q g—g = 0).) In [4] it is shown that instead of developing in
the limit ¢ — 0 a sharp interface between some vectors a, b € S! it is more
energy efficient to “continuously transition” at a certain rate n. from a to b
(see also Figure and Example 1 in [4] for further clarification.) Motivated
by this example, the authors of [4] investigate the scaling regime §. = £2|log ]|
and prove the emergence of vortices instead of interfaces as ¢ — 0. In this case

the rescaled energy functional Eél) is given by:

E (u) — 52#Q§1) 1
e2|loge| ~ 2|loge]
(

ED (u) = Yo (= (u(@),u()).  (2.18)

ij)eatV

One possibility of tracking the vorticity of a sequence {u.} of admissible spin
fields u. € AS. is to employ the distributional Jacobian on a proper interpo-
lation of u.. Since the extension must be at least Sobolev regular, we cannot
simply apply the piecewise constant interpolation. Given u € AS. we define
its piecewise affine interpolation as follows: For any i € £Z? we let 7, and 7}
denote the triangles

T, == Conv{i, i+eceq, i +e(er+e2)}, T, = Conv{i, i+e(er+e2),i+eea},
respectively, where Conv S stands for the convex hull of the set S. Furthermore,
let @ = [0,1)2 and QP = {i € Qi +2Q C Q). Then for i € Q¥ we
consider the discrete differences:

Aqu(i) = u(i +eer) —u(i), Aqu(i) = u(i+ecez) — u(i).
Given any open set 2 and € > 0 we set:

Q. = U i+ Q.

icq®
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Thus, the piece-wise affine interpolation %: Q. — R? of u is defined as:

€ €
(i) + B A i + ces) + 22 Aqu(i) ifz € T; i€ Q.
(2.19)

() = {u(i) b BERA u(i) + 222 Ayu(i+eey) ifae T, i€ QP

Moreover, let X denote the following set of Dirac measures:

K
X = {N:deamz K eNy, d, €Z, x;, eﬂ}.
k=1

The following first-order I'-convergence result holds true (see also Theorem 3
4]):
Theorem 2.13 (First-order I'-convergence, xy)

Let Eél): AS. — R be defined as in 1) Then the following I'-convergence
result holds true:

(i) (Compactness) Let {us} be a sequence of admissible spin fields u. € AS.
satisfying sup, Eél)(us) < 00, then there exists a measure p € X such

that, up to a subsequence, Jac(t.) EA wu, where t. is the piecewise affine
interpolation of u. as described above.

(i) (Gamma-liminf) Given a sequence {u.} be a sequence of admissible spin

fields u. € AS. such that Jac(a.) 2 wu for some u € X, then

liminf B (ue) > 7|l (2.20)
e—0

where |u| denotes the total variation of .

(iii) (Gamma-limsup) For any p € X there exists a sequence {u.} of admis-

sible spin fields ue € AS. such that J(uc) EA T, and:

limsup EM (u.) < mlpl.

e—=0

Therefore, in the energy regime, where Eél)(us) stays bounded (E;(u.) is

£2|log e|-close to min E.), a finite amount of vortices emerge whose total number
. T sup, Ec (uc)
(counting multiplicities) cannot exceed —F=—====.

While the above first-order I'-convergence result can, in fact, be proved in
the general setting of spin fields on the n-dimensional grid (see also [4]), all the
results from this point on are — to the best knowledge of the author, that is —
only available in the two-dimensional setting. Theorem 3.1 in [6] generalizes
Theorem [2.13|in two ways. On the one hand, the authors consider more general
energy functionals:

Definition 2.16 (Admissible angular potentials, classical setting)
We call a 27-periodic, bounded function f: R — R an admissible angular
potential if and only if:

(i) f(t) > 1 — cos(t) for all ¢ € [0, 27];
(i) f(t) — 1+ cos(t) = O(|t]*) as t — 0.
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Given an admissible angular potential f they investigate the energy func-
tional XY;: AS. — R, defined as:

XYe(u) =5 Y flei) = 9()) (2:21)

(%J)EQ(D

where ¢ is an arbitrary angular lift of u. Note that for f(t) := 1 — cos(t) we

recover the energy functional XYz = [log 6|E5(1) from Theorem [2.13] Given an
arbitrary open set U C 2 we also define the localized version of the XY energy:

XYe(w,U) =5 > fleli) = (),

(z ])EU(l)

for ¢ as before, and Ug(l) being the set of nearest-neighbor pairs contained in
U. On the other hand, the authors of [6] choose a “more discrete” notion of

vorticity for a spin field u € AS. where one assigns to each cell i +eQ i € Qg)
a vorticity value in {—1,0,1}. More precisely, given u € AS. we consider an
angular lift ¢: ng) — R of u satisfying u = €', where ¢ is the imaginary unit.
(We identify R? with C.) For ¢ and i € 0 we introduce the so called “clastic”
discrete differences:

Apli) = Aagli) — 2| 320

: oz

|- At = tat - 2n | 2
m
where |-] is the rounding function that rounds down in the case of a tie-brake.

Furthermore we will use the following handy notation: For any i € Qg) let us
shortly write for the remaining three vertices of the cell i + @ in anticlockwise
order:

j=7@) =i+eer, k=k(i)=i+c(e1+ex), 1=1()=1i+ces.
With ¢ still denoting an angular lift of u, we then assign the vorticity a,, (i) €

(8) ay (i) = —1 (b) ap(i) = 0 (c) (i) = 1

Figure 2.4: Discrete vorticity
{—1,0,1} to the cell i + @, where o, () is defined

(i) = 3 (A0 + Af'o(d) — Af'p(k) — AFe(D)
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(See also Figure for further illustration.) Consequently, we consider the
discrete vorticity measure:

=Y ay(i)6;

icn®

which puts a Dirac with mass a, (i) at the center of each cell i+eQ C Q. In [6], it
is shown that for a sequence {u.} of admissible spin fields u. € AS., satisfying
the energy bound sup, Xﬁ:fg(sz) < 0o it holds that [|Jac(@e) — Tpy, |y — 0 as
€ — 0. For this reason, the same I'-convergence result as in Theorem [2.1

holds true with Jac(@,.) replaced by mpu,,. and o replaced by ‘fg;/; (see also

Theorem 3.1 in [6]). The authors also show a stronger, localized version of the
I-liminf inequality (see also eq. (3.1) in theorem 3.1 of [6]):

Theorem 2.14 (Localized liminf-inequality)

Given a sequence {u.} of admissible spin fields u. € ASc such that pi,_ 2 n=
Y k1 dibs, € X, where dy, € Z for all k and xy, # x; for all k # 1. Then for
any k € {1,...,K} and r > 0 small enough such that the balls of {B(zk)}k
are disjoint, it holds that:

lim inf (XYE(ue,Br(xk)) — 7|dy|log (g)) p—— (2.22)

Applying ([2.22)) for each vortex center thus leads to the improved global
liminf inequality

limiglf (XY (ue) — m|p||logel) > oo. (2.23)
e—

This version is stronger than the one in , since it excludes terms that are
diverging towards —oo at a lower order than |loge|. So, for example, a scaling
such as:

XY (ue) ~ wlulllog | — logllog |

would still be compatible with but not with . Note that this does
not specify the divergent part of XY.(u.) completely, as the liminf in
may still be equal to +00. Nevertheless, we can extract a special case wherein
we can fully characterize the divergence of XY.. In this regard, we consider a
sequence {u.} of admissible spin field u. € AS. such that:

XY (u:) < Kr|loge] (2.24)

for some fixed K € Ny. By the compactness statement of Theorem we
can extract a subsequence without the need of relabeling, such that

K
fue 2> 1= dide, € X, @ # wy for k #1.
k=1

Taking the energy bound in (2.24]) and the inequality in (2.23]) into consideration,
it follows that |u| < K. If we further assume that |u| = K, we become able
classify the divergent part of XY.(u.). In fact:

XY.(ue) = Kml|loge| + O(1), as e — 0.
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This is the starting point of an “approximate” second-order I'-convergence result
for E. where we study the I'-limit of the energy functional:

EY — Kr
1
|log |

XY. — Krlloge| = (2.25)

for some K € N.

Before proceding to the I'-convergence result for the functionals defined
through (2.25)), we first need to introduce several important things. Let K € N
be fixed; we define Xx C X as:

K
XK = {/.}J:de(sxki di € {—1,1}, Tk ;ézl for ]{17&[}

k=1

Accordinly we set:
Dk = {u e WhHH(Q;SY: 77 Jac(u) € Xk, u € Wi)’f(ﬂ\spt Jac(u);Sl)}.

Given a meassure p supported in finitely many points {z;}X ,, K € N, we
define

K
Qe (n) =\ | Br(an). (2.26)
k=1
The renormalized energy is then defined W: D — R:

1
W(u) = lim = |Vu|?dz — Krllogr|. (2.27)
r=02 [, (Jac(u))
One can show that W is well defined on the set Dy . Finally, we will introduce
the core energy. Fix ¢ > 0 and r > 0, and let y(e,r) be the scalar given by:

(g, r) = min{XYE(uE, B,): u(z) = |x—‘ on GEBT}, (2.28)
x
where B,. is the closed ball centered at 0 with radius r, and 9. B,. := 9(B,).NeZ>.
One can show that there exists a scalar v € R (core energy) independent of r
such that:

gi_% (v(s,r) — mlog (;)) =. (2.29)

As a result, the following theorem can be stated (see also Theorem 4.5 in [6]
for a proof):

Theorem 2.15 (Approximate second order I'-convergence, xy)
Let K € N be fixed, then the subsequent I'-convergence result holds true for

XY:, as defined in (2.21)):

(i) (Compactness) Let {u.} be a sequence of admissible spin fields u. € AS.
such that:
XY.(u:) < Kmlloge| + C

for some constant C' < oo independent of €. Then there exists a measure
p € X with |u| < K such that, up to some subsequence, the following
applies:
b b
Hy, =, Jac(ue) = mu. (2.30)
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Furthemore, if |u| = K, then we have pu € Xk and again, up to some
subsequence, the following applies:

e — u weakly in Wli’f(ﬂ \ spt ; R?)

for some u € D, where U, is the piecewise affine interpolation of ue, as

defined in (2.19)).

(i) (T-liminf) Let {uc} be a sequence of admissible spin field u. € AS. such
that ti. — u in L*(;R?) for some u € Dk, then:

lim iglf (XYe(ue) — Krllogel) > W(u) + K~. (2.31)
e—

(ii) (T-limsup) Given u € Dy, there exists a sequence {u.} of admissible spin
fields u. € AS. such that . — u weakly in W22 (2 \ spt Jac(u); R?) and:

loc

limsup (XYz(ue) — Krlloge|) < W(u) + K~.

e—0

The above result can be summarized as follows: The only sequences {u.}
whose XY energy scales as

XYe(u:) = Kr|loge| + O(1) for e — 0

are exactly those that develop unit vortices in the limit ¢ — 0. The I'-
convergence result can be outlined in the following way: Minimizers of XY,
in the logarithmic energy regime Kr|loge| + O(1) (as € — 0) develop K dis-
tinct unit vortices in the limit € — 0 with asymptotic energy given by the sum
W(u)+ K~. Qualitatively speaking, the renormalized energy W prefers vortices
that have the same sign to be located far apart from each other and vortices
of different sign, close to each other (see [16] for further details.) Additionally,
W(u) also measures how “efficiently” u achieves its vortex singularity Jac(uw).
In fact, two different limit configurations u, v’ € Dg with Jac(u) = Jac(u')
may have different renormalized energies W(u) and W(u'), repsectively.

2.3 Problem setup

In this section, we will discuss the generalization of the XY model and state the
corresponding I'-convergence result. Without further mention, m € N denotes
a fixed natural number and Q C R? a simply connected, open set with smooth
boundary. We define ng), Qél), Qg), Q., 0:9, AS; and XY, asin Section
Given u € AS. and an angular lift ¢ of u, we rewrite XYz (u) as follows:

XYo(u) =D flo()) = (), f(t) =1 cos(t).
(i,3)

In the case of the generalized XY model, wa have to consider a modified 27-

periodic functional fe(m) (depending on ¢ > 0) with m wells at 0, %’r, ey
2 (m) _ (M) .27\ ~ 3

(m — 1)=F such that f=7/(0) = 0 and f:"/(k“r) =~ . More precisely, we take

the following class of admissible families of angular potentials:
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1 +i : : - ggm)
_fsm)
6 | —
0 . ! . i
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Figure 2.5: An admissible potential with m = 2 wells.

Definition 2.17 (Admissible angular potentials, fractional setting)
Let f: R — R be an angular potential as in Definition and given € > 0 let
gém), h,(;“) be defined as follows

s Vs
9 (E) = fmt) V eliz o (t), te [T 2m— ],

RE(E) = fmt) + €Lz 0ng)(8), e [T2m— T,

where z V y := min{z,y} for all z, y € R. We call a sequence {fém)}E of 27-

periodic and uniformly bounded functions fg(m) : R — R an admissible sequence
of fractional angular potentials, with m wells, if and only if

(i) g™ (1) < £™ ) < F™(¢) for all t € [0, 27];

(ii) |f8(m) (t) — 1 + cos(mt)| < CJt]3 for all t € (—tg,tg), where to > 0 and C
are independent of ¢;

The conditions imposed in Definition [2.17] are more of technical nature. We
single out the very properties of fs(m) that will be necessary for the derivation
of the upcoming I'-convergence result. The conditions are still flexible enough
to allow for angular potentials appearing in the physics literature (see also
[26]). An example of #&™) is given in Figure [2.5] Note that the upper bound of
Item |(i)| in the vicinity of t = % and Item in Definition imply that
there exists £y € (0, ) and C > 0, which are independent of & such that for all
ke {1,...,m— 1}, the following applies:

£ (t—m> —egc‘t—m
m m

2 2k . 27k

for all t € ( —to, — + t~0> . (2.32)
m m

Definition 2.18 (Energy functionals)
Given a sequence of fractional angular potentials ( g(m))E we define for each

€ > 0 the generalized XY energy functional X v, AS: — R as:

XY@ =3 Y A0 - o), (233
(i)t

where ¢ is an angular lift of u. As before, the localized version of X Yg(m) is
also taken into consideration for an open set U C Q: We also consider for an
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open set U C (Q the localized version

YW@ U) =5 Y f™e) - e()))

( JeulV

with ¢ as before. From this point on we assume XY, to be defined as in (2.21]),
where f is the nonfractional angular potential f from Definition

This time, in contrast to the previously discussed models, we will assume a
Dirichlet boundary condition on the admissible spin fields. That is, we will fix
a boundary datum g € C*°(99;S'). We will then consider the following set of
admissible spin fields ASY):

ASY) = fu e AS.: u(i) = g(i) for i € 8.Q},

where 0.Q = €Z? N 98, and Q. is the union of squares i + £[0,1]2, i € eZ?
contained in 2.

Given u € AS. a pair (i,j) € Q( ) of nearest neighbors is called a jump pair
(of w) if and only if [A®(i, )| > X, where ¢ is an arbitrary angular lift of u,
and:

A%(0.4) = (i) — o(3) — 2| 22D, (2:34)

It is important to add that there is nothing special about the choice of = indeed.
In fact, any positive scalar in (0, %’r) would have also worked here. A cell i+ @),
where i € €Z? lies in €, with the other three vertices denoted by j, k and [ (in
anticlockwise order starting at 4) is called a jump cell if and only if one of the
pairs (i,7), (4, k), (k,1) or (I,4) is a jump pair at least. The set of all indices
i€ 99) such that i 4+ €@ is a jump cell of u will be denoted by JC,,. Let A(u)
denote the piecewise affine interpolation of u € AS., as defined in . Let
us then consider the interpolation AC(u): Q. — R?:

u(?) for x € i +eQ with ¢ € JC,,

AC(u)(z) = {A(u)(iﬁ) for x € Q..

With d, := deg(g, 0£2), we shall denote the following set of measures by X_(Sm):

m|dg|

Xg(m) =< pu=sgn(dy) Z 55%: xp # xy for k #1
k=1

Here the set D_((,m) contains all u € SBV (£;S'), additionally satisfying:
(i) (ut)™ = (u™)™ at H'-a.e. point on J,;
(ii) #H'(Ju) < 003

(iii) w € SBV;2,(Q \ spt Jac(u); S*) with L Jac(u) € Xs(,m);

loc

(iv) u™ = g™ on 0N in the trace sense.
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By applying the chain rule in BV (see also Theorem and the definition
of Dém), we can show that u™ € WH1(Q;S') and Jac(u) = L Jac(u™). Let
~ denote the core energy as in the classical XY setting (see (2.29)) and the

renormalized energy W™ : D_((]m) — R as

r—0

W (y) == lim <m2/ |Vul? dz — |dg|7rm|logr|> , (2.35)
Q, (Jac(u))

where Q,.(Jac(u)) equals (2.26). According to the chain rule in BV, W™ (y) =
W(u™).

Given a H'-rectifiable set S C R? with normal vector field v we will use the
abbreviation

HL(S) = /S vy dH, (2.36)

for the crystalline length of S, where |-|; is the {!-norm of R2. Finally, we state
the main theorem of this chapter:

Theorem 2.16
With the notation described above, the following T'-convergence result holds true:

(i) (Compactness) Let {u.} be sequence of admissible spin fields u. € AS'Y)
such that XY™ (ue) < mldg|mlloge| + C for some constant C < oo

independent of €. Then, there exists a measure p € X;m) such that, up to

some subsequence:
1 b
E,uug‘ — M

Furthermore, there also exists u € ASgg) such that, up to taking a subse-
quence:

AC(uz) — u weakly in SBV;2.(Q \ spt Jac(u); R?).

(it) (V-liminf) Given a sequence {u.} of admissible spin fields u. € ASY
such that AC(u.) — u in L*(;R?) for some u € Dém), then:

P (m) _
111611_3(1)1f (XYE (ue) m|d9|7r‘10g€|) (2.37)
> W (u) + Hep(Ju) + Her({u # g} 0 0R) + mldgly,

where we shortly wrote
{u# g} = {z € 9Q: u(x) # g(x)},
where the condition u(x) # g(x) should be understood in the trace sense.

(iti) (T-limsup) For any u € ’Dg(,m) there exists a sequence {u.} of admis-
sible spin fields u. € ASY such that AC(u™) — u in SBV2.(9\
spt Jac(u); R?), and:

lim sup (X}/g("‘) (ue) — m|dg|7r|log6\>

e—0

= W (u) + HL(Ju) + He({u # g} N 0Q) + m|dyl|y.
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The above theorem shows that correctly chosen interpolations of a sequence
of minimizers {u.} converge as ¢ — 0 towards a limit spin configuration u with

fractional vortices. Instead of assuming the divergence of {X Yg(m)(ue)} (e.g.,
as we did in Theorem , it is the nontrivial degree d, of g that leads to the
emergence of vortices with net-vorticity dy. Similarly to Theorem vortices
with the lowest absolute value (in the present case :i:%) are the ones most
energy-efficient. Therefore, 2 Jac(u) is a sum of m|d,| disjoint Diracs each with
weight %. In addtition to having fractional vortices the limit spin fields
possibly also jump on an H'-rectifiable set .J, such that (ut)™ = (u=)™ at H*
a.e. point of J,. Moreover, the boundary condition is not fully preserved in the
limit e — 0, which is typical of Dirichlet problems in SBV. Nevertheless, we still

have u™ = g™ in the trace sense 99 (by the discussion above u™ € Wh1(Q)).
For small €, the O(1)-terms of X v (ue) are for small ¢ approximately equal
to the sum of a vortex interaction potential (the same as in the classic setting),
which forces the vortices to stay as much as possible away from each other as
well as the boundary, the crystalline perimeter of J,,, the crystalline perimeter
of the part of the boundary on which u does not attain the boundary condition
g, and a fixed scalar term v (the same as the classic setting) for each of the
m|dy| vortices.

Together with M. Cicalese, L. De Luca and M. Ponsiglione, the author has
derived a similar result in [I5], but without the Dirichlet constraint which can
be seen as a more natural generalization of Theorem to the fractional

setting. In this regard, let X[(;n), for K, m € N, be the set of measures given

by:

K
Xgn) = {M:dedxk dk ::I:la Tk #xl fOI' k#l}

k=1
Furthemore, 15%“) contains all u € SBV(;S') such that:
(i) (ut)™ = (u™)™ at H'-a.e. point on J,;
(it) H'(Ju) < o005
(iii) w € SBV2,(Q\ spt Jac(u); S*) with X Jac(u) € Xﬁ}n).

Theorem 2.17
With the notation described above, the following I'-convergence result holds true:

(i) (Compactness) Let {us} be a sequence of admissible spin fields ue. € AS.

such that XY™ (ue) < Kml|loge| + C for some K € N, and constant
C < oo independent of €. Then there exists a measure:

1 K
uzakzﬂdkaxk

with d € Z and xy, # x; for k # 1, such that, up to some subsequence:

1 b
Eﬂug‘ - U
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The measure p satisfies |pu| < K, and if we additionally assume that
|| > K (and hence |u| = K ) it follows that p € X}?‘) and, up to taking
a further subsequence:

AC (us) — u weakly in SBV;2.(Q\ spt Jac(u); R?),

(m

where u € Dy, ) with Jac(u) = wu.
(i) (T-liminf) Given a sequence {u.} of admissible spin fields u. € ASc such
that AC(u.) — u in LY (€;R?) for some u € ’15?(“), we have:
lim inf (XYE('“) (ue) — Kmllog E|) > W™ (u) + HL (L) + Ky (2.38)

e—0

with HY, as in Theorem .

(iii) (T-limsup) For any u € Dﬁ?) there exists a sequence {u.} of admissible
spin fields u. € ASc such that AC(u.) — u in SBV;2.(2\ spt Jac(u); R?),
and:

lim (XYE('“) (ue) — K7r|10g5\) =W (u) + HL (J,) + K.

e—0

Regarding the proof of Theorem [2.16] it will be useful to have a shorthand
notation for a tubular neighborhood of ). In this regard fix § > 0 and set:

Ts = T5(00) == {x € R?: dist(z,00) < §},
Ty = T;7(00) = {x € R*\ Q: dist(z,09) < J},
Ty =T; (09) = {z € Q: dist(z,00Q) < &}.

2.4 Proof of Gamma-convergence

2.4.1 Compactness

In this section, we will prove the compactness statements in Theorem We
assume the same notation as in Section Furthermore, we set N, == m|d,|,
and assume without further mention that (u.) is a sequence of admissible spin
fields u. € AS §9>, satisfying the energy bound:

XY™ (u.) < Nymlloge| + C, (2.39)

for some constant C' < oo independent of €. Additionally, we will shortly write
ve = uM, 4. = AC(uc) and 0. = A(v.), and

Je=|J i+el0,1]
i€JC,

where JC,_ is the union of all grid points i € 02 such that i + e[0,1]? is

a jump cell. Let §g > 0 be chosen sufficiently small such that the projection
IT = [Tyq onto 0N is well defined and smooth in TQ‘;U. Then we implicitly suppose
that g is extended into TQ‘SO through g(z) = ¢(II(z)) and define h := g™ in
T;('SO. Furthermore, we will shortly write O := Q%. Let us start by deriving a
compactness result concerning the sequence (ve):
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Proposition 2.2
There exists a measure v € X,(ll) such that, up to a subsequence,

Lo, N flat in Q. (2.40)
(1

We can also find v € D, ) such that Jac(v) = wv, and such that, up to taking a
further subsequence:

A(ve) — v weakly in W2(Q \ spt v, R?). (2.41)
Before getting to the proof of Proposition [2:2] we need to collect several
preliminary results:

Lemma 2.2
For any U CC Q open, € > 0 small enough (¢ < % dist(U,09)) and v € AS.,

the following holds true:

L IVAW)[*de < XY.(v,U) < 1 |VA(v)|? d, (2.42)

2 Ju. 2 Jo.
where: ]

XY:(uU) =5 > flel)=¢@), ¢ =u

(i.)eU
and: 3 y 5
U= | i+eQ, Q:=[-1,1)
icUl®

Proof. The proof can be found in [4] (see also (2.13)). O

Lemma 2.3
For anye >0, u € AS: and v := u™, it holds that:

XY.(v) < XY™ (u), (2.43)

Proof. Let ¢ be an arbitrary angular lift of u. Following the definition for v,
we know that myp is an angular lift of v. Using the lower bound in Item |(i)| of
Definition [2.17] and the definition of XY., we conclude:

XY™ =5 3 i) - 9())
(i.)ent?

Y fmleli) = @) = XYz (v),

(i,5)ea?®

>

N |

as desired. O

Lemma 2.4

Let K € N, v € Dg such that W(v) < oo, Jac(v)(2) > 0, zo € sptJac(v) and
ro € (0,dist(xg, 0Q)) small enough such that spt Jac(v) N B, (zo) = {xo}. Then
there exists a sequence (a,) C S such that:

r — X

nh_)rréo =0, (2.44)

vla, — Oy
| "l = ol lwzca,
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where A,, is the annulus:
An = AQ—(nJrl)TO’Q—nTO (.’I;Q)

Proof. It was shown in [6] (see also the proof of Theorem 4.13) that for any
r>0

min{;/ |Vw]?da: w € I/Vl’z(A%’,a(xo);Sl)7 deg(w, 0Bz (20)) = 1}
A%‘r(wo)

=mlog2
(2.45)
with the set of minimizers (independent of r) given by:

K= {ax—xo :aESl}.
|2 — 20|
The authors of [6] have also derived (see also Remark 4.4) the following repre-
sentation for the renormalized energy:

r—0

= /1
= E (/ |Vv|2dx—7rlog2>.
2 Ja
h=0 n

By (2.45)), each term in the series above is non-negative. Hence as:

1
W(v, By, (29)) = lim 7/ |Vo|? dz — 7|log 7|
2 Ar‘ro(xO)

W(v, By, (29)) < W(v) < 00

the series turns out to be convergent, thus:

n—o00 2

1
lim f/ |Vo|? = 7log(2). (2.46)
An

Let us suppose by contradiction that there exists a § > 0 such that for alln € N

r — X > s
W12(A,)

inf inf
neN aes?

v An

—«
|z — o]

This (see also (4.19) in [6]) implies that there exists a scalar w(d) > 0 such that
for all n € N:

1
= / |Vo|? do > wlog 2 + w(d)
2 Ja,
which directly contradicts (|2.46]). O

Lemma 2.5
Let v e WH2(Q;R?) (Q simply connected) such that v =h on 0Q (in the trace
sense) for some n € C*°(98%;SY), then:

/ Jac(v) dz = 7 deg(h, 0). (2.47)
Q
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Proof. This is a classic result (see for example (0.3) in [21]). O

Lemma 2.6
Let U C R? be an open bounded set and (vy,), (w,) C WH2(U;R?) such that:

i [lv, — wn |[2([[Voall 22 + [[Vwnll22) = 0,
n—r oo

then: ,
Jac(vy,) — Jac(wy,) = 0 flat in Q.

Proof. See also Lemma 2.1 in [§]. O

Proof of Proposition[2.3 1. step: By the estimate in (2.43) and the energy
bound in (2.39)), we have that:

XY.(v.) < Nyrlloge| + C (2.48)

for a constant C' < oo independent of e.

1. step: For each € > 0, we extend v into Q%) by setting v.(i) == h(i)
outside of ng). We will shortly define by @, the piecewise affine interpolation
of the extended spin field v.. Let us fix i € Oéo) \ng) and let j, k, [ denote the
remaining vertices of the cell i + [0, 1]? (in anticlockwise order). Furthermore,
let x € T, = Conv({3, j, k}). By the definition of 9. (see also (2.19)) and the
mean value theorem we can estimate:

|Vz~)€(x)|2 = |V611~15|2 + |V621~)5|2
= e 2(|h(j) = h(D)* + [h(k) = h(5)[*)
= e 2(IVR(&) (G —i)* + IVh(v)(k = 5)*)
= 2||VhHL<>°(T2+50)7

where £ € [i,j] and v € [j, k]. Hence, by (2.42)) and (2.48)) the following energy
bound holds true for all ¢ > 0:

XY (ve,0) < XVe(ve, ) + [T || Vhl| oy,
< Nyrlloge| + C,

where C' < oo is a constant independent of . By Theorem applied in
O, we can find a point measure v € X(0O) with |v| < Ny such that, up to a
subsequence:

K
o, —b\V:deé@c7 di € Z, x € O, x1, # a7 for k # 1.
k=1

Note that for the same subsequence we also have that Jac(d.) 2 7w flat in O.
2. step: Let us fix a ¢ € (0,dy) and consider the continuum spin field:

0e () ifxeQ,
e () = ¢ (1 — +dist(z, 00))0.(z) + § dist(z,0Q)h(z), ifz €Ty
h(z) ifxEng\T;.
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By the definition of @, the bound on XY, (ve, O) from before and (2.42) we see
that:

10 — wEHLQ(T%)(”{}EHL%T;B) + HwaHLZ(T;O)) < C(h)e*V/|loge| = o(1)

as ¢ — 0, where C'(h) is a constant independent of . Consequently, due
to Lemma and the compactness result for (Jac(?:)). we can see that, up

to a subsequence, Jac(1,) 2y flat in O. Let us now consider an arbitrary
test function p € C°(0) such that p = 1 in Q U Ts. By definition of weak
convergence, we have:

K

/OJac(u?E)pdx — (v, p) = Wdep(xk).

k=1

As |w.| =|h|=1in Tz;(: \ 75", and hence Jac(.) = 0 in ng\Tgr, we can write

by @17

/ Jac(iv.)pdz = / Jac(i,) dz = 7 deg(h, d(Q U Ty)) = 7N,
O QUTs

Since this reasoning works for any p € C°(0) as long as p = 1 in Q@) we
follow that spt v ¢ O and v(0) = Ny. By the arbitrariness of §, we conclude
that spt(v) C €.

3. step: We have already shown that |v| = N,. Thus, it follows, by the
compactness statement of Theorem [2.15] applied to the set O instead of 2, that

there exists v € Dém)(O) such that, up to a subsequence:
. — v weakly in W,)2(O \ spt Jac(v); R?).

Let us assume by contradiction that there exists a vortex center z¢ € spt Jac(v)N
0. By the smoothness of 012, there also exists a scalar r € (0, Jp) and cone C
with vertex o, as well as an opening angle a € (0, 7) such that CN B, (xg) C ng
and B,.(zo) Nspt Jac(v) = {xo}. So, on the one hand, we have by the definition
of extended spin fields (v:) that v = g in ng , and hence:

/ Vo2 dz < oo. (2.49)
c

On the other hand, with Lemma we can find a sequence (\,) C S! such

that:
. T — Xo
lim
n—oo

vla, — A (2.50)

ny_ )
|-'17 - .’130| Wi.2

where A,, = Ay-(n+1),2-n,-(20), and hence:

/ |Vo|? do > /
CNA, CNA,

> %log@)

2
v (/\ S )‘ dz + 0psoo(1)

|z — x|

for n > N, where N € N is chosen sufficiently large enough. This is a contra-

diction to (2.50]). O
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In the next lemma we will show that Hl(JAC(uE)) remains bounded as
€ — 0. This is a nontrivial property since upon first glance the logarithmic
energy bound in (2.39) does not seem to exclude H'(Jac(u.)) ~ [log(e)| as
e — 0.

Lemma 2.7 (Uniform bound on the length of the jump set)
Let (e,) C Ry be the subsequence from Proposition then:

sup’Hl(JAc(uEn)) < 0. (2.51)
g

Proof. For the sake of simplicity, we will write (u.) instead of (u., ), and (v.)
instead of (ve,). Furthermore, we will set @, := AC(u.) and o, == A(v.).

1. step: By definition J;_ is contained in the edges of jump cells of wu..
Moreover each jump cell must contain one nearest-neighbor pair (4, j) for which
we have, by the lower bound in Item |(i)| of Definition that:

FE(peli) = pe(f) Z &, €% = ue.
Consequently, we can estimate:

HY (Ja.) < 4de- #JC,. < 8XY. ™ (u,, J.). (2.52)

J. = U i+ [0, 1],
i€JC,

By the energy bound, (2.39) this leads to:
H' (Jz.) < Clloge| (2.53)

for a constant C' < oo independent of e.

2. step: Now our goal is to improve this estimate. Let v denote the limit
from , and fix r > 0 such that the balls B,(zx), k = 1,..., Ny, are
disjoint, where {z}} = spt(v). By the convergence in (2.41]), the smoothness of

g, (2.43)), the localized lower bound in (2.22)), (2.42), and (2.52]) we have for &

small enough

C > XY™ (u.) — Nyr|loge|

NQ
>3 (XVewer Bren)) = mlog (1)) 4+ XV 00,00 (v) — Nyliog
k=1

> C 4 XY (ve, Q(v) \ J2) + XY™ (ug, Q,.(v) N J.) — Nyz|log 7|
~ 1
> c+f/ V6.2 dz — N, [logr| + ¢ H (Ja. N Q) (2.54)
2 J s (w)\ -

for constants C' < oo, C' > —oo and ¢ > 0 independent of . (Note that in
the last estimate above we have used that Q. C (£2,). for sufficiently small ¢.)

Also, by (2.52) and (2.41)), we see that:
|J.| < #JCy. - €2 < 2XY ™ (u.)e < Celloge|
for a constant C' < oo independent of €, which implies:

|Vic|la,, wng. — |Vv|lg,, o) weakly in Lz(QQT(V))7
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where v is the limit from (2.40]). As a consequence, by the lower semicontinuity
of the norm and the definition of the renormalized energy W, this leads to:

1
lim liminf | - U |* dz — Nym|l
fimylim3p <2/mrw€'v“f' ’ g”'w')

1
> lim <2/ |Vo|?dz — N,7|log 27’|) — Nymlog 2
Qo

r—0
> W(v) — Nymlog2. (2.55)
Combining (2.54) and (2.55), we derive:
HY (Ja. NQ,) < Cw) +ale,r), (2.56)

where C(v) < oo is a constant independent of r and ¢, and the remainder
a(e,r) > 0 satisfies: limsup, _,,limsup,_,,a(e,7) = 0. Passing to the limit
e — 0 and r — 0 (precisely in this order) in (2.56)) concludes the proof. O

The following lemma compares the gradients of AC(u.) and A(v.):

Lemma 2.8
There exists a constant C(m) such that for all e > 0 and u € AS'Y, it holds for
all © € Q, that:

[VAC (u)(2)[* < C(m)|A(v) (), (2.57)

where v == u™.

Proof. By the definition of AC(u), all we have to do is check the inequality

for x € i +eQ with i € P \ JCy, as AC(u.) = 0 a.e. in J.. Let us assume
that « € T, with vertices denoted by 4, j, k (in anticlockwise order) and take

K3
an angular lift ¢ of u. Using half-angle formulas we can express the squared

distance between u(i) and u(j) as

i) — i) = 2sin? (L2 ) 1 - cos(ioti - ()
Similarly we also have

(i) = v(§)? =1 = cos(m(e(i) — (),
and therefore we can write

u(i) —u()? 1 —cos(e(i) — (i)
(@) —v()* 1= cos(m(e(i) — ()
1—cos(t)
1—cos(mt)
is not a jump pair, and hence Af'e(i) < Z, the difference angle ¢(i) — ¢(j) is
uniformly bounded away from %” + 27wZ and we can bound:

The function t — has its only singularities at £F + 27Z. Since (3, j)
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for a constant C(m) < oo only depending on m. The same holds true if we
replace (4, j) with (j, k). By the definition of the AC(u)(x) as well as of A(v)(x),
we conclude:

IVAC (u)(2)[* = e (Ju(j) — u(@)* + |u(k) — v(j)[*)

< C(m)e?(jv(5) —v(@)* + Ju(k) — v(j)*)

= C(m)|VA(v)(=)[*.

The case x € T, works similarly. O

Starting from a discrete spin field u. we either take the m-th power ul®
of u. and interpolate the resulting discrete spins — an operation which would
lead to A(u) —, or we could first interpolate u. and then take the m-th power
(AC(uc))™, respectively. The next lemma shows that (AC(u:))™ and A(u™)
are close in L?-sense for small ¢.

Lemma 2.9

Jim / (AC(u2))™ — A(u™)[2 dz = 0. (2.58)
Q

e—0

Proof. Let us shortly write 4. = AC(uc), 0. = A(ul) and w, = 4. Consider
ie? \ JC,,, and denote the other remaining vortices of i +¢[1,1]? by 7, k, [
in anticlockwise order. Let « € T, := Conv({4,J,k}) (similar as in the case

z € T, == Conv({i,k,1})). By ([2.57), it follows that:
Vi (z)]* = m?|Vii.|* < m*C(m)| Vi[>

As w. and v, coincide at grid points, we derive by the intermediate value
theorem and the bound above:

e () — 5e($)|2 < 2(|we () — wE(i)|2 + [0e(x) — 66(2”2)
<2(1 4+ m?C(m))|z —i*(|Vw. (&)]? + [V (2) )
< C(m)e?| Vi, |?,

for a constant C'(m) < co only depending on m. In the case z € i + £[0, 1)? for
i € JC,, we use the estimate

[ () — 5.(2)? < 4

instead. As each jump cell contains at least one jump-pair, which itself con-
tributes at least € to the energy, we see, by (2.39)), that:

|J.| = #JC,. -* < Celloge|

for a constant C' < oo independent of €. Combining all the aforementioned
estimates leads to:

/|w8(x) — b(2)[2 da :/ . (2) —178(x)|2dx+/ . () — 5. (2)|? de
Q Q\Je Je
< c<m)52/ Vo2 dz + 410.] = 0.0(1)
Qe

as is desired. O
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Proof of the compactness statement in Theorem[2.16 Set 4. = AC(u.) and
¥ = A(ve), and assume that we have already selected — without relabeling — the
subsequence from Proposition We already know that, up to a subsequence,
by, 2 po= +v € X;m), where v is the limit from Fix r > 0
small enough such that the balls in B,(zx), k = 1,..., N, are disjoint, where
{z1} = spt(p). We wish to prove that:

sup <||/&E||LOO(QT(#);]R2) —|—/ |Vﬂ€\2dm +H1(J7]E N Qr(ﬂ))> < oo. (2.59)
>0 QT(N)

By the fact that ||@.||r~ < 1 and Lemma we only need to bound the
approximate gradient in (2.59)). With (2.57) and Propositionwe have:

sup/ Vi |* dz < C(m) sup/ |V ? dz < oo,
e>0JQ.(n) e>0JQ,. ()

as is desired, where C'(m) is the e-independent constant from . Using
Theorem we can find v = u(") € SBV?(Q,(u); R?) such that, up to a
subsequence, . — u weakly in SBV?(£,.(1);R?). By a standard diagonal
sequence argument, we can find a common subsequence such that 4. — u
weakly in SBV;2.(Q \ spt y; R?). It remains to prove that u € Dé(,m). For this,
note that by Proposition [2:2] we have that, up to a subsequence, . — v, where
v E D;m(Q). Furthermore, by it follows that u™ = v at a.e. point in €.
With Theoremthis shows that |u| =1 a.e., (™)™ = (u™)™ at H'-a.e. on
Ju, and:

1
Jac(u) = o Jac(u)™ = p.

Finally, by the lower semicontinuity of the perimeter with respect to weak
convergence in SBV? and (2.51) for any r > 0 small enough, it holds that:

HY (T, N Qe (1)) < nm%lmluﬂs NQ (1) <supH(Ja.) < oo.
e e>0

Taking the limit » — 0 in the estimate above, concludes the proof. O

2.4.2 Gamma-liminf

In this subsection, we will prove the I’-liminf inequality stated in Theorem [2.16
We assume the same notation as in Section 2,41l It is not restrictive to assume
that the energy bound in is achieved by the sequence (u.), since in the
other case the liminf inequality is trivially satisfied. Furthermore, we select a
subsequence (without relabeling) for which the liminf in is, in fact, a
limit. As (2.39) is satisfied, we can apply the compactness statement in Item
of Theore which shows the existence of a u € ng) such that, up to
taking a subsequence:

AC(u.) — u weakly in SBV;2,(Q \ spt Jac(u); R?),
A(v.) — v weakly in W,22(Q\ spt Jac(u); R?,

ocC

where v = u™.
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Let 9 > 0 be small enough such that the projection ITyq is well defined
and smooth. We extend g into T, by setting g(z) = g(Ilsq(z)), and define
h == g™ in T5,. From this point on, we implicitly assume that u. and v, are
extended into (Q(éo))?) by setting u. (i) == g(i) and v.(i) := h(i) outside of
ng), respectively. Directly by the definition and the previous convergences, we
see that:

AC(ue) — u weakly in SBV;2.(Q00) \ spt Jac(u); R?), (2.60)
A(ve) = v weakly in Wi)’cz(Q(‘SO) \ spt Jac(u); R?), (2.61)
where v = u™ a.e. in Q%) := and u = g a.e. in ng (and hence also v = h

a.e. in T;O ). Our main goal is to show a corresponding liminf inequality for the
sequence (u.) of extended spin fields:

Proposition 2.3
With the notation above, it holds for any § € (0,dp):

lim (XYE(‘“) (e, 2®)) — N, |log €|)

e—0

(2.62)
— W)+ [ a4,
J.NQS)

where 7y is the core-energy defined in (2.28)) and:

W) (4, Q) == lim m2/ |Vu|?>dz — Nyr|logr| | .
Q) (Jac(u))

r—0

Before coming to the proof of Proposition let us show that it leads
directly to the desired liminf inequality:

Proof of the T-liminf of Theorem[2.16. By the definition of W™ (u, Q(®)) and
the smoothness of g, we can write

W (1, Q@) = W (1) 4 m? / VP dz = WO () £ 0540(1).

By Lemma [2.1) and the smoothness of g we have that:

/|z/u|1d7-ll / |uu|1dx+/ vl dH,
nQ {u#g}ﬁ(’)ﬂ

where vq is the outer unit-normal of 2. Moreover, with | and the smooth-

ness of g, we see that for J € (0, %0)

e—0 e—0

lim sup XYE(“‘)(uE,T;') <lim sup/ |VA(g)|* dz
(T25(82))
< C[|Vgllpe=|T2s| = 05-0(1).
Combining all the aforementioned results with (2.62) then leads to:
imi (m) _
hrsn_:(r)lf (XY6 (ue, ) Ngﬂ|log5|)

> lim inf (XYE(‘“)(uE, Q) — Nyrlog 5|> — limsup XY™ (u., T;")
e—0 e—0

2W(u)+/ AR dHl—i—/ lvali d?—[l—i—otsﬁo(l).
Ju {u#g}NoQ
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The desired liminf inequality follows by sending § — 0. O

The remainder of this subsection will be concerned with the proof of the
convergence in Proposition 2.3] Without further mention, we assume that u.
and v, are properly extended into €72 N Q%) (as described in the beginning
of this subsection), and shortly write 4. = AC(u.) as well as 0. = A(ve).
Let us also fix § € (0,8y) and define O := Q). The main idea at this point
is to split the domain into two components: a tubular neighborhood around
a part of the jump set J, and its complement (see also figure Figure for
further clarification). More precisely, as J, is H'-rectifiable, we can find a

Figure 2.6: Discretized tubular neighborhood around Jy (blue).

family {C;};en of compact C'-graphs such that #'(J, \ U,cnCi) = 0. Let
= %Jac(u), then for fixed d > 0, r > 0, and N € N we define

N
TéYT ={x € O, (p): dist(z,JY) <6}, TN :=J,N (U C’i> .
i=1

From the piecewise C'-regularity of the curves {C;} we cannot assure a priori
that 8Té\fr is Lipschitz regular. We will now replace Té}[r by a set Té}; which

has a Lipschitz boundary and satisfies TéYT cT é\fr cT. ﬁ,r' Note that for all
e > 0 the set (O\ T, éYr)E has a Lipschitz regular boundary with:

dist(9(O \ T,)-, TN,) < V2.
Consequently:

T = 0\ (O\TY) 4

has all the desired properties. Outside Té\g, the following estimate holds true:
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Lemma 2.10
Together with the above specified notation, we have:

lilergiglf (XYE("‘)(uE, O\ Té\fr) = Ngw\logd)

(2.63)
> W () + Ny — %/ IVl de,
TN

d,r
where YW(™) (u) is the renormalized energy of w in the extended domain O.

Proof. By construction we assured that 9(O \Tévr) has Lipschitz boundary,
hence we can apply the liminf mequahty - for the sequence {ve} restricted
to the set (O \ Td N ). With Item |(i)| of Definition and the definition of

W) - this lead to:

lim inf (Xyg‘“) (e, O\ T,) — Nyrllog e|)

e—0
> liminf (XY2(5.,0\ T,) = Nyrlloge|)
>W(5,0\T},) + Nyv

> W™ (y) + Ny — 2[ |Vu|? d,
TN

d,r

as desired. O

Inside the tubular neighborhood Té\’fT the following liminf inequality holds
true:

Proposition 2.4
Together with the above specified notation, the following holds true:

lim inf XV, ™ (u., TN ) > / V|1 dHE (2.64)
e—0 ’ INAO, (1)

Before getting to the proof of Proposition let us first show that it leads

together with (2.63]) to (2.62)):
Proof of Proposition[2.3. Combining (2.63) and - we derive:

lim (XY("‘) (e, O) — Ng7r|log€|)

e—0
> hrsn_gnf ( Y™ (u., 0\ Tévr) - N, 7r|10g5|) + lilsn_%lf Xﬂ(m)(us,fé\;)
> Wim(y / vals dH! +N,y — a(d,r, N), (2.65)
where:
a(d,r,N) = =3 | [Vul de =24 (J,\ (I N O ().
2,

As |Vu| € L?(0O,(u)), we have that:

Clll_r%a(d r, N) —2H1(Ju \ (']iv N O7(M)))
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By the definition of JY and the fact that H'(J,) < H'(J,NQ) +H' (9Q) < oo
(see also (2.51))) it follows that:

lim lim lim a(d,r,N) =0.

r—0 N—oco d—0

Thus, letting d — 0, then N — oo, and finally » — 0 in (2.65) (in exactly this
order) leads to the desired result. O

As the proof of Proposition [2.4] is rather technical, we will split it up into
several lemmata. We start by defining exotic nearest-neighbor pairs:

Definition 2.19 (Exotic pairs)

Given w € AS.(0) we call (i,5) € O an exotic nearest-neighbor pair if and
only if:

2
dist( (i) — (). —2Z) > z. (2.66)
The set of all exotic pairs will be denoted by N.(w).

Note that there is nothing special about the choice of the power % in 1’
In fact any power in (0, ) would also work. In the next lemma, we estimate
the number of exotic pairs of u. as ¢ — 0.

Lemma 2.11
There exists a constant C > 0 independent of € such that:

#N,(ue) < Cs_%|log5|. (2.67)

Proof. Given any exotic pair (i,j) € N¢(uc), we have by Item |(i)| of Defini-
tion [2:.16] and Taylor expansion:

m2e5 < 1 — cos(m{/e)

< 1—cos(m(pe(i) — ¢=(7))) < ™ (e (i) — 0= (4)),

N |

where ¢, is an arbitrary angular lift of u.. Summing the above inequality over
all exotic pairs and employing the energy bound (2.39)), we see that:

1 2 . .
#Ne(ue) ’ 51’(1253 < Z fs(m)(@s(z) - SDE(]))
(4,5)ENe(ue)
< 2XY™(u.) < 2N,7|loge|.
Dividing both sides of the estimate above by %msg, leads to 1) O

Let us define E™® as the union of 9(i + £[0, 1) over all cells i + ¢[0, 1)

containing at least one exotic pair of u.. Due to :2.67) we see that the proportion

of the jump set J;,_ contained in Eg(ng) has negligible perimeter, as ¢ — O:

1
HY (Ja. N EM®)) < HY(EME)) = 5 8# N, (u.)e < Clloge|/e — 0 as e — 0,
(2.68)
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where C' < oo is a constant independent of €. Hence, in order to prove ([2.64)),
we can ignore the part of J;_ contained in E§“g>. Let us finally define the map

J: (R 5 (®R2)Y through:
J(iyi+eer) = (i — eeq, i) for all i € eZ?,
T (i,i+cep) = (i — geq,i) for all i € eZ2,
J(i,§) = T (j,4) for all (i, 5) € (R*)(V).

Note that we will usually write (%, 7) instead of 7 (4, 7). In the next lemma, we
will show that given an edge [i, 7] such that [¢, j] N Ere) — (, the jump of .

on [i, 7] is equal to |ue(2) — u:(j)| up to an error that is negligible, as ¢ — 0.

Lemma 2.12
Let (i,7) € O such that the edge [i,7] N E™) =, then for all x € [i, 4] it
holds that:

e (i) — ue ()] — 2V < [ (2) — 7 (2)] < Jue(l) —ue(j)| +2Ve.  (2.69)

Proof. Without loss of generality, we assume that j = i+ee; (the proof is similar
in the other case). Furthermore, we choose the normal v;_|[; ;) such that it points
upwards. The estimate in is trivially satisfied if H'(Ja. N [i,5]) = 0.
Let us therefore assume that " (Jz. N [¢,7]) > 0, which by the definition of
e = AC(u) can only hold true if at least one of the cells i+¢[0, 1]% or j+¢[0, 1]
is a jump cell, where in our current setting 7 =7 — eey and j = 1.

]]

(a) Both cells jump-cells. (b) Bottom cell jump-cell.  (c) Top cell jump-cell.

>

Figure 2.7: Possible cases for cells attached to the edge [i, j]

In the case that both cells are jump cells (see also Figure 2.7(a)]), we have
for all z € [i, j]:
it () — ag (2)] = Jue(i) — u=())];
and (2.69) is satisfied. In the case that i+¢[0,1]? is a jump cell while i+ [0, 1]?
is not (see also Figure [2.7(b)), we see that for all z € [, j]:

LNLE_(I) = ue(i).
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As i +¢[0,1]? is not a jump cell, (i,5) cannot be a jump pair. Furthermore, as
[i, 4] N E™® = () it follows that:

|ue (i) — ue(4)| < Ve.

Hence:

which is the desired upper bound in . The lower bound follows similarly.
Lastly, in the remaining case that 7 + £[0, 1] is a jump cell while 7+ ¢[0, 1]? is
not, we have that:

it (2) = u-(j).

Moreover, as [¢,j] N E™® = () we also have [2, 7] N E™) = (). Consequently:

max{|ue (§) — ue (i), lue (i) — u-(j)[} < Ve

Combining the aforementioned results, we thus conclude:

@ (@) — itz ()] = Jue(3) = ue(6) = = (ue(5) = (@)
< Jue(i) = ()
< Jue(3) = we ()] + ue(5) = e )]
< Jue(d) — u()| + 292

which is the desired upper bound in (2.69). The lower bound follows similarly.
O

Let Te(ng) be the union of all cells i + €[0,1]?> C O, each one containing at
least one exotic nearest neighbor pair, and:

T. = Tgf A\ T8,
We also define:
B = | J{li.]: (i.4) € (1), [ (@) — i (2)] < 3 for all z € [i, 5],
as wells as:
B = J{dl: () € (@D faF () — i (o) — 2sin(D)] < 3952
for all z € [i,j] and some [ =1,...m — 1}.
By Lemma we see that for € small enough any edge [i, 7] C T must be

either contained in EE(S) or in Eéb). We are now well equipped in order to prove
(12.64)).
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Proof of Proposition[2.4} 1. step: We wish to employ Theorem For this
consider for given ¢ € (0,1) the function ¥;: R? x R? — R defined as
t+ ﬁf(tﬁ)m — b if |a— b < 2sin(Z),

1 otherwise.

’l9t (a, b) = {

By a straightforward computation one can see that ¥ is positive, symmetric,
and satisfies the triangular inequality. As [u*(z) —u™(2)| > 2sin(Z) for H'-
a.e. ¢ € J, we see by (2.9) with J; as above and ¢ = |-|;

/ i = [ ]y
JNNO. (1) JuNTY

g

< lim inf  (at,az)dH. (2.70)

2. step: We will now show that the last integral in (2.70]) can be restricted

to Ji, N Egb) without perturbing the liminf “too much.” In this regard, notice
that by Lemma we can write

Ja. NTY (Jﬁg N E§b>) U (Jﬁe N E§S>) U (Jﬂg N E§Hg>) . (2.71)
By (2.68) and the boundedness of ¥, we have:

limsup/ V¢ (af, a7 ) dH' < Climsup|loge|¥e = 0, (2.72)
e—0 Ja. NE&E) e—0
where C' < oo is a constant independent of . Due to (2.51), as well as our
choice of ¥; and Eés), we derive that:

1-—-t¢
limsup/ V¢ (ut, a7 ) dH' < limsup (t + 77\3/5) H' (Ja,)
Ja.NES) 2s

e—0 e—0 Hl( E)

<Ct (2.73)
for some constant C' < oo independent of ¢ and ¢. Combining (2.6)), (2.72]), and
(2.73) leads to:

e—0

/ Oy (al, a7 ) dH < liminf / Dy (ad, ;) dH
TaeNTY Ja.NE®
2T

—|—limsup/ d(af,az) dH?
e=0 Jya n(BOUEN)

Ue

e—0

< liminf / e (af,az ) dH +Ct  (2.74)
Ja.NE®

for the same constant C' as in (2.73)).
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3. step: It remains to estimate the liminf in ) from above. Let us
consider an arbitrary edge [¢,j] C E b) , then by the deﬁmtlon of E(b) nd
(2.69), we see that the pair (i, 7) satisﬁes.

us(i) = uc(3)] > min @ (x) — @z (2)] — 29 > 2sin (=) 5=

z€[i,7]

Hence, we can find g9 > 0 independent of i and j such that for all € < gy the
pair (i, 7) is forced to be a jump pair. By Item |(i)| of Definition this leads
to:

/J (it A dH < e < f (o) — (), (275)

aeN[i,g]

where @, is an angular lift of u.. Note that for each edge [i, j] C Eéb) we have
that (7,7) € (TC{YT)S). Furthermore, the map J is one-to-one, and thus summing

up li over all edges [i, j] contained in Eg(b) and eventually taking the liminf
as € — 0 leads to:

liminf/ Oy (ut, a7 ) dH! <hmmeY< ) (ue, TN)). (2.76)
Ja.NE® '

e—0 Ue

We combine (2.70)), (2.74), and (2.76):

hmlanY(m)(ug,Td ) > / |1 )1 dH! —Ct
J N0 (1)

e—0

for some constant C' independent of ¢t. This concludes the proof — after letting
t— 0. 0

2.4.3 Gamma-limsup

In this subsection, we will write u € Dg(]m) for a general limit spin field and set
po= xJac(u) = %ZkNL 0z, where N, = md, and define Z = {% k=
1,...,m—1}. Without loss of generality, we will assume that sgn(deg(g, 092)) >
0 (the other case works in the same manner). Fixing r > 0, we will first
construct the recovery sequence “close” to the vortices of p. In the case of the
non-fractional theory, the authors of [6] have investigated for fixed € > 0, r > 0,
2o € Q and X € St the following minimum problem:

Ye(r, 0, \)
= min{XYE(U): v € AS: (B, (x0)), v(z) = A

Tr — X

on 0.B,(xo)

(2.77)
They derive the subsequent limit behavior for ~.(r,zo, A) as defined above:
There exists a scalar v € R (also called the core energy) independent of r, xqg
and A such that:

|z — o]

lim (75(7“ xo, A) — mlog (g)) =7. (2.78)

E—
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In our fractional setting, correspondingly, the following minimum problem is of
interest to us:

Wém) (T, Zo, )\)

Tr — X

= min{XYE(m)(u): ue AS™ (B, (x0)), u™(z) = A on GEBr(xo)}

(2.79)
We wish to transfer the convergence result in (2.78)) to our modified minimum
problem. Let us start with an elementary estimate:

|2 — x|

Lemma 2.13
Foralle >0, r >0 and o € R?:

A () > e (r,, ). (2.80)

Proof. Let ue,x € AS:(B,(zo)) be a minimizer for 75‘“) (r,x0,A) and set
Ve rx = u™. The boundary condition in 1) implies that ve .\ = ’\|§:§3|
on 0. By (xg). Consequently, ve , x is a competitor for the minimum problem in

([2.77). By the lower bound in Item [(i)] in Definition 2.17}

XY;-(m) (Ue,r,)\) > XY, (Ue,r,)\)

which leads to (2.80). O

In contrast, the reverse inequality to the one stated above is in general
false. We would like to briefly highlight the main difficulty in attempting to
prove the reverse estimate: Given a minimizer v, , x of the problem in (2.77))

Ve, r

with v, . denoting one of its angular lifts, we might consider u., = e™m
which by construction satisfies ul, y = ve . In particular, this is a competitor
for the minimum problem in . The crux of the problem is that we
generally have: XYE(m)(ugﬁr) > XY.(ver,), s ue, might have “many jump
pairs”. More precisely, any nearest-neighbor pair (4,j) satisfying v, (i) —
Ver(j) € 2nZ\ 2rmZ is a jump pair of u. - » and contributes € to the difference
XYE(m) (ter) — XYe(ve ). We will not be able to show that the number of such
nearest-neighbor pairs is negligible, meaning o(é)7 as € — 0. Nevertheless, we
will prove that it is of order O (%), and hence small if r > 0 is small. (We will
later see that this estimate will still suffice for the construction of the recovery
sequence. )

The proof of the above estimate partly employs basics from the theory of
l-currents, which we would like to present now (see also [35]): Let A'(R")
denote the set of linear functionals on R and {dxz}}_, its canonical basis dual
to the standard basis {e;}}_; (dzk(e;) = d;;). Given an open set Q C R”, we
define D!(£2) the set of all smooth, compactly supported differential 1-forms
w: @ — AYR"™). An example of such an w is the differential of a function

p € C(£), defined as:
dp = — dxg.
¥ ; O Tk

A 1-current T is a bounded linear functional on D(Q)) (,where D'(Q) is
equipped with the ||-||co-norm). We denote the set of all 1-currents on 2 as
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D1(92). For any current T' € Dy (2), we can define a generalized notion of bound-
ary: The boundary 0T of T is a distribution such that for any ¢ € C°(Q), we
have:
T () = T(de).
The mass M(T) of a 1-current T is simply its dual norm:
M(T) = sup{T(w): w € D}(), ||w|/oo < 00}.

By an application of Riesz representation theorem one can show that there
exists a unique scalar Radon-measure pu7 on §2 and a ppr-measurable function
T:Q — AY(R") such that for any w € D*(€) it holds that

T(w) = /Q w(TydH? .

Let us consider a simple example: Any regular curve v: [0,1] — Q can be
identified with a 1-current [[y]] acting on any w € D(Q) as follows:

i [ ()

where s is the curve parameter. We remark that under this identification
and the fundamental theorem of calculus it holds that O[[Y]] = (1) — dy(0)-
Furthermore, the mass M(7T) of T is equal to the length of ~.

Lastly, we discuss a relation between 1-currents and the flat norm of a signed
measure p on €2, defined as:

| ellp = sup{/ﬂsodu: € CZ (), [[¢lloo + Lip(p) < 1}, (2.81)

where Lip(¢p) is the Lipschitz constant of ¢. Moreover, we have that

aT%n:MM(T) =min{M(T): T € D'(Q), T = p}
(2.82)

= sup{/ pdu: ¢ € C2(Q), Lip(p) < 1}-
Q

Note that — in contrast to (2.81)) — the sup in (2.82) is taken over a larger set
since we only constrain the Lipschitz norm instead of the sum ||¢||oo + Lip(®).
Nevertheless, for a bounded open €2, we have:

i > > i . .
ot MT) 2 el 2 T oy ol MI(T) (2.83)

This can be seen as follows: Taking a function ¢ € C$° with Lip(y), we can

bound:
lelloe < suple(z) = ¢(0)] < Lip(p) diam(€2)

where zq € 0.
Lemma 2.14

Let ~ be the limit in li and 'yém)(r, xo, A) as defined in 1) then:

~ = lim sup lim sup (vém)(r, xo, A) — 7 log f)
r—0 e—0 £
. (2.84)
= lim inf lim inf (vém)(r, Zo, A) — mlog g> .

r—0 e—0
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Proof. 1. step: By (2.80) and (2.78]), we see that:

lim inf lim iélf (fyém) (r,zo, \) — wlog C)
€

r—0 e—

r—0 e—

> lim inf lim ié1f (fyg(r, Zo, A) — 7 log f) =7.
€

Hence, it is enough to show that there exists a remainder term a(e, r) such that

lim sup lim sup a(e, ) = 0, (2.85)
r—0 e—=0
A (2 N) < ez, N) + ale, ). (2.86)

2. step: For any given r > 0 and € > 0 let v., denote a solution of the
minimization problem in (2.77). By the minimality of v, ,, Item of Defini-
tion as well as the fact that h(z) = Ay (restricted to (BT)S”) is a
competitor for (2.77)), we have for all € > 0:

XY:(veyr) < XYo(h) < mlloge| + C

for some constant C' < oo independent of €. We can therefore apply the
compactness statement in Theorem for the sequence (ve,)e, where Q =
B,.(z9), g = h and m = 1. Consequently, we can find z* € B,(x¢) such that,
up to a subsequence:

o, = o, 2 0.+ flat in B, (xg),

where fi,,_ . is the discrete vorticity measure of v, .. Let us consider a minimal
(with regard to mass) current T; ,. € D1(Q) such that 0T ,NB,(x0) = iy, =0z
It is a classic result that such a current exists and is a finite union of oriented
line segments. By , we see that:

lim M(T. ;) < 2rlimsup||p,, . — g+ |ls = 0. (2.87)
e—0 e—0 '

Moreover, let S be the oriented segment passing from z* to a point on the
boundary 0B, (z¢). Then the current T} , := T, + S satisfies:

limsup M(7; ) < limsupM(T ) +M(S) < r. (2.88)

e—0 e—0

3. step: Let us define the set A, ,:
Acp =\ J{i+el0, 12 i € (B2, i+ 0,1 T2y £ 0}

as the union of all grid cells that have a nonempty intersection with T. er- We
will write U, '= By(x0)\ Ae,» for its complement in B, (xy). Given a connected
component V; . of U, ,, a seed point ¢* € eZ?nN Ve,r, and an angular lift v, , of
Ve,r, We wish to define a . ,: eZ?N Ver — S! without jump pairs such that
uZ', = v As it is easier to work with angles instead of vectors, we will find
et €Z2N Ve, — R such that u., == e*?=r is the desired spin field. For the
construction, it will be useful to make the following convention: We call a finite

sequence iy, ...,k of grid points in V, , a discrete path from 7 to j if and only
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1 | el

Figure 2.8: A closed path around S; ..

if ig =4, ix = j and |ig11 — ix| = € for every k =0,..., K — 1. Now back to
the definition of ¢, . We will simply set ¢. ,(i*) == v, (i*) at the seed point.
For any other i € eZ% N Ve, we first select a discrete path 4o, ...,ix from ¢*

to 4, and then set:

K-1
, 1
er(l) 1= @er(in) + > A% (iky ikg1). (2.89)
k=0

By the connectedness of V., there exists at least one such path if we take ¢
small enough. We will now check if the definition in (2.89) is path-independent.

Given another discrete path g, ..., ix from i* to i, we need to show that:
1 =1 1 K—-1
@s,r(io) + m ];) AEIVE,T(ikaik-‘rl) Per Z0 + m ]CZO Aell/s r Zkalk+1)

As ig = ig = i*, we can equivalently show:

K—1 0
1 o TP
E A%y (ik, dgt1) + E A% p(tgt1,%%) = 0.
k=0 k=K—-1

(Note that the ordering is reversed in the second sum.) It remains to show for

any discrete path g, ...,ix with ig = ix = ¢, that:
K-1
> Ay (ikyikgr) = 0. (2.90)
k=0

In this regard, let W, , be the interior of the set encircled by the dis-
crete path igp,...,ix and let S, , = Te,r|ww (see also Figure for further
clarification). By construction, S, , does not contain S, and hence 0S., =
fo. . |w. . Moreover, as S, , is compactly supported in W, ., we have that
0Se r(Wer) = 0. (Thls can be seen by testing with p € C°(W, ) such that
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p = 1 in spt(9S: ) N W, -, and using the definition of 95; ,.) Consequently,
Mo, . (We ) = 0 — and by applying a discrete version of Stoke’s theorem (see
also [6]) —, we have:

i

A% ik, iks1) = fho,, (We,) = 0.
0

=
i

4. step: Let us now show that our choice of u., satisfies all the desired
properties. Fix i € eZ?> NV, (with V., as before) and consider a discrete path
19, ...,1x from i* to i. By definition of ¢, , and the definition of A®l it holds
that:

K-1
mwﬁ,r(i) = m‘tDE,T(iO) + Z Aelya,r(ika ikJrl)
k=0
K—-1
Ver(io) + Y (ver(ing1) = ver(ix)) mod 27
k=0

=1 ,(i) mod 2,

and therefore u", (i) = evmeer(t) = y_ (7). We will now prove that u. ,. has no
jump pairs in V; ,.. Let (4, j) be a nearest-neighbor pair in V; ., and i, ..., ix
a discrete path from ¢* to i. Then, ig,...,ix,J is a discrete path from i* to 7,

and by (2.89) we follow:
. . . 1 o ™
(0o (i) = fer )] = 8%, (1 3)] = TIA W, i) < T (291)

as desired. Note that in the last estimate we used A®v. .(i,j) € [~, 7).
Repeating the above construction in each of the connected components of
U, and setting for all i € eZ?nN Ac

1

ue,r“) — €z¢a,r(i)7 (Pa,r(i) = a1/577‘(2')

we end up with a globally defined spin field in (B, (:co))gl) satisfying u, = v. .
Furthermore, for any jump pair (¢, 5) of u. ,, we must have [i,j] C A, , as well
as A, ,.(i,7) € Z. As each such edge [i,j] must have at least one point of
intersection with TE r, we derive (using Item . of Definition

XY, uer ng 41057" ‘Pa,r(j))

(4,7)
< XVe(ve) + #{(m) € (B)W: i NTer} e
< XVYe(ve,) +2M(Tx,,).
By passing to the limit € — 0 as well as using (2.78)) and (2.88), we follow that:

lim sup X}/E(m) (Ue,r) <v+ 4r.

e—0

We conclude the proof by consequently passing to the limit » — 0. O
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We will now introduce necessary tools for the construction of the recovery
sequence “away” from the vortices. The main idea will be to first find an
appropriate approximation w of u (this will be made more precise in a moment),
and consider (w|(q, (). )e (r > 0 fixed) as a competitor for the recovery sequence
away from the vortices of u. Let us fix some notation first. For each x € spt u
(vort(u) = mu), we select a closed line segment Lj connecting z; with the

boundary 0f2 such that all line segments L1, ..., Ly, are pairwise disjoint and:
Ng

H'(J,NL) =0, where L := | J L. (2.92)
k=1

For fixed r > 0, we define:
QW) () = 0, (1) \ L (2.93)

with ©,(u) as in (2.26)). Note that as Q was assumed to be simply connected

and Q,(p) has exactly Ny holes centered in {z1,..., 2y, }, we see that QgL)(,u)
must also be simply connected. The following version of Poincaré’s theorem
will be used later on:

Theorem 2.18 (Poincaré’s theorem)

Let Q C R? be a simply connected set, then for any w € L?(Q;R?) satisfying
curl(w) = 0 (in the distributional sense) we can find ¢ € WH2(Q) such that
Vo =w at a.e. point in €.

Moreover, we assume implicitly that L is oriented by v such that for each
ke {l,...,m—1}, the vector field v} := v|, points in anticlockwise direction
with respect to the orientation of L. We can decompose u as follows:

Lemma 2.15 (Decomposition of u)

For each u € Dé(,m), there exist o € SBV?(Q,.(n)) and ¢ € SBV (Q,.(n); Z) such
that:

; 2
Dia = —%@V’HHL, (2.94)
e Ot =y in Q. (p). (2.95)

Proof. 1. step: Let us first find an admissible . By the SBV-lifting result
found in [31], we can find a scalar function ¢ € SBV?(Q,(u)) such that
(sin(¢p), cos(p))T = ¥ = u a.e. in Q,.(u). Furthermore, with the chain rule:

ou ou
<Vz1u,ul> = u287x1 - Ulaix?

9 . . d 0
= cos(i) cos(i) 5~ — sin()(~ sin()) 5 = = 5=

and similarly:

Iy

Dy

Hence, jac(u) = Vi at a.e. point in §2,(u) and curl(w) = 2Jac(u) = 0 a.e. in
Q. (p) for w == V. As QgL)(,u) is simply connected, there exists by Theo-
re(m a scalar function o € Wl’z(QSL) (1)) such that Vo = w = Vg in
O ().

<vzzu’ UL> =
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Let us fix Lr. We wish to show that for almost all z € L, we have that
at(z)—a (z) = —%”. By slicing theory, we can find for almost every = € Ly, a
simple closed curve v: [0,1] — R? encircling 2 (and not the remaining vortex
centers) in anticlockwise direction, and crossing Ly exactly at x such that acoy
is absolutely continuous on [0, 1]. By possibly removing a set of negligible H'-
measure we can further assume that at(z) = a(y(0)) and a™ (z) = a(y(1)).
By the Fundamental Theorem of Calculus and the definition of degree, we then
have:

ww@—a+uw=A?aow%@d$=Aﬁmed%1
i

= [ dH! =
/V(Jacu,'r,ﬁ H -

Hence, a € SBV2(2,.(1)) and holds true.

2. step: It remains to find the desired . Notice that by construction,
o —a € SBV?(Q,(u)) has a vanishing approximate gradient. Consequently,
there exists a Caccioppoli partition {U; }ien of ©,(u) subordinate to J, UL and
constants {¢; }iey C R such that:

gp—a:ch]IUl.

leN

By and the fact that u™ = ™% € W1H2(Q,(u)), we can find ¢ € R such
that ¢; — ¢ € %”Z for all [ € N. Furthermore, replacing o with o + ¢ we can
without loss of generality assume that ¢; € %”Z for all [ € N. Let us now define
for any k € {1,...,m — 1} the set:

ok
Ej = U{Ul: s :1+27rZ}

and set ¢ == 22:11 2k . By construction, 1 € SBV (Q,.(u), Z) and o +1) —

m

@ € 217 a.e. in Q,.(u). As @ is an angular lift for «, this implies that « + 1 is
one also. O

We will approximate o and v from the above lemma separately. The former
can be approximated as follows:

Lemma 2.16 (Approximation of a)
Given « as in Lemma[2.15 we can find a sequence:

(o) C SBV(2p(11)) 01 C(QfF ()
such that o, — « in SBV?(Q,.(n)) and:
Dia, = —2% @ vH L, (2.96)
H' ({an — a ¢ 272} N ON) — 0. (2.97)

Proof. 1. step: Fix z := "™, then by the chain rule and (2.94), it follows that
z € WH2(Q,(i)). Being able to find a sequence (z,) C C*(£,.(u);S!) such
that 2, = z on 9Q and z,, — 2 strongly in W12(Q,.(u); R?) is a rather classic
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result (see also, for instance, [61]). By Poincaré’s theorem, for each n € N
there exists a function 3,, € C* (QSL)(,u)) such that e’ = z, in Q") (1) and
Brn = ma mod 27 on 9. By the continuity of the degree with respect to W12-
convergence and an argument similar to the one in the proof of Lemma [2.15
we also see that 8,7 — 8, = —2m on L for n big enough. By possibly removing
finitely many elements from the sequence, we can assume — without loss of
generality — that this is true for the whole sequence.

2. step: We will now show that V(8, — ) — 0 in L2(Q) (11); R?), where
B = ma. Consider:

0B, . 0
Q= Sin(ﬁn)a—il, a = sm(ﬁ)a—fl,

0By 0
by, = cos(ﬂn)a—il, b= cos(ﬁ)a—fl.

From the convergence of V(z, — z), we follow that
an — a, b, —b, both strongly in L?(Q) ().

By the L?-convergence of z,, we see that, up to a subsequence, sin(3,,) — sin(f3)
a.e. in ,(u). Lastly, as the sinus function is bounded and the sequence (a,)
convergent in L2, the sequence (sin(83,)a,) cannot concentrate mass in L2.
With Vitali’s convergence theorem this leads to:

sin2(ﬁn)g—§? = sin(6,)a, — sin(f)a = sin2(ﬁ)§—fl in LQ(QSL)(,U,)).

2 9Bn 2 B 9Bn
In the same manner, we can show cos®(8,) 5> — cos?(8) 7, -, and hence 5= —

88751 in LQ(QEL)(M)). The proof of gg;‘ — 687@ in L2(Q, (1)) works the same way.
2. step: From the convergence of V(8,, — ) and the Poincaré-Wirtinger
inequality we see for ¢, == — fﬂ(”(u) Bn — Bdz that

B + ¢n — B in L) ().

As the angular lifts provided in [31] are uniformly bounded we can therefore
find a constant ¢ € R such that, up to a subsequence:

% +¢— ain L2(QE) (1)), (2.98)

Note that by construction, e*’» = z, = z = "™ on 9Q, and therefore %” —a €
%’TZ Hl-a.e. on 9Q. Combined with |D this leads to ¢ = % for some
k € Z. Let us set o, = % + % By the previous reasoning, o, — « in
SBV2(Q, (1)) and ap(z) — a(z) € 27 for H'-a.e. point of dQ. Therefore, for
H'-ae. z € {a, — a ¢ 20Z} NI we must have |a,(z) — a(z)| > 2r and
consequently:

Hl({an#a}ﬁaﬁ)S%/(m|an—a|d7{1—>0asn—>oo

by the continuity of the trace operator, which shows (2.97)). O
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The following approximation result holds true for W:

Lemma 2.17 (Approximation of )

Let i € SBV(Q,-(11); Z) as in the statement of Lemma then we can find a
sequence (V) C SBV (Q,(u); Z) such that Jy,, is polyhedral set (being a union
of finitely many line segments) for all n € N, and:

U — ¥ in LN (1)), (2.99)
H' ({vF #¢YF3NL) =0, H' ({thn #19}N0Q) — 0. (2.100)

Moreover, for any continuous bounded function ®: R? xR?xS' — R, satisfying
®(a,b,v) = ®(b,a,—v) for all a, b € R?* and v € S, it holds that:

lim Dy v, ) dH = / d(pT, 7 vy)dHE. (2.101)
=0 S Jun \L Jy\L

Before coming to the proof, we wish to point out one of the main difficulties in
proving the lemma above: It is not possible here to directly apply Theorem
since we do not know a priori that #* (Jy,NL) — 0, as n — oo, for the sequence
provided by Theorem One possible solution to this problem is to repeat
the proof of [I9], and to make sure that the extra condition is satisfied. As
this is rather time-consuming, we take another — more modular — approach by
employing Theorem “away” from the segments L;. In a second step, we
will extend the constructed approximation to the whole domain €,.(x), while
also making sure that H'(Jy, N L) — 0, as n — oo.

Proof of Lemma[2.17 1. step: Let us start with some notation: The intersec-
tion point of Lj and 99 will be denoted by pg; the length of the segment will
be shortly written as |Lg|. Given ¢ > 0, we define:

Recti(t,) = {4 avs 40222 a e ot e b+ oLl )
Ipk — 2]
as well as
+ . Dk — Tk
ReCti (t777) = {J}k ialﬁ—f—bml a € [O?t]a be [7”+777‘Lk| _77]},
k— Tk

—x
L,f(tm) = {xk + ity + pLE T Tk e [r+mn,|Lg| — 17]}
pr — x|
Furthermore, we fix n > 0 and § > 0 small enough such that Rect;(26,7) C

Q. (). We apply Theorem for 1) restricted to the Lipschitz domain Q%?n
given by

N
QY =0, (1) \ | Rect(6,7).
k=1
Hence, there exists a sequence {t, 5, }n C SBV(QS? ; Z) such that J;

n’ "l’n,é,n is
polyhedral, 4, 5, — 1 strict in BV(Qg?n), and:

lim S )cmlz/
n—o00 JJ;n o n,0,1M n,0,Mm d)n,é,n meQ

(R) (I)(qlﬁ, ¢_» le) dHlv
r,o,m

(2.102)
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n} 0

S"/)n,é,n

T T

Figure 2.9: Extension of \ilmgm into Rect;(d,n) by reflection.

for all ® as in the statement of the lemma.
2. step: Let us now extend 1, into the rectangle Rect; (4, 7). In this regard,
R%: R2 — R2 denote the reflections:

Rf(s(x) = + 2dist(z, L} (6,n))vi.
The extension 1, 5, € SBV(Q,(n); Z) is then defined as:
(R)

1%”,57,7(33) ifz ey,

Vnsn(T) = {T/Jn,é,n(Rii,E(x)) ifx e Rectf(ti n).

The jump set Jy, ; , remains polyhedral after this extension procedure (see
also figure Figure . Furthermore, by construction and the L!-convergence
of Yy, 5, We see that:

lim sup lim sup||4n,5., — ¥l £1(0, (u)) = 0 (2.103)
— 00

5—0 n

By the definition of %, 5, and the strict convergence of (1[)“,57,])”7 we also have
that:

i ([ s = Uz = 00 £ 200) — 0% |1 z,,
where L, := Ly N Rect;(8,7). Furthermore, as #'(J,, N Ly) = 0, we follow:
. + 5 _
B 45 £ 26) — %1 7, = 0

and consequently:

Ng

. . + ok o . =
h?_foupnh—%o'w"";*" ) ||L1(L) 0, L =1L;€. (2.104)

E
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By construction, we have for #'-a.e. z € L that both 1*(z) and 7/}:75717 (z) lie in
2r7. Hence \1/1:75777(3:) —pE(2)] > 2 for H'-ae. x € {1/)355717 # T} N L. With

(2.104)), this eventually leads to

limsup lim H'({¢F, —oT}nL)

§—0 M ™01
. Looomy 4 + 3
< hr;lj(l)lp i ol = 9% gy + 20 < 20, (2.105)

3. step: We wish to show (2.101). By (2.102) and the definition of ¥y, s,

we see that:

lim @(1&;5)”, 1/)77,5,777 Vl/’n,é,n) dHl

n— 00 (R)
J""n,éynnﬁh&n

:/ BT, vy) M.
.]ﬁ, ng,R&),n
Thus, it remains to investigate the situation inside a rectangle Rect;(d, 7). More-

over, as we extended 1;”’5,77 by reflecting on the lines Lf(&, 7n), it follows that:

Hl(an,ri,n m L;ct (67 77)) = 07
Hl(anyM N (Rect;(8,7))%) < 3’-[1(:]11;n 2oy 1) Rect;(20,7)).

Additionally, v, s, may jump on the shorter sides of Rect;(d,7) (see also Fig-

ure[2.9]) Hence:
H! (5., NRecti(8,m) < H'(Jg 0 Rect;(26,7)) + 49,

and by the strict convergence of (¢, 5.,)n and the fact that H'(J, N L) = 0:

lim sup lim sup #* (S, 5., N Rect;(0,7))

6—0 n— 00

N
< Zlimsup H' (Jy N Rect;(26,71)) = 0.
=1 6—0

Combining both estimates results in:

lim sup lim sup
6—0 n—00

/J @(w:{,&n7w;,5,n’ V‘l’n,&,n) d,}ll

Yn,8,m

—/ O(pT, 7, vy)dH =0 (2.106)
Jy

With (2.103)), (2.105)), (2.106)), and a standard diagonal sequence argument,
we _can select §, — 0 and 7, — 0 such that ¢, = ¥, 5, ., satisfies ,
, and H*({¢F # ¢YF}NL) — 0 as n — co. It remains to show H' ({1, #
¥} NIN) — 0. In this regard, we first use with ®(a,b,v) == |a — b,
which shows — together with the L!-convergence of (1,,) — that 1,, — 9 strictly
in BV (€,(p)). Due to the continuity of the trace in BV with respect to strict
convergence, this implies 1, — ¢ in L'(99). Both v, and 1 take values in
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Z, and hence for H'-a.e. © € {1, # ¥} N OQ we have |1, (z) — p(z)| > 2 In

conclusion, we see:

1 2 _ 1
H ({thn #9}N0ON) < 5 /mwn Y| dH — 0.

O

We are ready to state and prove the desired approximation result for u
outside its vortices:

Lemma 2.18 (Approximation of u away from its vortices)
Given r > 0 small enough, there exists a sequence (u,) C SBV?(Q,.(u);Sh)
such that each w, is smooth outside its polyhedral jump set J,, , and:

nh—>H;o||u — unHLz(QT(#);Rz) + ||V(un - u)||L2(Qr(u);R2X2) =0, (2107)

lim ML () + H ({un # 9} 100) = HL(L) + Hh({u# g}). (2108)

Proof. 1. step: We start by proving . Let o and ¢ be as in Lemma [2.15]
v = a+ 1Y, (o) the sequence from Lemma and (¢,) the one from
Lemma [2.17] For each n € N, define u,, = e~ for ¢, = a, + ¥,. By
construction, each u,, is S'-valued and smooth outside its polyhedral jump set
Ju, C Jy, UL. As |u, —u| < 27|a,, — | and a,, — a in L2(2,.(1)), we have:

nl;ngo||u — Un |20, (u)r2) = 0.

oy,

Furthermore, with the L?(£2,.(u))-convergence of ( 5.>) and the boundedness
of (sin(ay,)), we can show similarly to the 2. step of the proof of Lemma [2.16}

M in(e) 2% i 12
e — sin(a) 02 in L (Q,.(u)).

With the chain rule, this leads to:

sin(a,)

nh_{IéOHV(u - un)HL2(QT(,u);R2><2) =0

and (2.107)) is proved.
2. step: Let us show (2.108). By (2.97), H* {t, # 1} N 92 — 0, the second
convergence in (2.100f), and the fact that

{un £ g} NN C ({an #a} NIV U {n # a} NON)
we follow that:
lim sup|H., ({un # g} N OQ)|

< 2limsup (H' ({an # a} N 0Q) + H' ({tn # a} N 0Q)) =0.  (2.109)

n— oo

As a, is smooth outside L, it follows that J,, \ L = Jy, \ L. Consequently,
with (2.10) for ®(a,b,v) = |v|;, we have:

lim [V, |1 dH = / V|1 dH = / V|1 dH . (2.110)
n=0 J 5, \L JuNQE (1) JuNQ (1)
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Note that we have used Hl(Ju NL) =0 in the last equality above. Furthermore,
as af —a; = at —a~ and ¢ = ¢~ at H'-a.e. point in L, it holds for
H'ae. x € ({¢F =vTyNL)N({Y,; =~} NL) that:

o (@) = o () = oy} () + U (2) — o, () — ¢y, (@)
=at(r) —a (z) =0 mod 27

and therefore u; (z) = u;, (x). Consequently,

n— oo

< 2lmsup (H' ({9 £ ¢} N L) +H (o, #v }NL) =0

n—oo

which — together with (2.110) — leads to

1d7-11:/ IVuhd?-ll:/ |vulr dHY . (2.111)
TN () JuN (1)

By combining (2.109) and (2.51)), we see that (2.108) holds true. O

Let o be chosen sufficiently small such that the projection Iyq is well
defined and smooth in 75 = {z € Q: dist(z,0Q) < do}. In the following we
will further modify the approximating sequence (u,) from Lemma into
another approximating sequence (i,) with the additional property that each
Uy, is equal to g in Ty for some 0 = §(uy) € (0,d9) possibly depending on wu,,.

Lemma 2.19

Let uy, be an arbitrary element of the sequence constructed in lemma [2.18
Given r > 0 small enough and o > 0, we can find i, € SBV?(Q,.(1)) and
d = 0(o,n) such that @, = g in Ty , and:

/ |Vun|2da:—/ Viin|? da
Q- (1) Q- (1)

[Her(Ju, N (1) + Her({un # g} N 0Q) = He,(Ja, )| < 0.

lim Sup/ [V, |1 dH!
L

lim [V,
n—oo
n

u

<o,

Proof. For the sake of clearer notation we will shortly write u for u,, and @ for
Up. 1. step: As the proof employs standard techniques for dealing with Dirichlet
conditions in SBV | we will only provide the crucial ingredients leaving out some
of the technical points (see [40] and the references therein). The idea of the
proof is to dilate the spin field 4 “away from the boundary” into Q\ T, () and
to set it equal to g in T for § € (0, dy) to be fixed later on. Let us describe more
precisely how 1 is constructed. We first define the signed distance dg: R? — R
in the tubular neighborhood Ty, := {z € Q: dist(z,9Q < &)} as:

do(x) —dist(z,Q) ifxzeQ,
T) =
¢ dist(z,Q) ifz € R?\ Q.

In contrast to the standard distance function, do: T5, — R is smooth in T5,.
(As this is a classic result in differential geometry we will not further comment
on this.) By possibly decreasing dy we can assure that spt N Ty, = (. Let



2.4. Proof of Gamma-convergence 67

O = {z € R?: dist(z,00) < §p} and X € C>(Ts,;R?) such that X = Vdq
in Ts,. The existence of such a vector field X follows from the smoothness
of dQ2 in T, and a standard cut-off procedure. We consider the integral flow
{®,}+>0 generated by the field X. By construction, each ®;: O — O is a
smooth diffeomorphism for each ¢ > 0. A competitor for @ is constructed in
three steps: First, extend u by setting u = g in T;ﬂ . Second, pre-compose u
with the diffeomorphism ®; (for some fixed ¢ > 0) resulting in u; = u o ;.
Third, restrict u; to . As spt X CC Tp,, we have &; = Id in Q \ Ty, and
consequently u; = u in Q\ Ty
2. step: In order to conclude the proof, it will suffice to show:

lim |Vut|2dx:/ |Vu|? dz, (2.112)
t—0 Jp- T

o 50
lim ML (, N1 T5) = HL (L O T5) + ML (u £ g} N0, (2113)

Note that as X = Vdq, and by the definition of the signed distance, we have
for any ¢ € (0, %") that u; = g in T, . Furthermore, by the chain rule, it follows
in T5 \ T, that:

(uf —u ) @H, = (WH (D) —u (D)) ® H1|<1>;1(Ju)
+ (9~ upg) @ H' o1, (2.115)

where in the second equality we implicitly take the approximately continuous
representative of u and wu;, denotes the inner trace of u onto 992. On the one

hand, this shows that u; € Dg,m). On the other, we see that — by the smoothness
of t — &, and by &y =1d in O — (2.112) and (2.113]) are satisfied. O

Let 7 > 0 be small enough such that the balls B, (zx), k = 1,..., Ny, are
disjoint. For n € N and k € {1,..., Ny}, we define the sets:

Ng
Q= Q\ | Ba-np (1), (2.116)
k=1
Ak,n = BQ*”T(IIC) \BZ*“*W(xk)a Ak,n = Ak,n ) Ak,n—l-
Proposition 2.5
Let r > 0 be small enough and u € ng) with W™ (u) < oo, then we are able

to find for every n a spin field u,, € SBV?(Q,;S'), which is smooth outside its
polyhedral jumpset J,,, , and A\, € S*, k=1,... , Ny such that:

(i) un, = g in a tubular neighborhood around O$) for every n € N;
(i1) uP(x) = Mg pro—sbs in Ay for everyn € N and k € {1,...,Ny};

|z—zk|

(iii) the following convergences hold true:

lim (||u — Un||L2(0, R2) + ‘/ |V, |? dz f/ |Vu|? dz > =0,
n— 00 Q, Q,

(2.117)
lim (|He, (Ju,) = Her(Ju N Q) = He,({u # g} N0Q)[) = 0. (2.118)

n—oo
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Proof. 1. step: Combining Lemma [2.18] and Lemma [2.19] we can find for each
n € N a spin field u,, € SBV?(£2,;R?) that is smooth outside its jump set J,,,
— the latter being a union of finitely many smooth curves such that Item |(i)| of
the statement and are satisfied. Moreover:

ili}% (HU — unHLz(Qn;]Rz) + ||V(u — un>||L2(Qn;R2x2)) =0. (2.119)

Note that in the construction of Lemma [2.19 we may lose the straightness of
the jump set close to 0. Nevertheless, by a further standard approximation,
we can replace u,, by a spin field that has all the aforementioned properties and
a polyhedral jump set. We will still denote the resulting spin field by w,,.

2. step: Let us further modify u,, in the annuli /Ik,n, k=1,..., Ny in order
to assure that Item in the statement is satisfied: By Lemma we can
find for each n € N vectors Ay, € SLk=1,... , Ny, such that:

r — Tk

m
Up — Akn — 0 asn— oo.

lv — x| ‘ww(Ak,n;W)

Let ¢, € SBV?(Ag,) denote the angular lift of u,, provided by [31], then the
above convergence — together with the chain rule — imply:

[V(mpk,n — ﬁk’”)HL%Ak’n) — 0 asn — oo, (2.120)

|£:§Z| with respect to standard polar
coordinates. As V(mgy , — Vg ) is a conservative vector field, we can find
Ok.n € W1’2(/~1km \ Lj) with zero average such that Vi, = V(mek, — Ye.n),
where Lj denotes an arbitrary line segment emanating from x;. By the same

argument as in the proof of Lemma ‘2.15|, we can show that 5,‘:n -0, =0

on Ly N Ay.,. (Note that in contrast to Lemma we have in the present

setting Jac(u)™ — Jac é:iil =0 in B,(zy).) Therefore, we can see Jj,, also as

a function in W12(4y,,,). By (2.120) and Poincaré’s inequality, it holds that:

where 9, is the angle of x — A,

H(Sk,nle,z(Ak)n) — O as n — 0. (2.121)

Let 7 € C*°(R4;[0,1]) be a smooth cutoff function with n = 1 in [0, 2] and

n=0in [%, 2]. For each k, we redefine each u,, in flkn as follows:

Up = V5 (@) = O () — (2" p @ — 2k]) Ok ().

By (2.121)), the modified sequence (u,,) still has all the aforementioned properties

and additionally satisfies Item in the statement with Ay, k =1,..., Ny,

as chosen above. O
We are ready to prove the I'-limsup:

Proof of the T-limsup of Theorem[2.16. 1. step: Let (u,) be the sequence from
Proposition For fixed n € N, we define the following sequence of admissible
discrete spin fields {ue y, }e:

) ifi1e€Q
e () = {un(z) if i € Q,,,

w57k7n(i) ifie BzfnT(LEk)
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where

r — X

We fn € argmin{XYE(m)(w): W= Agn on GEBQ_W,T(xk)}.

|z — @

By Item of Proposition the sequence (ue ). C ASY is admissible for
€ > 0 small enough.

2. step: Let us now investigate the convergence of XY:™ (te,n) — Ngm|loge|
as € — 0: By the choice of w, 1, and (2.84]), we have that:

—-n

2
lim sup lim sup (XYE(‘“) (te,n, Ba—nyp (1)) — Ngmlog (

n— o0 e—0

T)) = Ny, (2.122)

where
Ng
By (p) = | J Br(xx).
k=1

By the regularity of u,,, we have the following characterization of the jump pairs

of u,,: A nearest-neighbor pair (7, j) in (Qn)gl) is a jump pair of u,, and therefore,

by construction, also of u. , if and only if [¢,j] N J,, # 0. Furthermore, we
have — again by the smoothness of u,, outside its jump-set — that:

dist(Aelgon(i“j)7 Z) < C(n)e,

where ¢, is an angular lift of w,, and C(n) < co a constant not depending on

e. By (2.32), this leads to
Y ™ enli) = oalh)) = Ha(Ju,) + Cln)e.

(4,5)EJTP(un)

For the remaining nearest-neighbor pairs, we see by standard interpolation
estimates and Item in Definition that:

> A - gali) = | (Va2 d + C(n)e,
(6,4) @ TP (ue ) Qy—n-1,(k)

again, for a constant C'(n) < oo independent of e. Consequently, by also
employing the definition of W™, (2.117), and (2.118)), we see that:

tim sup lim sup (XY™ (w1, By (1)) — Nyrllog(2"r)))

n—0 e—0

< W () + HL (1) + L ({u # 9} 1 09). (2.123)

Finally, with (2.122)), (2.123)), and a standard diagonal sequence argument, the
desired result follows. O






Chapter 3

Dynamics of the generalized XY
model

3.1 Preliminaries

3.1.1 Minimizing movements for the heat equation

In this section, we wish to introduce the main ideas behind the notion of mini-
mizing movements, introduced by De Giorgi in LBQ], through an illuminating
example. Consider the energy functional E': VVO1 “(2) — R given by

Pu) = 5 [ [Vulde for allu e W3 2(2),

where {2 C R" is a open bounded set with smooth boundary. Furthermore, we
define D: W, 2() x Wy () = R as:

1
D(u,a) = §/Q|u—1l\2dx.

For fixed ug € Wy*(2) and A > 0, we then consider the iteratively defined

sequence (u))),, as:

{uf{ € argmin{ E(u) + AD(u,up_,)} for all n > 1, (3.1)

A
ugy = 0.

The well-definedness of (u;)) follows from a standard application of the direct
method and induction on n € N. The minimization described above is nontrivial
due to the competition between E and D. The former aspires u)\ to be as
close as possible to the constant O-function on Q (the global minimum of F
in Wy2(€)), while the latter prefers u) to be as close as possible to u}_,
respectively. Furthermore, the bigger we chose A to be, the more dominant
AD becomes in the minimization, and hence the closer u} is to u)_;. We
can therefore think of A\™! as a discrete time step. The piecewise constant
interpolation u*: [0,00) — W3() is defined as:

ur(t) = u’(\/\ﬂ for all t € [0, 00),

71
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and piecewise affine interpolation @* by:
aMt) = (TA] = M) uiyy) + (A= [AE]) ufyyy-

Note that [x] is the smallest number in Z above xz, and |x] is the largest smaller
than x.

In the following, we will study the limit behavior of (u*) and (4*
00. The following basic a priori estimates come into play: Using
competitor for the minimizer of , we can estimate:

E(ufl) + )\D(uf‘”ufg_l) < E(u} )+ ADw)_,u) ) =E(u)_,), (3.2)

n—1 n—1» “n—-1 n—1

as A —
_, as a

S > —

and hence by the nonnegativity of D and an inductive argument
/|Vu;\L|2 dz = E(u)) < E(u}) = E(ug) < oo for all n € N.
Q
By standard compactness in Sobolev spaces there exists a u € L%OC([O, 00); Wol’z)
such that, up to taking a subsequence:
u — u weakly in L2 ([0, 00); Wy ?).
Let us now substract E(u;) from both sides of (3.2)) :
AD(up, up_y) < Euy_y) — B(uy).

We then sum the above inequality over all n € N and unfold the telescopic sum
on the right-hand side. With the non-negativity of F, this leads to:

D AD(upun_y) €Y (B(up_y) = E(up)) < E(ug) < oo,

Note that with the definition of 4%, the sum on the left-hand side above can be
written as:

(]2
>
S
IS
§>/
<
3
|
=
I

%Z)\A/Q’/\(u:{_uﬁ—ﬂfdx
n=1

1 /°°
= T
2 0 Q|

Sug”a{&;}b||L2([07oo);L2(Q)) < C(ug) < 0. (3.3)
ne

® dudt,

and hence:

Consequently, there exists @ € W,(]0, 00); L2(€2)]) such that, up to a further

loc
subsequence:

A i weakly in WL2([0,00); L2(Q)).

(0 loc

We wish to show that « = @. For this, note that by the fundamental theorem of
calculus, the Cauchy-Schwarz inequality, and (3.3]), we have for any ¢, to € R
such that 0 <t <ty < o0:

2

to
[a(t2, -) — @ (t1, )1 720 z/‘/ Ot (t,x) dt| da
QlJty

ta
g/|t2—t1\/ ‘@a)“zdtdx
Q t1

< C(ug)t2 — t1]
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with a constant C(ug) < co independent from A, ¢1, and to. By the definition
of @* and u*, we can estimate for any ¢ € [0, o)

[a*(t, ) — u Mt )| r20) < Clug)A®

for the same constant as before. As right-hand side is independent of ¢ it follows
that

||’[l,)\ — U>\||L°°([0,oo);L2) —0as A—0.

Consequently,

u=1 € Lie([0,00); Wy *(2)) N Wy ([0, 00); L2(92)).

loc

It is often possible to derive more information on u beyond its mere existence.
As u)) is minimal, it must satisfy the Euler-Lagrange equation corresponding
to the minimum problem in (3.1)):

/ (Vi Vo) + A(u —ud_y)pdz =0,
Q

for any test function ¢ € C2°(). With the definition of u* and @*, this relation
can be rewritten as

/00 / (Vur, V) + (9, @) dadt = 0 (3.4)
o Ja

for every test function ¢ € C2°([0, 00); C°(£2)). Employing the aforementioned
convergence of (4*) and (u*) (up to taking subsequences), we pass to the limit
A — oo in (3.4]), which results in:

/ / (Vu, V) + (Opu, p) dedt =0
o Ja

for all test functions ¢ € C2°([0,00); C2°(£2)). This is the classic weak formu-
lation of (3.5) and by elliptic theory, we see that u is also a strong solution of
the heat equation:

{&u(t,x) = Au for allt € (0,T), x € Q, (3.5)

w(0,2) = up(x) for all z € Q.

Lastly, we mention that by the uniqueness of the heat equation, any convergent
subsubsequence of (u*) must converge towards the u found above. Hence,
the full sequence also converges towards w in all the previously mentioned
topologies.

3.2 Problem setup

3.2.1 Reduction to a simpler model

The main task of this chapter is to study — from a variational point of view
— the dynamics of a model related to the one derived in the previous chapter
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through a I'-convergence analysis. The I'-limit of Theorem [2.16| was given by

the energy E: D_((]m) — R, defined as:

E(u) = W™ (u) + 1 (Ju) + Hi({u # g} N 0Q) + Ny, (3.6)

where Q C R? is a simply connected set with smooth boundary, m € N,
g € C™(0%%Sh), Ny :== m|deg(g), 09|, v > 0 the core energy, H., the crystalline
length (as defined in (2.36))), and W™ the renormalized energy (as defined in
(2.35))). Admissible spin fields u € Dy satisfy the Dirichlet condition u™ = g™
in the sense of Sobolev traces, and have exactly N, vortices in €2, each with
fractional degree Sgn(inig)). (For a more precise definition, see also Section )

We wish to study of the evolution of an initial spin field ug € Dém) driven
by the energy functional E. To the best knowledge of the author, this is a very
challenging problem as it would entail to work in the class of SBV-functions
for which — in other well-known cases, such as the Mumford-Shah functional
— satisfactory results concerning dynamics are still missing. In the following,
we will succinctly modify the model. As a first step, let us simplify things by
working with the singularities of u (described by Jacwu and J,,) only. Instead
of the whole spin field. The variationally rigorous way to achieve this is to first
fix u € Dk, and then consider the following minimization problem:

min{E(a): i e DM, Jaci = Jacu, Jy = Ju}. (3.7)

In this regard, let us assume — without loss of generality — that deg(g,9Q) > 0

(the other case works similarly), denote by spt(Jacu) = {wk}lkvzg , the set of
vortex centers of u, and consider for each k € {1,..., N, } a straight line segment
'y connecting xj with 092 such that I' := UkN:1 I';. satisfies ’Hl(F NJy) = 0.
Similar to the proof of the I'-limsup in the previous chapter, we take an angular
lift ¢ € SBV2.(Q\ sptJac(u)) such that u = €' a.e. in Q (see also [31]).
Furthermore, let ¢ € SBV}2 (2 \ spt Jac(u)) with:

. 2
Vgo=Vpae inQ Dig= —% @ vH'r,

where for each k € {1,..., N}, the restriction v; := v|r, is the normal field
on I'y pointing in anticlockwise direction with respect to the orientation of I',
and D’ is the jump part. As in the last chapter, we can find a Caccioppoli
partition ¢ € SBV(Q; Z) with Z :={0,2%, ..., (m — 1)22} such that:

=9 —¢ mod 27 a.e. in €.

Let h := g™. We are ready to show the following reformulation of the minimum
problem in (3.7)):
min{E(ﬂ): RS D;m)7 Jact = Jacu, Jy = Ju}
=min{W(v): v € D;Ll)(Q), Jacv = mJacu} (3:8)
+ Her(Ju) + Her({u # 9} N Q) + Ny
Given u € D;ll)(Q) with Jact = Jacu and Jz = J,, we see by the chain
rule and the definition of W as well as W™ that v = @™ € DS)(Q) with
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Jacv = mJaci = mJacu, and W(v) = W™ (). This shows the ” <” direction
in (3.8). It remains to show the ”>" direction, respectively. In this regard, let

v E ’Dhl)(Q) with Jacv = mJacu. We will construct @ € Df,m) with Jz = J,
and v = ™. With the definition of W and W™, this would directly lead to
(3.8). By a similar reasoning as before, we can find ¥, ¥ € SBV}2_(2\spt Jac(u))
such that:

eV =0v, VI=Vdae inQ, DJ=-2r0vH|r

with v and T as before. In particular we see that D7 % = DI, with ¢ as defined
before, and by the chain rule:

U= el(%ﬂp)

satisfies all the desired properties. It remains to investigate the minimum
problem:
min{W(v): v € D}(ll)(Q), Jacv = mJacu}. (3.9)

As this problem was already thoroughly studied by the authors of [16] (see also,
in particular, Chapter 1) we will keep our presentation as short as possible. Let
us write p := mJacu, then the minimum in can be determined by first
finding the solution ® of the following auxiliary linear Neumann problem:

%ACD =L in Q,

0P oh
a—hxaj OnaQ,

where x: R2 x R?2 — R is defined as

(- (-

In [T6], it is shown that under the additional condition:

/ dAH =0
o0

there exists a unique solution ® of (3.10). Given ®, we also define:

(3.10)

N
R(z) = ®(x) — Y _loglx — . (3.11)
k=1
Note that as:
1 X
EA;logm -z =p

R turns out to be a harmonic function in Q. The minimum in (3.9) can be
represented as follows (see also (47) in [16]):

W(zy,...,zn,) = min{W(v): v E D}(Ll)(Q), Jacv = ,u}

N
1 oh
=71 loglzy — x| — 7Y Rlxx) + 3 /mcb (h X 6T> dH'. (312
k=1

k#l
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Figure 3.1: Caccioppoli partition used in the construction of .

Generally W cannot be written in a more explicit fashion as this would entail
having explicit expressions for the Green’s functions in 2. Nevertheless, the
authors of [16] derive the following properties of W:

(i) It is smooth on the set:
{(z1,...,2n,) € ONo s gy, £ 2 for k # l};

(ii) It has the following divergence behavior:
W(x1,...,2n5) = 00 as min{rlgl;rlﬂxk -, mkindist(xk,aﬁ)}. (3.13)

(For a proof, we refer to Theorem 1.10 in [I6].) Intuitively, this means that
the vortices repel each other, while also being repelled by the boundary
of Q.

A minimizer of (3.9) is given by a solution v,, of the following Dirichlet problem:

{jac(vu) = (Vo)L inQ,

(3.14)
vy =h on 0.

Again, the authors of [16] show that such a v, exists and is, in fact, unique.
We are thus left with studying the dynamics of the reduced energy functional
Eq: Dém) — R, defined as:

Ey(u) = W(ar,...,an) + ML () + Ha({u # g} 109), (3.15)

where Jacu = %ﬂ Zivzl 0z,- Note that we have removed the core energy term
as it is the same for all admissible w. This can be justified by , which
disallows the collision of two vortices or one vortex with 92 during the evolution.

In the next step, we restrict ourselves to the special singularity configuration
where the jump set J,, is parameterized by a curve v € W12([0, 1]; ) connecting
two half-vortices at its endpoints 7(0) and v(1). In order to show that this
singularity configuration is admissible, we need to assume that deg(g, Q) = 1.
Then, a spin field v with jumpset v (note that we identify  with its image
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im(v)) and two half-vortices at v(0) and (1) can be constructed as follows:
For p := m(6,(0) + (1)), let v, be the solution of (3.14). Moreover, let 9, €
SBV2,(Q\ {(7(0),(1)}) such that:

Vv, = Ver ae. in Q, Djﬁﬂ =—7T® 1/7-ll|r
with I' = I'y UT's and v as before. Then:
u = e’%e“’z’

for the Caccioppoli partition ¥ as depicted in figure Figure is the desired
spin configuration with jump set v and vortices located at (0) and «(1). Lastly,
we replace the crystalline perimeter of ~ in by the Euclidean one and
add a regularizing second-order term. More precisely, given a fixed scalar € > 0,
we consider the energy functional Ey: W12 — R given by:

Ea0) = W) + L) + 5 [ wds, (3.16)

where L(7) is the length of 7, & its curvature, s denotes the arc-length parameter,
and:

Wipna) = ~wloglp ol - w(Rlp) + R) + 5 [ @ (nx Gt @an)

Since from this point on we will only deal with the energy functional Fs, we
redefine F := FE5 for the sake of shorter notation. The additional curvature
term in is a standard regularizing term in the study of the evolution of
the perimeter function (see also, e.g. [27] and [36]). Speaking more generally, it
is also an interesting problem to take networks of curves with multiple junctions
(possibly containing vortices) into consideration. For the sake of clarity, general
networks are not studied in this thesis. Nevertheless, the author believes that
the proof strategy found in this chapter can be generalized to the case of more
complex singularity configurations.

3.2.2 Description of the minimizing movements scheme

Let us first fix some notation: The interval [0,1] will be shortly written as I.
We will be dealing with curves v: I — R? as well as families of curves of the
type v: I x [0,00) — R? or v: I x [0,7] — R for some T" > 0. It will be clear
from the context whether v denotes a single curve or a family of curves. If
not explicitly stated, v can have values outside of €2. The following shorthand
notation for function spaces of such (family of) curves is assumed: The space
F(I;R?) will be shortly written as F. So, for example W22 is the same as
W?22(I;R?). Given a space of curves G = G(I;R?) and T > 0, we will shortly
write the following spaces of families of curves as:

For example:

W22 = Wh2([0,00); L3(I;R?)), W2L? = WY2([0,T]; L*(I; R?).

loc loc
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For a curve v, we will write x for its curve parameter, s for the arc-length
parameter, k for its curvature, L = L(v) for its length, 7 for the unit norm
tangent vector, and v := 71 for the corresponding normal vector field. For
a family of curves 7, we will denote the first parameter (which is the curve
parameter of (-, t) for any ¢) by z, and the second parameter (which corresponds
to time) by ¢. The same notation will be used for all geometric quantities of ~,
such as k, L, 7, and v where we implicitly assume that they all may depend
on time. Derivatives will be written with lower index notation such as for
example: Ky, Kz, Vi, €tc. If v is weakly differentiable in time, we will shortly
write V =, VT == (y,7), and V* := (v, ). Furthermore, we will write
4P = ~(0,-) and 4?7 := (1,-). The same notation will be used for geometric
quantities and their derivatives, respectively. So, for example kP := (0, -) and
kY = k4(0,). Correspondingly, when dealing with two (families of) curves v
and v, we write the geometric quantities of 4 as &, L, 7, and ».

We are ready to describe the minimizing movements scheme and state the
main result of this chapter. The set of admissible curves is given by:

AC = {y € W*?: |y, = const = L, 7(0),7(1) € 2, v(0) #~(1)}.  (3.18)
Furthermore, for any 4 € AC we define:
AC(7) = {v € AC: (Vz,72) = 0} (3.19)

For fixed € > 0, the energy E: AC — R is given by:

\V]

E(y) = W(H(0),7(1)) + L+ = / w%ds. (3.20)

The dissipation functional D: AC? — R is defined as:

} 1 /1t o 1 [t -
D(’%’Y) :Z/ <7_’7ay>2dx+1/<7_’7ay>2dx
0 0 (321)

4 5h(O) =3P + S (1) - A1)

For a given initial curve 9 € AC such that vy C Q (again, we identify v and
im(v)) and a given A € (0,1) we define the following sequence of step-by-step
minimizers {y}, C AC as:

{’yﬁl € argmin{ E(y) + AD(v,vp_1): v € AC(yp_)} for all n € Ny, (3.22)

A
Yo = 7o-
(Note that in the minimization scheme above we do not enforce the curves
{¥n}nen, to be contained in §.)

For the proof of the well-definedness of (3.22)), the following lemma will be
used:

Lemma 3.1
The function W, as defined in (3.17)), is bounded from below:

inf W(p,q) > —oc. (3.23)

P,q€Q
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Proof. By the boundedness of €2 and the estimate logt < ¢, we see that:

inf —wloglp—¢q| > —7 sup |p — ¢ > —wdiam(Q) > —c0.
P,g€Q P.4EQ

Moreover, in Lemma 1.6 of [16] it was shown that there exists a constant
C =C(9Q,g) < oo, independent of the vortex centers p and ¢, such that @, as

defined in (3.10) with p = 7(d,(0) + &,(1)), satisfies:
|| < C. (3.24)
a0
Consequently, with the smoothness of g we derive

inf [ @ (gm x 39) dH! > —co.
i) 87’

P,qEQ
Hence, in order to show (3.23)), it is enough to prove:

sup R(p) < oo, (3.25)

P,qEQN

where R is as in (3.11]). Note that by symmetry, it would also follow that:

sup R(q) < oo.
P,q€Q

By Lemma 1.7 in [16]:
R(p) — oo as min{dist(p, 0), dist(q,9Q)} — 0.

Thus, we can find § € (0,1) small enough such that R(p) > 0, whenever at
least one of the points p and ¢ has distance smaller than § from the boundary.
It remains to investigate the case min{dist(p,90), dist(q,92)} > §. We can
estimate:

sup (—log|z — p| — log|z — ¢|) < —logd < .
€N

Hence, with (3.24) and the definition of R (see (3.11])), we see that:
/ |R|dH' < C =C(6,9,9) < 00
o0

for a constant C' independent of p and q. Let G denote the Green’s function of
Q. By the smoothness of G restricted to {z € Q: dist(z,Q) > §} x IQ and the
estimate above, we derive:

Rp) = [ R)D (2,p) M (@) < € = C(3,0,0) < o0
0 v

for a constant C' independent of p and ¢, which concludes the proof. O

Proposition 3.1 (Existence of step-by-step minimizers)
For any A > 0 and 4 € AC, there exists

v € argmin{ E(v) + AD(~,%): v € AC(%)}. (3.26)
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Proof. 1. step: Let us fix F': AC x AC — R as:

F(p, i) = E(p) + AD(p, ).
Using 4 as a competitor in (3.26)), we see that

inf F(7,3) < F(7.9) = B(). (3.27)
YEAC(H)
Let m denote the infimum on the left side of (3.23). By (3.23) and the definition
of F:
—oco<m< inf F(y,5) < E(¥) < 0. (3.28)
YEAC(Y)

Consequently, we can find a minimizing sequence {v,} C AC(¥) such that:

lim F ¥)= inf F(v,7 3.29
A B, 3) = inf F(,9), (3.29)
F(vn,7) < E({F)+1 < oo for all m € N. (3.30)

2. step: We wish to show that sup,, ||v,||wz22 < oco. In this regard, by (3.23)
and ([3.30)), we derive:

L, (!
B(3)+12 F(1,7) 2 B(w) 2 m+ Lo+ 5" | #2da, (3.31)
0

where L, is the length of ,, and k,, is its curvature. Moreover, by the definition

of D and ([3.30):
A (0) =3(0)]* < D(yn,3) < F(y,7) —m < B(3) +1—m < oo.  (3.32)

Thus, by the fundamental theorem of calculus, the fact that |(vn)z| = Ln,

(3.31)), and (3.32)), we derive:

1 1
[P s [ 1l do < (a0 + Lo + 22
0 0
< (17(0)] + [ (0) = 3(0)| + Ln)* + L7,

N 4 i
21307 + - Al (0) = 7(0)* + 3L,

IN

< 2HO)P + S (BG) +1-m)
+3(E(#) +1—-m)? < 0. (3.33)

With (3.31]) and the constant speed of v, (|(Yn)z| = Ln), we follow that:

1 1 1
g
/ |(7n)xm|2dx:/ Lilﬁidx: Li (2Ln/ Hidm)
0 0 0

2
< g(E(a) +1-m)* < co. (3.34)

Combining (3.33) and (3.34) eventually leads to sup, ||vnllwzz < oo, as is
desired. By the weak compactness in W22 and by the Sobolev embedding

theorem, we can find v € W22 such that, up to taking a subsequence:

Y — v weakly in W22, (3.35)
Y = in CL. (3.36)
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3. step: We continue by showing v € AC(%). By (3.36) and (v,) C AC(%),
we already have that:

|7z| = L"/a <’)’z,'~Yz> > 0.
By (3.13) and (3.30)), it also follows that there exists a § > 0 satisfying:

min{ |y, (0) — v, (1)], dist(y,(0), ), dist(y,(1),092)} > § for all n € N.

With the smoothness of W outside the diagonal and (3.36)), we can pass to the
limit n — oo which leads to

min{|y(0) — (1), dist(y(0),99Q), dist(y(1),00)} > § > 0.

With this, we conclude that v € AC(%).
4. step: Tt remains to show that - is also minimizing. To this end, note

that:
e | () o

n

1
- / (v)oes L T2 da,
0

where v, is the unit normal field on ~v,. By (3.35) and (3.36)), the following
convergences hold true:

(Yn)ze — v weakly in L?,

Ln2v, — L 3vin L2
Hence by weak-strong convergence
_s 5
<(’Yn)1::m Ln 2 Vn> — <’sz, L_§V> Weakly in L2,

and therefore:
liminfg/ K2 ds > E/mz ds. (3.37)
2/, 2/,

By (3.36)), we have that:

lim F(y,,7) — %/ K2dH' = F(v,7) — f/nidﬂl. (3.38)
Tn Y

[\)

n— oo

Combining (3.37) and (3.38) as well as using (3.29)) eventually leads to:

inf  F(7,3) = lim F(7,,7) > F(7,7). 3.39
o ) = lim F(m,9) 2 F(7,9) (3-39)

O

With the scheme described above, we will be able to derive the following
maximal existence result of an L2-type gradient flow of E:
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Theorem 3.1 (Maximal existence)
For any v € AC with o C ), there exists Ty € (0,00] and a family of curves
~v with the following regularity:

ye LR H'NCY Ct WL, VT e L*([0,To); Wh2(I)),

(3.40
P,y e WH([0, Ty ); R?) )

such that (-,0) = o, for every t € [0,Ty), it holds that v(t,-) C Q, and for
a.e. t €10,Tp] and a.e. s € [0, L] (s denotes the arc-length parameter):

VE =k — (ks + 36%), (3.41)
VP = -V, WP, ~v?) + 1P — erb?, (3.42)
V= -V, WHP, v — 79+ erlvi, (3.43)
kP =k1 =0, (3.44)
as well as: )
v, = -t Ky (3.45)

To is optimal in the sense that if Ty < oo, we have that (-, Tp) N O # .

We remark that a similar result was proved by the author in [14] (see also
Theorem 9). In contrast to the setting described above, the curves in [14] were
not restrained to lie in a bounded domain §2. The endpoints still repelled each
other, but through the simpler interaction potential:

W(p,q) = —mlog|p — q|.

Note that the evolution in [T4] satisfied the same system as in (3.41) to (3.45)
up to replacing W with W. Lastly, the existence result in [14] stands in contrast
to Theorem which is global in time.

3.3 Proof of the minimizing movements result

3.3.1 Compactness

In this subsection, the sequence (7)), will always denote the one from (3.22)).
We also assume that A > 1. (As we are interested in the limit A — oo, this is
not restrictive.)

Lemma 3.2 (A priori bounds)
There exist constants C = C(7y), ¢ = ¢(yo) independent of A and n such that:

¢ < (1) =m0 < Ly < C, (3.46)

1
/ (V) |* dz < C. (3.47)
0

Proof. Let us fix n € N and use ;) _; as a competitor for the minimization in
(13.22)) at step n:

EMp) +AD(vp,vn_1) S E(rp_1) + AD(vp_1,%m—1) = E(vp_1)-
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By the nonnegativity of D and an induction argument, this eventually leads to:

E(y) < E(yp ) < - < B(yy) = E(7) (3.48)
for all n € N. Let m denote the infimum in (3.23]). By the definition of E:

1
L)+ (L)) / 1)) aal? de < E(v0) = m (3.49)
0

for all n € N. Furthermore, by the nonnegativity of the second term above, this
leads directly to:
L’;\L < E(PYO) —m < 00,

again, for all n € N. Notice that as the straight line is the shortest connection
between two points:

Ly > (1) = 12(0)]-

Now we want to show that there exists ¢ > 0 independent of A and n such that
foralln e Nand A > 1:

(1) =7 (0)] = c.

This fact follows from (3.13)). More precisely, we can find § > 0 small enough
such that for all p, ¢ € Q with |p — ¢| < §, it holds that W(p, q) > E(o). So let
us suppose by contradiction that |y (1) — ) (0)| < §. Then, by the choice d:

W (7(0),72(1)) > E(v0).
This contradicts (3.48)), which implies by the definition of E
W (2 (0),7 (1)) < E(7p) < E(v0).

It remains to show (3.47). By the lower bound in (3.46) and (3.49)), we see that:

10l = s ()7 [ Nl < (B0 = m) < o,

as is desired. O

Definition 3.1 (Interpolations)
The piecewise constant interpolation 4*: I x [0,00) — R? of (7)), is defined
as:

A7) = e ()

Correspondingly, L* will denote its length, x* its curvature, 7> its unit tangent
vector field, and v its unit normal vector field. Later, it will be useful to have
a notation for the translation in time :

:)/A(t7x) = ’Y)\(I7t - A71)'

Similarly, L* will denote its length, & its curvature, 7* its unit tangent vector
field, and 7* its unit normal vector field. Furthermore, we denote by 4*: I x
[0, 00) — R? the piecewise affine interpolation of (y;)),, defined as:

At @) = (TAE] = Mg (@) + (At — (M) (@)
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Finally, we also fix the piecewise affine interpolation L™ : [0,00) = R of (L, )n
as:
LA(t) = (TM] = M)A (LML) + (At — [ M) LA ([AE]),

and V*: I x [0,00) — R? to be

In the following lemma we will derive an important coupling relation between
the tangential and the orthogonal projection of the velocity. It will eventually
be used in the proof of Proposition [3.2] in order to derive a bound on the
time-discrete velocity.

Lemma 3.3 (Coupling relation)
For every z € I and t € [0,00), it holds that:

(VM LM+ DA77, = (D + LML) + (VA (D) RN + (L)*6M). (3.50)

Proof. The derivation of the coupling relation is the result of the following
computation: Since «, belongs to AC, we have v (t,x) = L (¢) for all z € T
and t € [0,00). Defining p* == 7} + 32 = L' + L7, we derive for all z € T
and ¢ € [0, 00):

(L + LML) = ML + LN (L = L)
= (- (@
Furthermore, by the product rule we have:
(VA uM)e = (V2 1) + (VA 30 +72)
= (V2 1?) + (VA (LA?RNA + (L) RNA).
By combining both computations, we conclude the proof. O
In the next proposition, we will employ the coupling relation:

Proposition 3.2 (L?-bound on the velocity)
There exists a constant C = C(e) < oo independent of A such that:

[e’s} 1 oo
/ / [V da dt +/ [VA,0))% + [V, D)2 dt < C. (3.51)
0 0 0

Proof. 1. Step: In order to shorten notations, we will set p* = LA + LA,
Note that by (3.46)) and the fact that ; € AC(v,_;) for all n € N, we have:

AP = (L2 + 2032, 72) + (L)
> (L) 4+ (L2 >¢>0 (3.52)

for some constant ¢ > 0 independent of A\. Moreover, by comparison (see also
(13.22))):

AD(vp,vm_1) < E(vp_y) — E(v)
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for all n € Ny. Summing the above over n € N and using £ > m, where m is
the infimum in (3.23]), we derive that:

A D) < SEG) - E(Y))
< E(0) ~ liminf E(+) < E(3) — m. (3.53)

The sum on the left-hand side of (3.53)) can be written as:
o
A Z D(’Y:z\v 731\—1)

S 1 ! ~ A\ 2

n=1
=1
+25\A(72() Yoo \2+Z A(yp (1) = vy (1)
n=1
1 [ [t 1
= 1/ (V’\,ﬁ’\>2+<VA,I/)‘>2d;z:dt+§/ [VA(t,0)]2 + [VA¢, 1) dt.
0 0 0

(3.54)

Combining (3.53) and ([3.54)), then leads to:

oo 1 o]
/ / <VA,D’\>2+<V’\,1/\>2dxdt+/ VAR, 0) 2+ |V, 1)]2dt < C (3.55)
0 0 0

for some constant C' independent of A\. With (3.52)), this shows:

[

again, for a constant C independent of .
1. Step: In order to obtain (3.51), we are left to control the following

quantity from above:
/ / v “—l dz dt.

To this end, we integrate lb in the curve parameter over I and solve for IA,?:

dxdt+/ [VAt,0)2 4 VA, 1)]2dt < C,

o 1 1 1 -
A _ A A A 2225 A2, 00
Ltifx\—i—L’\ ((V ,u>|t:0—/0<V (L2 R + (L)% l/>d.’E>

Squaring both sides of the above equality, integrating them over ¢ € [0, 00) as
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well as using (3.46)), (3.47), (3.55)), and Holder’s inequality, we get:

/ (L)% dt < c/ VA, 0)]2 + [V, 1)) dt
0

2

+0/ (/ (VA (LR + (LR A>dgc) dt

<C+C/ (/ dx) (/01<V*,1%>2dx>dt
+C/ (/ dx) (/1<V V’\>2dx> dt
(1+/ / (VA 0N V’\,VA>2dxdt) < C(e),
(3.56)

where C' and C(e) are constants independent of A. (Note that lim._,o C(g) = 00.)
Next, we fix t € [0,00) and again integrate (3.50) in the curve parameter, but
this time over [0, z] for some fixed z € I:

(VA M) (@, t) = (VA ) (8,0) + (LAME) + LA) LY (t)
+/ (VME, 1), (LM2)2RN &, )0 (2, 1)) di

+ /OI<VA(§:, t), (L*1))26MN (&, ) (2, 1)) di.

Taking the square of both sides of the equality above, integrating over (¢, x)

in I x [0,00) as well as employing (3.46)), (3.47), (3.55)), (3.56]), and Holder’s
Inequality, then results in:

/m /1<VA,M>2dxdt
<c [T (VAo + <>)dt
o[ [ ([wraa) ([ wreom)un
o [ ([wrans) ([ a0l
€) (1+/0 /O(VA,z?’\>2+<VA,1/’\>2dxdt> < Cle)

for some constant C'(¢) < oo independent of A. By (3.52)), we conclude:

//VA— da:dt<(]// V2dadt < C(e) (3.57)

for constant C(e) independent of A. O

With the bounds on the velocity, we can derive the following uniform Holder
estimates:
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Lemma 3.4 (Uniform Hélder continuity in time)
There exist constants C(g), C independent of X such that for all t1,t2 € [0, 00)
with 0 < t7 <ty < 00, it holds that:

1A (o t2) = 32 (o) llze < C(e) (b2 — 1) 2, (3.58)
and: )
20, 2) = 47(0, 1) < Ot —11)7, (359)
51, t2) = 4N (1 1)] < Ot — )2,
Furthermore, for any T > 0:
7MLz 2 < Cle, T), (3.60)

where C(e,T) is a constant independent of .

Proof. By the absolute continuity of 4*(x,-) for every x € I, (3.51), Holder’s
inequality, and Fubini’s theorem, we derive:

ta
II@A(~7t2)—&A(-,t1)lli2=/O / VAt
t1

1
1 to
g/ (ty — t1) (/ |V’\2dt> dx
0 ty

<(ta-t) [ IVRdt< et - 1)
0

2
dx

for some constant C'(¢) independent of A, and follows. The proof of
is similar.

Let us now fix T > 0, then with the definition of 4* and , we can
derive for any ¢ € [0, T7:

G0l < 1320 =320l + ol < C(e)T2 +C < Cle, T) (3.61)

for some constant C(e,T) independent of X\. Applying (3.61)) for all ¢ € [0,T]
of the form ¢t = A~'n with n € N, and using the definition of 4%, we see that:

Il g2 2 < Cle,T)

for the same constant C'(e,T) as in (3.61). Furthermore, by (3.46) and (3.47)),

we have:
V2l < C

for some constant C' independent of A. Using the last two estimates, we conclude

that (3.60]) is satisfied. O

Throughout the chapter, we will be employing the interpolation inequality
in Sobolev spaces. (For a proof, we refer to Theorem 6.4 in [36].) Its precise
formulation is as follows:

Theorem 3.2 (Interpolation in Sobolev spaces)
Let Q2 C R™ be a bounded open set with smooth boundary, and let i, j, and m be
integers such that 0 < i < j <m. Let p,q € [1,00] satisfying 1 < p < ¢ < o0 if
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(m —j)p > n, or satisfying 1 < p < q < oo if (m—j)p>n. Then, there exists
C = C(R2) > 0 such that for all w € W™P(Q), it holds:

ID7ull ooy < C (ID™ullg @I D'ullifey + 1D ulne) . (362)

1 (n n . >
o= | —-———47—2].
m—1it\p q

We will employ the interpolation inequality for uw being a curve pa-
rameterization v: I — R? (Q = I). For the sake of clarity, in the next table
we list all possible combinations of i, j, m, p, ¢ that we are going to encounter
along the way.

where:

i ] m p q «
a) |0 1 2 2 oo 3
b)[2 3 4 2 7 1
|2 2 4 =5 5 2
)2 2 4 5 6 3
02 3 4 5§ T &
Hl2 3 4 2 3 &
g) |2 2 4 2 6

Table 3.1: Admissible choices for the parameters of the interpolation inequality.

Thanks to the uniform L? bound on the curvature in (3.47)), we will improve
the Hoélder continuity results from the previous lemma by interpolation.

Lemma 3.5
For any, « € (0, %) and T > 0, there exists a constant C(e,T) independent of
A such that for all ty,te € [0,T) with t; < to, it holds that:

1—2a

157 t2) = A (1) lere < Ce, T (b2 —t1) 5 (3.63)

Remark 3.1. Take any a € (O,%)7 and T > 0. Using (3.46) and (3.63)), we
derive:

(s An) — LALA = [(v2 — 30, 42) + (LY)? — LML
1
<> (nvﬁ ~3l=+ [ 12 —mdx)
0
2a

<Clvp = alle < C(E,T))\T71 —0as \ — oo.

Hence, by (3.46)), there exists Ag := A\g(g,T) > 0 independent of & such that for
all A > Ao, we have:
(72,72) > 0in L.

In particular, we derive the following crucial result: For A > A\g and n €
{1,...,[T/\]}, the step-by-step minimizer 7, satisfies:

vp € argmin{ E(y) + AD(y,7p_,): v € AC}. (3.64)
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The difference is that ;) is only restrained to lie in AC instead of AC(y,_,).
This will become relevant once we compute the Euler-Lagrange equation cor-

responding to the step-by-step minimization in (3.22)), as (3.64) tells us that
the additional angle constraint coming from the definition of AC(%],_;) is not

influencing the minimization, at least not for A > Ao and n < [T/A].
Proof. In order to shorten notation, we define:
A’?)\ = ’A)/)\('th) - '3/)\('7251)'

Using the interpolation inequality for the curve A3* with parameters listed in
row a) of Table it follows:

3 . 1 .
123N all < C (AP el 21892152 + 185 22 ) -

By the very definition of A4*, , and ({3.60)), we can control the right-hand
side of the equation above as follows:

1Al < CET) ((t2 1) + (12 —1)?)
= C(e,T) (1+ (b — 1) ¥ %) (1o — 1)’}
< C(e,T)(ty — t1)® (3.65)

ool

for a constant C'(e, T') independent of A. Note that in the last inequality we have
used the fact that ¢1, t5 are in the bounded interval [0,T]. By the fundamental

theorem of calculus, (3.59)), and (3.65)), we also derive:
1
1892 < AP+ [ 14321 da
0

<Clta —t)? + A% L
< Oty —t1)? + C(e, T)(ts — t1)®
< C(e,T)(ty — t1)5. (3.66)

Thus, in order to conclude on these statements, it remains to control the Holder
semi-norm |A4|,. By Morrey’s inequality, (3.60), and (3.65), we have for any
T1,x0 € I:

A3 (w2) — Ay ()]

|22 — x|
AA;‘ T —AAQ‘ T 2o R R 90
= (B =20 gy - agden) 2
2 — 1|2

< C|AR A A4
1—2a

< ClAP R I AR < C(e, T)(t2 — 1)

for a constant C'(e, T') independent of 21, 9, and A. Taking the supremum over
all 1,z € I then leads to:

1—2a

A3 0 < Cle, T)(ta — t1) (3.67)

for the same C(e,T') as before. Combining (3.66)), (3.65)), and (3.67)), results in
(3.63). O
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Theorem 3.3 (Initial compactness)
There exists v: I x [0,00) — R? such that for any o € (0, 3) and 8 € (0, 122),
up to some subsequences, it holds:

AN =y in OO, (3.68)
AN —  weakly in H} . L?, (3.69)
YN =y in L2.CMe, (3.70)

as well as
:)/)\(07 ) - '7(0; ) weakly n Hl%)c([oa OO);RQ)'

3.71
AN, ) = (1, ) weakly in Hy\ ([0, 00); R?). (&71)

Proof. The proof of (3.68]) follows by a standard diagonal sequence argument.
For this, let (T}) C [0,00) be an auxiliary sequence with T}, * oo as k — oo.

By 1) and the Arzeld-Ascoli theorem, there exists (/\EO)) converging to 0
and v I x [0, Ty] — R? such that for any a € (0,1), 8 € (0, 1*82°‘):

2@ . .
AN ’y(o) in C’%’FCLQ as i — 0o.

We continue by applying for every k € Ny the Arzeld-Ascoli theorem to the
sequence (’Ay’\gk_l))i in order to construct ()\Ek))i as a subsequence of (Agkil))i
and v : I x [0, Ty11] — R? such that for any a € (0, %), B € (0, %):

(%)

’y’\’ik — ~®) in C%C’BCLO‘ as i — oo.

Note that as C;” C'1»* convergence implies C'y;” €'+ convergence for any k > 1,
we see:

V(k)|[0,Tk] =~®=D forall k > 1.

Therefore, we can define v: I x [0,00) — R? by setting:
Yo, 1] = ~*) for k € N.

Consequently, along the diagonal sequence \; := )\Z@, it holds for any « € (0, %),

B € (0,1522) that:

ﬁ’\i — v in cOPohe,

loc

From this point on, we assume that we have already extracted the subsequence
(%*#) and will be denoting it, for the sake of abbreviation, just by (). By the
definition of 4* and v*, and thanks to , we see that for any a € (0, 3),
T >0,and 0 <t < T, it holds that:

a—1 A—o0

7, 1) = A2 B)llore < Cle, TIN5 222 0. (3.72)

As a consequence of (3.68)) and (3.72)), we deduce (3.70). Finally, thanks to
(3.51)), and the already proven convergence in ([3.68)), we have — up to a further

subsequence — that (3.69) and (3.71)) hold true. O

Next, we wish to compute the first variation of the minimization problem:

min{E + AD(v,7): v € AC}, (3.73)



3.3. Proof of the minimizing movements result 91

for some fixed 4 € AC. Due to the nonlinearity of the velocity constraint of AC,
the additive variation v + dn, with v € AC, 6 > 0 a small scalar, and n € H?, is
in general not admissible. Consequently, we need to reparametrize v + dn via
amap ¥(4,-): I — I (depending on §) such that (v + dn) o ¥(4,-) € AC. More
precisely:

Lemma 3.6 (Admissible variations in AC)
For any v € AC, n € H*(I;R?) and & such that:

0 < 6 < [|no|~ min{L, dist({(0),¥(1)}, 92)}

(L length of ) there exists a unique bijective map ¥(d,-): I — I such that
w(d,+): I — R2, defined as

1(0,) = (3 + 0n) (W (5, 2)), (3.74)
satisfies:
u(é,-) € AC, p(6,0) = ~¥(0) + n(0). (3.75)
Furthermore, we have for every x € I:
050 (0,2) = % (x/(; (Mg, T) dT — /0m<77x,7'> di:) , (3.76)
0:0(0,2) =1, (3.77)
0.590.) = 1 ([ ) o ()71, (3.78)

where T is the unit tangent vector field of .

Proof. Let § > 0 be as described in the statement, and p(d, ) as in (3.74), then
with & < [|n||t dist(v(0), 99), we have that:

dist(x(6,0), 02) = dist(v(0), 92) — é[|nfl > 0,

and hence p(6,0) € Q. The same holds true for the other endpoint. Let us
consider the differentiable function F(¢,-): I — R given by:

1 Y 5

where Ls denotes the length of v + 6n. Then, as long § < |||/ ;& L, we have:

Yo + 02| 2 |7z| = 8|0zl e = L = bzl >0

and consequently F(d,y) > 0 for all y € I. Together with F'(§,0) = 0 and
F(4,1) =1, this implies that F(d,-) is a diffeomorphism from I to I. Given §
as described in the statement, let us consider ¥(4,-): I — I, defined as:

(5, x) == F(5,-) ().

We will show that ¥ is the desired diffeomorphism. As F(§,0) = 0, we also
have ¥(§,0) = 0, and therefore:

w(9,0) = ~(0) + dn(0)
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From F(4,V(4,x)) = x, we see by the chain rule that:

Oy F(6,0(0,2))0,¥(d,z) =1 (3.80)
OsF(0,V(d,2))+0,F(6,¥(0,2))05¥(d,z) = 0. (3.81)

Moreover, for any y € I:
Oy F(0,y) = [1:w) + ome(w)] (3.82)

Ls ’

1 Y Ye 0N, ~
Fo,y) = — [ (2" o,

1 /y - LY+ 0n, N
- = ’yx—i—(Sxdx) (/ 1) dT ) . 3.83
L%(O ‘ 77| 0<|7x+57]ac| > ( )
With (3.80]) and (3.82]), we derive that:
Ls
8;8\11(57 513) = )
(Ve + 0n2) (¥(3, )|

by which (3.77)) follows. Furthermore, from the same equation, we also conclude
that:

(3.84)

(18, ))e ()] = [(v + 0n) (W(8, 2))[|0: ¥ (6, )| = Ls
and therefore p € AC. It remains to check (3.76]) and (3.78). We use (3.81]),
(13-82)), (3.83), and ¥(0,z) = x in order to compute
9sF(0,(0,z))

050 (0.2) = =5 F0,%(0,2))

= —8§F(O, x)

. (x/olmm,wdi— [ etz

which is (3.76]). In order to finish the proof, we differentiate (3.84)) with respect
to d:

B 1 ! Yz + 67796 5
8365‘1’(5’ x) N |('Ym + 57795)(\11(57 x))‘ A < |’71 + 57717' ’777”> !
Ls

+ Yoz (U (0, 2)) 05V (8, ) + 6Ny (¥ (6, 2)) 05V (6, 2)).
Plugging in 6 = 0 above and using (v, Vz.) = 0, eventually leads to (3.78). O

Remark 3.2. We wish to provide intuition behind formula (3.79)). Suppose that
there exists a ¥(4,-): I — I such that u(d,-), as defined in (3.74), satisfies
(3.75)). Hence, we can follow that:

W (d,x) T
/ \%—Fénﬂdrﬁz/ | (0, %)|dE = xLs
0 0

for all x € I. After dividing by Ls above, we see that ¥(d,-) is the inverse of:

1 Y -
FGw) = - /O e + O] di,

as long as one such inverse exists.
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The above lemma motivates the following definition:

Definition 3.2
Given v, n € H', we define the functions P;(n,v): I — R and Py(n,7v): I — R
as:

1 x
Pi(n,7)(z) =« / (s ) di / (e, ) di, (3.85)

Py(n, ) (z) / (e 7) d — (12 (2), 7(2)). (3.86)

We are finally ready to compute the first variation of the minimization
problem (3.73)), eventually leading to the weak formulation of the time-discrete
evolution in Proposition 3.3

Lemma 3.7 (First variation)
Fiz 57 € AC and let v € AC be a minimizer of . Then for allm € C*, it
holds that:

E(n,v) + D(n,v) + Err(n,y) =0, (3.87)

where:
1
E(n,vy) = /0 (;Mnm,V} + %(1 — 32€/£2)<7)$,7'>> Ldx
+ (1(0), VpW(~(0),v(1))) + (n(1), VaW (v(0), v(1))),

D) =5 [ NG =30)0.5) Edo+ 5 [ (06 =3).0)n.0) L

+ A (0) = 5(0)),1(0)) + A(y(1) = 4(1)), n(1)),

Brrn) =5 [ LG =9).9)(.7)Pi(0.) da
45 [ OO =90)0 7.7 (Paln ) — LePi(,7) da
0

+3 | =900 =) ) de

-1 (/01<nx,r>dx) (/;(A(v—i),ww—“?w) ).

where Pi(n,7v) and Pa(n,v) are as in (3.85)) and (3.86)), respectively.

Remark 3.3. Tt will prove useful to equivalently write E(n, ) from the statement
of Lemma [3.7] as:

1
o € 1 3e 5
E(n,7) '7/0 <L4 (Mow, Yow) + 73 (1 = ok )<nx,%>) Ldx

+ (VW (5(0),7(1)),1(0)) + (VW (7(0),~(1)), n(1))-

Furthermore, one can think of Err(n,~) as an error term, which should vanish
in the limit A — oo, as long as we can derive “good enough” compactness for
the sequence (%). (The red terms in the definition of Err(n,~) should be small
for A >>1.)



94 Chapter 3. Dynamics of the generalized XY model

Proof. For v,% € AC, let us shortly write F(v,%) = E(y) + AD(~,7) with E
and D as in . From this point on, v will denote a minimizer of . By
the minimality of 7, it follows that 2|s—oF(u(d,-)) = 0 with u(d,-) as defined
in . It remains to show that:

O oo P (0.) = By 3) + D7) + Err(a 7).

Given p € AC, for the reader’s convenience, we split the dissipation functional
D into the following three terms:

Di(1,3) = S1(0) = 3O + 5 1u(1) ~ (1),

N At -
Do(p,7) = E/o (1 —A,775)% dw,

Hence, we can split F' as follows:

F(p,7) = E(u) + D1(p,7) + D2(p,7) + D3 (g, 7)-

In the following, we will separately compute the first variation of E, Dy, Do,
and D3. We will repeatedly make use of the fact that all intrinsic quantities,
as well as all quantities depending only on the endpoints, remain unchanged
under the reparametrization of v + o7 into u(4,-).

First variation of E: As:

E(u(,-)) = W(y(0) + dn(0),v(1) + dn(1))

N /1 & (Yoa + Oaas Ve + On)?
0o 2 |7:r+6779:|5

+ |'ch + 577m| dz

we derive using the dominated convergence theorem, and 7., = Ly,

9 b ey rm
7|6:0E(:u(57 )) = / ELZ)(Wi,%H + <’7zxa7791c_>)d1'
94 0 Vel

1 1\2
5¢ (Ve Vz ) Yz M)
— | (e ) + dz
/0 2 |yl o Vel

+ (VW (7(0),7(1)),7(0)) + (VW (7(0),7(1)), n(1))

1
- € 1 3 o
7/0 (L2’€<779m77/> + I <1 9 K ) <772?a7—>> Ldz.

+ (VW (5(0),7(1)), 1(0)) + (VoW (7(0),7(1)), n(1)).

First variation of D:

Sli=oD1((6,).3) = £els=oDi( +63.7)
= AG0) = 3O, 10) + (A1) = 5(1), (1)
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First variation of Da: Let W(0,-) (for 5 >0 small enough be the diffeomor-

phism from Lemma 6l Comparing (3.76]) and ( with ( and -,

respectively, we see that:

1 1
‘116(07 ) = Z-Pl (777 ’Y)v \1125(07 ) = ZPQ(nv 7) (388)
Furthermore, we preliminary compute:
150, z) = W5(0,2)72(¥(0, ) + n(¥(6,2)) + 6U5(8, 2)1. (¥(6, ).

Hence, by the dominated convergence theorem:
) I =
g l6=0D2(u(6,)) = 5 | (A(y=%),7)(n,7) Ldx
0

1t e
+5 [ LG =25 @) Pl ) da
0
First variation of D3: We preliminary compute:

piz (0, 2) = W4 (0, 2) 72 (¥(6,2)) + 6, (8, ). (¥(6, 7)),
125 (8, 2) = W0 (8,2)W5(8,2) Ve (P (8, 2)) + W5 (6, )2 (¥ (5, 2))
o (6, )02 (Y (6, ) + 6V, (6, 2) U5 (6, 2)0a (Y (6, x))
+ 0W5(0, 212 (¥(6, 7)),

and:

) 1 I
im0 = —— 2, T) da.
TG ~ T J, )
Therefore, by the dominated convergence theorem and (3.88)), we see that:

O oo Dsfuto. )

At B 1
=17 [ 20 =% U E P +n,0;) de
)\ ! ~ 1 ~ 1 1 1 € 1
+ 1L/, 2(y = 3,70y =7, ZPl(nm)vm + ZPg(vm)% + ) de

1 ’yz ! 1
- Nz d N d x.

The above equality can be further simplified to:

1
Sels-oDa(u(6.) = 5 [ =57 0.0) La
5 [ OO =900 = 7.7 (Pa(n ) ~ LePr(a.7) da
0
! 1)\ ), U N, n.) d
+3 | 0= =) da

= (/01<nw>dx) (/01<A<v—&>,u><v—a,u>dx)

Combining all the aforementioned computations, we conclude the proof. O
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Proposition 3.3 (Time-discrete evolution)
For any T > 0, there exists a Ao = Ao(e,T) > 0 such that for everyn € CFC>
and every A > Ao, it holds that:

T
/0 E(’Y/\(tv ')7 U(t7 )) + D(’Y)\(t7 ')7 n(ta )) + Err('y)‘(t, ')7 U(t» )) dt = 0, (389)

where E, D, and Err are as in the statement of Lemma[3.7]

Proof. The proof follows by using Remark (3.87)), and a simple induction
argument. O

The weak formulation (3.89) of the time-discrete evolution will now be used
to derive further compactness results. We start with

Proposition 3.4
Up to a subsequence, it holds that:

v — v strongly in L3 . H>. (3.90)

Proof. Fix T > 0 and let Ay be as in Remark We wish to show that
(7}) is a Cauchy sequence in L2.H?. A standard diagonal sequence argument
would then conclude the proof. Let us fix § > 0. Due to , there exists
A1 = A1(6) > 0 such that for all 0 < A < A < A;, we have for Ay = 4* — A

INTPERY (3.91)

Given 0 < A < A < min{\g, A1 }, we write:

c T 1 )
— A7 | dzdt
@ ), J, e
T 1 e A A e A N
= 0 0 W< 7$$77xm>_W< ’Yxx77xac>dzdt

+ /OT /Ols <(L1A)3 —~ (Li)?,) (AYam, Vo) da dt.

Subtracting (3.89)) with time step A=! and n = A~y from (3.89) with time step
A~1 and again = Ay, we can reformulate (3.92)) as the sum:

(3.92)

T 1
TR | [ 18P avde = 4+ B} - BY + B} - B} + B} - B (399

where

A= /OT /015 ((Li)g - (LlA)g,) (AYpa; Vo) da dt,

T 1 30

Bf‘ = / / (1- —(ff’\)2)<A%,T’\> dx dt
o Jo 2

T

+ / (T, WA (£,0),7 (£, 1)), Ar(t, 0)) dt

+ /T<VqW(7k(t»0)mA(t, 1)), Ay(t, 1)) dt,
0
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By = / / M (A, ) da dt + —/ / M (Ay, ) dz dt

+/ (VA(t,0), Ay(t,0)) + (VA(t, 1), Ay(t,1)) dt,
0
By = B/T /1<V’\,ﬂ)<D,T>P1(A%7/\)dxdt
/ / (VA0 (0 =3, Pay(Av, 7)) — LAy (Ay, 7)) dedt

+7/0 <V ,u)(v)‘ )lA%dxdt
- i/OT (/01<A%,T> da:) (/01<VA,VA><7A —’?A,u’\>dx) dt,

and B}, i € {1,2,3}, defined by the same formula as B}, but with each A
exchanged with A. We wish to bound the right-hand side of . This will
be achieved by taking advantage of , thanks to which we can estimate
every Ay -and A~y,-term appearing on the right-hand side of by § from
above. For all the remaining terms, it will be enough to find an upper bound
C(e,T) < oo independent of A and X\. Without further mention, all constants
encountered in the following will be independent from the choice of A and A:

A-term: Since L*, L™ > ¢ > 0, due to the Lipschitz continuity of z — =3
away from 0, we have:

1
<O - LM = c]/ 2] — 2] de

1
‘) / 2 — 2 de < C(e)S.
0

Combining this with the bound on the curvature in (3.47)), we have:

Al < C(e) //|vm\2+|vm|2dxdt<0<>

B3 -term: Thanks to and (3.47 -, we have:

1B < C(e) // (14 (5)?) | Ay, | da dt

e / Ay (t, 1)) + | Ay (£, 0)] dt
0
< C(e)d + C6 = C(e)0.
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B3 -term: Due to (3.46)), (3.47)), and (3.51)), we have that:

T 1
B3| < o/ / (V2] + VA Ay de dt
0 0

T
+/0 VAR Ol AY(5,0)] + VA2, 1)][Ay (2, 1)] dt

[SIE

T 2 T

<VTé (/ / |V’\|2dt> +ﬁ5< |vA(t,0)2+vA(t,1)|2dt>
0 0 0

< C(e,T)o.

Bg‘-term: The bound on the Bg‘—term can be obtained, by arguing as in the
estimate for B2 and noticing that P;(y*,Av), i € {1,2}, can be bounded as
follows:

1
max| Py (A7 )| < € [ |2, ) de < €5
? 0

Similarly, one can bound the Bf\—terms by C6.

Exploiting once more ({3.46)), and taking into account all the previous esti-
mates, we can find a constant ¢(¢) > 0 such that

/ /|A7m\ drdt < (LA / /|A'ym\2da:dt<0(s T)s.

With all the aforementioned bounds, we see that (y})y is a Cauchy-sequence
in L2 H?, whose limit must be v due to (3.70). This concludes the proof. [

Corollary 3.1

As 47 (-,t) € AC for all t and by the convergence in (3.70) and in (3.90)), we
see that the limit evolution (¢, ) € AC for almost all t.

In the following, we will continue by employing the ellipticity of (3.89), as
well as a boot-strapping argument, in order to show the uniform boundedness
of higher order z-derivatives of (v*).

Proposition 3.5 (Boot-strapping)
Let T > 0 be fized and X > A\g = Mo(g,T) with \g as in Remark , Then
Vpwa (1) exists for all t € [0,T) and

1 2al <C(e,T) <0 (3.94)

LiLd
for a constant C(e,T) independent of \.

Proof. Let us fix t € [0,T]. In order to keep the notation compact7 we will
not explicitly write out the dependence of quantities such as 4* on t. So, for
example, v*(-) := (¢, -) for the fixed ¢ € [0, 7] from above. We define for any

f:10,1] — R2:
:/ f(z)dz
0
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and D", for n € N, recursively as D;lD;("_l). Integrating by parts in the

terms F(n,7") and D(n,7*) from Lemma for a fixed n € C°, leads to:

1
£ _
E(n,7") :/ <(L,\)37£z+DzlA1»77m>d9€ (3.95)
0
1
DY) = [ (D2 A0,me) da (3.96)
0
where
3 a2y L A=A\ A L)\A)\)\
/11;:_(1—?(/4))7-7 AQ::7<V,V>V —|—7<V7V>I/.

Using the definition of P; and P» (see also (3.85)) and (3.86))), Fubini’s theorem,
and integrating by parts in the term Err(n,v") from Lemma for the same
1 as before, we derive:

1
Err(vA,n):/ <D;1fi,nmx>dx (3.97)
0
where:

1 1 1
A= (/ Agdgz—/ £A3d£+A4—/ A4dj+A5>T’\+A6,
x 0 0

R - 1 5 N
Az = 7<V>‘,1/)‘)<1/)‘,7'>‘> + §,l'<v<‘/'>‘,uk><'yA — 'y>‘,1/>7
1
A4 = §<V 7ﬂ>‘><'y>‘—fy)"y>‘>7
1t
As = Z/ (V*,yﬂ('y)‘— ~)\,l/\> dz,
0
N N
Asg :_7<Va Yt =A%)

By (3.95)), (3.96), (3.97), and (3.89), there exists v* = v*(t), w* = w(t) € R?
such that:

*(L%)Svim(x) — o 4 wte 4 DI Ay (2) + D% Ag(z),  (3.98)

where:

1 1 1
A7A1+</ A3d9~37/ i‘Agd.i’+A4*/ A4di’+A5>’Y§+A6
T 0 0
As the right-hand side of (3.98) is weakly differentiable (with respect to z), we
can further differentiate v, to obtain:

€

(LA)ﬂim =w*+ Ay + D1 A,
By the very definition of A7 and the regularity of v*, this shows that 4* is four
times weakly differentiable and:

)
_W’V£zzz = (A7)1 + AQ’
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For convenience, we will now split up the right-hand side of the above equation
as follows:

(LA T Yawes = ZB“ (3.99)

where
1
By = (A1), = >~ (35"(\%2%\ - (1= 2(“/\)2)7;\w> )

BQ = AQa
1 1
Bs = Asv) + ( Az di — / FAs di) ST
x 0

1
By = (Ag)ev) + <A4 —/ Ay dfﬂ) Vous
0
By = (A5)27s + Asvoy + (Ag)a-

Let us separately estimate each term on the right-hand side of . We
note that we will repeatedly make use of (3.46]), , , as well as the
boundedness implied by the convergence in (3.70]). Furthermore, all constants
appearing in the following estimates will be independent of A.

Bi-term:

1 1
3 3 3 3 3
[ 1B ds <o) [+ AL P o
0 0
1
3 3 9
) [ dalt + 1)+ i ao

1
<) / 14 ealf 4 22 de,
0

where in the third line we employed Young’s inequality. Using the interpolation
inequality (3.62) with parameters given by row b) and c) in Table and
eventually Young’s inequality with arbitrary § > 0, leads to:

9 z
||’79>:\xm||z < C (H,YCZ‘IIZL’” 3 ||/YZL’CE||2% + ||’71x||4 )
9
< C (610asallty + COINNI %y + 214 )
3
as well as:
3 A2
< C (In2easl 3 102175 + el )
3 9
<c (6||vm|| LA COI Y + )

3

9
2

&~ o

2z

Consequently, we derive:

1 -
|11l do < Ce.) + CE Il -
0 2
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Bsy-term:
! 3 32 YT A2
[Ba|? dz < C[|Ba|| 7. < CVA[72 < O+ [[VA|72)-
0

Bgs-term:

1 1 1 3
[iBdtar<c [ <|A3|3+(/ 4a] 02 mﬁxﬁ)dz
0 0 0
! 3 3
<o) [ R+ R
0
Lo ME A 132 13
+0) [CAVAE + IV I o) e
1
<c(@) [ (14 COVAP + 811 do
0

3 3 3 3
+CMUAVHIE A IV Za vz 22 12l

3
(T,6) (1 + [VH[72) + C(e, 1Yol 176 + Cle, TV 22

<C

< Cle,T,0) (L +[[VA2:2) + Cle. T)évzull s

where in the third line we used Young’s inequality with arbitrary § > 0 in order
to estimate |V*|2 (14 |y2,|2). Making use of the interpolation inequality (3.62)
with parameters given by row d) of Table it follows that:

A PRNTE ST NE A
I2elfe < C (Indeasl? g 02?4 + 11216 5 )
3 9
< C (Il 4 1211 + 1920152 (3.100)

Combining the last two estimates then results in:
Lo A2 PO
/ |Bs|* dz < O(e, T, 0) (1 + [[V7Iz2) + C(e, T)|z0mall 5 -
0
By-term:
1 3
/|B4|§dm
0
! 3 ! ~ 2 S 3. a3
<c [ (1t + ([ 1addz) 4 At ) e @0y
0 0

With:

oo

2N (A)s = (32 = 32PN VA0 + PRV, (A = 708
VAN = 3200 + LRV (0 = 70,
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and (3.100)), we follow that:
1 1 ‘
[ It as < o) [ Es Al o
0 0
1
< C(T)/ 1+ CO) VAP + 87, [° da
0

= C(T,8)(1 + [VAZ2) + C(e, T)8|2ae |

3.
2

&~ vl

Furthermore, by (3.100) and again Young’s inequality:

3
1 1 2
[ 1) b+ ap ao
0 0

3 3 1
<@ (VIR Iy + [ 1R ar)
<O T+ VA ) + O8IV s + ol s
< O T 0) (1 + VM) + Ol Tl .

Combining the last three estimates, results in:
1 s 3
/ |Ba|? do < C(e, T,6)(1 + [[VH72) + C(EvT)5||A/a>c\mmz”z§'
0 2

Bs-term: Repeating the same argument as in the previous steps, we derive
that:

2

1 ) R
[ 1Bsff do < T+ V) + Cle Dol .
0
Hence, with (3.99) and the bounds we found for the B;-terms, we have:
3 3

Taking § > 0 small enough, we then see:
3
erall?y < Cle,T) (14 1V 32)

As t € [0,T) was arbitrary:

3
12002t My <Ce,T) (1+ VA, )172) (3.102)
for all ¢ € [0, T]. Integrating (3.102]) over ¢ € [0,T] and employing the velocity
bound in (3.51)), finally leads to (3.94]). O

The previously derived bound results in the following compactness result:

Theorem 3.4
Up to taking subsequences, it holds that:

3 k
> s (3.103)

loc
3

9 p
A = v strongly in Lz W?”%, (3.104)

oc

AN — 5y weakly in L
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where 7y is the limit from Theorem[3.3 In particular, we have that for almost
all t:

PNt ) = (t,-) in C% (3.105)

Proof. Let us fix T > 0, and suppose that we have selected (without renum-
bering) the subsequence from Theorem Then, directly from the bound in

(3-94), we see that:
3
v — 4 weakly in L2W*32

39 .
In the following: we will show that (y*) is Cauchy in Lz W25 . For this,
fix 4,6 € R such that § > ¢ > 0. From |D we know that there exists
Ao = Ao(6) > 0 big enough such that for any A\, A € R with A > X\ > A\ and for
Ay i=~7 — 4 it holds that:
||A'YHL§§ 2,39 < C’||A'7||L2TH2 <9, (3.106)
where we have employed Hélder’s inequality in the first step above. By the

interpolation inequality (3.62) with parameters given by row e) in Table
we have:

i
3

6
1A%zl 5 < C (1A%ezas |7 1A%y + 8%l ) -

Hence by Holder’s inequality, (3.94), and (3.106]), we derive for all A > A > Ag:

ﬁ
JRISTE R

<O [ (18 erne B
0

I

39
+ 1872 7, ) at
L2

t\:\w @

39
< Ol Avzzza]| 3 ||A'YmHL§FL2 + C(T)HA’YMHE%Lz

3
L2
T

58 =

3

< C(e,T)(6 +6).
Therefore, for 6 small enough, we have for A > XA > A\g:

IIAva .9 <O (3.107)
L?23

argument. Note that (3.105) follows from the Sobolev’s embedding Theorem.
O

Thanks to (3.106)) and (3.107]), we conclude (|3 m 3.104]) through a diagonal sequence
H 3.105

Our last compactness result is derived from the coupling relation (3.50)),
which will also lead to the equation (compare with (3.110])) satisfied by the
tangential component of the velocity of ~.

Theorem 3.5
Let V =, where v is the limit from Theorem and L™ be defined as in
Definition[3.4 Then, up to a subsequence, it holds:

LA — L weakly in Hlloc([O 00)), (3.108)

(VA3 442 = 2LV T weakly in LE ([0, 00); Wh3). (3.109)

loc
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Furthermore, for almost allt > 0 and x € I, the limit vy satisfies:
V. (t,x) = L'(t) + L(t)s(t, x)VE(t, z). (3.110)

Proof. Let us fix T > 0. We start by integrating (3.50) for fixed ¢ € [0, T over
x € I, and consequently solving for L;:

1
(L + LML = (VA3 + )lizo — / (VY LRAR(3;) + L R(3,)) d.
0

Integrating the square of the above equation over ¢ € [0,T] and using (3.46)),
(13.47), and (3.51)), we derive:

AZMF&

<c/Tuﬂme+wﬂam%w
0

+C/0T ((/Olwvﬂdx)z + (/01|/$’\V’\|da:>2> dt

< C/OT (VAE0)2 + VA5, 1)) dt+C/OT (/()1(/%>‘)2dx/01|V’\|2dx) at

+C/OT (/Ol(ﬁA)de/olVAPdm) dt

T T 1
30(5)/0 (|W(t,o)|2+|vk(t,1)\2)dzf+0(a)/0 /0|VA|2da:dt
< C(e,T).

Hence, (L") is uniformly bounded in H'(0,7) and, up to choosing a subse-

quence: .
L* = L weakly in H'(0,T).

Next, we take the absolute value of both sides of :3.50 to the power 3 and
integrate over x € I and t € [0,T]. By the L2([0,T]) bound on (L}),, (3.51)),
(3.100)), and (3.94)), we have:

T 1 R
//\(V’\,’y;\+7§>w|§dxdt
0 0
T T ,1 ) .
gc/ (L?)%dt—kC/ /\VA|%|7;I|%dxdt
0 0 0

T
A~ 3
SQHMME+AHWﬁwwﬁA%&SC@H,

where in the third line we have employed Young’s inequality. Hence, (VA 72 +

3 )
72, is bounded in L%L% and, up to taking a further subsequence:

<V/\7’7;\ +’Y§> =V, 27,) = 2LV T weakly in L%(O,T; ng)

By a diagonal sequence argument, we conclude (3.108) and (3.109)). Finally,
equation ([3.110]) follows by combining these two convergences with (3.50). O
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3.3.2 Convergence

In this subsection, we proof the main result of this chapter stated in Theorem 3.1]
Let us start by employing the compactness results of the previous subsection
in order to pass to the limit A — oo in the weak formulation of the
time-discrete evolution.

Theorem 3.6 (Weak form of the geometric evolution)
Let v be the limit of Theorem then for all test functions n € CC™, it
holds that:

(= 1 3e
= 2= 22 I
/0 /(; <L2fi<naxa:;V> + L< B K )<nz’7>> de dt

+ /000<va(7(15,0),7(1§, 1), n(t,0)) + (VW (y(t,0),7(, 1)), n(t, 1)) i

T 1
—l—/ / Vi (n,v)Ldzdt
o Jo

n / (V(£,0),0(£,0)) + (V (£, 1),n(t, 1)) dt = 0.
’ (3.111)

Proof. By (3.89), in order to show (3.111)) it is enough to prove the following
convergences as A — oo (up to taking subsequences):

/OOE(VA,n)dt%/OOE(%n), (3.112)
0 0
') ') 1
A 14 14 X
/O D( m)dH/O /0<v, Y, )L dz dt
4 / (V(,0),0(6,0)) + (V(£, 1)on(t, ) dt - (3.113)
0
/00 Err(y*,n)dt — 0. (3.114)
0

In the following, let T' > 0 be big enough such that spt(n) C [0, 7] x I. Without
renumbering, we suppose that we have already selected a subsequence such that
all the compactness statements from the previous subsection hold true for the
whole sequence () with the limit denoted by .

Proof of (3.112)): By (3.46)), there exists a constant dy > 0 such that for all

A
|7)\(t70) - ’Y)\(t, 1)| > c.

With (3.68)), this is also satisfied for the limit . Consequently by the smoothness
of W in the set {(p,q) € Q%: |p — q| > do}, we see that:

(VW (A (t,0),77(t, 1)), 1(t,0)) = (VW (7(t,0), (1)), (¢, 0))|
< C(do) (17 (t,0) = (8, 0)[ + [V (t, 1) + (&, DDl pg =
< Cdo, M7 = 7llegeo = 0 as A = 0.

In the same way, one can also show that:

<VQW(’Y)\(t7 0)7 ’7/\(t7 1))7 77(157 0)> — <V¢IW(7/\(t7 0)7’7)\(t7 1))7 77(t7 0)>
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Employing (3.46)) and (3.47)), we can find C(e,7n) < oo independent of A such
that:

| (G e + 220 = F 60200, 2 < Clean

Thus, (3.105]), the dominated convergence theorem, and the previous conver-
gence of the renormalized energy terms lead to (3.112]).

Proof of (3.113)): By (3.70), we have that:
LM, )0 = Lin,vyv, LMWt — (n,v)v

strongly in L3 L>, and therefore also strongly in L2.L?. Hence, by weak-strong
convergence, we derive:

1 T 1~
- / / DXV 0, 505 + LAV, (3, o)) da dt
0 0
T 1
%/ /(V,V)(n,V>dedt.
0 0

Therefore, by additionally using (3.71)), we follow (3.113]).
Proof of (3.114): From (3.70) and the definition of P, and P, (see also

(3.85) and (3.86)), we derive that:

Pi(n,7*) = Pu(ny), Pa(n,y™) = Pa(n,7)
strongly in L ([0, T]; L>°(I)). Thus, and imply that:
LM 7 Pr(n, ™) — 0,
) = LePi(n,7)7* = 0,

<'7)\ - :)/)\7 T/\>(P2(777

1
(/ (m,T’\) dx) (7’\ — V‘,V}‘ﬁ/)‘ — 0,
0

strongly in L% L2 Therefore, as in the previous step, the result follows by
weak-strong convergence. O

In the next corollary, we will show that the regularity of the limit evolution
can be improved:

Corollary 3.2
For the time-continuous evolution -y from Theorem it holds that v € L2 _H*.

loc

From , only v € LI%OCW‘L% can be deduced a priori. In order to improve
the integrability from % to 2, we have to repeat the strategy of the proof of
Propositionin the time-continuous setting. Instead of , we will employ
which — in contrast to —is simpler as it misses the Err-term. More
precisely:

Proof. Testing (3.111)) with n(t,z) = ¥(t) p(x), where v € C*([0,00) and
o € 0((0,1); R?), as well as using the arbitrariness of v, we derive that for
a.e. t € [0,00), it follows that:

1
€ 3e
/0 ﬁ<795177§01z> + (1 - ?'{2)<¢sz> + L<V7 I/><907V> dz = 0.
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Integrating by parts in the above equation and employing the notation from
the proof of Proposition then leads to:

1
€ _ 3e _
/0 <L3”ym fDxl(( — ?H2)T) JrDQCZ(L(V, V)l/),(pm>dx— 0

for a.e. t € [0,00). Hence, for all such ¢, there exist v(t), w(t) € R? satisfying
for a.e. x € I

€ 3e
—3"er =Vt wE — DY (1 - ?/12)7) + D2 (L{V, v)v).

x

We then twice differentiate the equation above which leads to:

€ 3e ,
— 73 Vawas = 3ehkgYe — L(1 = R )Ry + LV, v)v,

again, for a.e. t > 0 and a.e x € I. Consequently, by Young’s Inequality, (3.46]
and (3.47) we have for a.e. ¢t € [0, 00):

1
Passallts < CE) [ NP1l + Faal? + el 100 + V] d
01
<CE) [ aaPaael? + 1)+ Pl + V2
01
< cws>j€ 14 Faal® + Pasal® + V]2 d.

Employing the interpolation inequality (3.62)) with parameters given by rows
f) and g) in Table Young’s inequality with 6 > 0, and (3.47]), we have:

21

H%vxm”?i?’ <C (”')’zzmx”g”'ﬁa?”g? + ‘|7$z‘|i2)
35
< C (0lawel32 + CO) el + 2l )

as well as:

H%EIHGLG <C (||’71xmx||1L2||7xz”i2 + ||'7zx||%2)
<C (5”73:9&36”%2 + C(é)H'YxleL()? + ”796:6”%2)

We combine the last two estimates:

1
H%MA;SC@M%MA;+0@941+WW¢U

Hence, choosing ¢ small enough, we have for a.e. ¢ € [0, 00):

1

Integrating the above inequality over ¢ € [0, T] with arbitrary T' > 0 and using
the velocity bound in (3.51]), we conclude the proof. O
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We are finally ready to prove the main result of this chapter (see also
Theorem |3.1)):

Proof of Theorem[3.1} The regularity statements in directly follow from
(3.68), (3.69), (3.71)), and Corollary We wish to show that ~ satisfies all
five equations stated in Theorem a.e. t € [0,00) and a.e. x € I. Due to
Corollary we can find a sequence (u') C C°C* N LE _H* such that:

loc

pt — v strongly in L2 _H* as i — oo.

So, in particular:

u' — v strongly in L2 .C*. (3.115)
Furthermore, by (3.68)), we can also assume that:

u' — 7 strongly in COC*. (3.116)

1. step: We will first show the geometric evolution of the interior of the curve.
Fix ¢ € C°°(]0,T] x I) for some arbitrary T > 0. By (3.115)), the definition of
FE from Lemma Holder’s inequality, ([3.46]), and the interpolation estimate

in (3.100f), we derive:
'/ E(%s@(ui)l)dt—/ E(%@ﬁ)dt’
0 0
T 1 )
< [ ] €0+ bl + b)) = 26, s o
0 0

<C(p) (/0 L4 [[v2a (t, - IILsdt> (/ ' (¢ £)ls d )

h— o0

< 0(90757T)||M1 - 7”[%03 — 0.

Furthermore, by (3.46) and (3.116)), we also see that:

LV (i)™

,vydadt

h—00

< COIV Izl =L "= 0.

In a similar fashion, we can show;

/OOO<V(L 0),(t,0)(15) ™) + (V(£,0), ¢(t,0)(p1g) ") dt

_ /O TV,0), 0t 00y ) — (V(E 0), o(t, 0172} dt]| — 0 as i — oo.
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Let us now test (3.111)) with n = (%) and pass to the limit i — oo:
oS] 1
3
/ / ekprs — eL?kPo — L (k — ?853%0 + L2Vipdedt
o Jo

T
4 / Lip(t,0) (VW (3(t, 0), (¢, 1)), (. 0)) dt
0 (3.117)

+ / Lop(t, 1) (VW (1(£,0), 7(£, 1)), w(t, 1)) dt
+ /T (p(t,00VE(t,0) + @(t, )V (t,1)) Ldt =0
0

Assuming additionally ¢(t,0) = ¢(t,1) = 0 for all ¢ € [0, 00) and integrating by
parts in (3.117)), then leads to:

e 1 € c .
/ / (ﬁlﬂ?npr + 5/‘63 — K+ VL> L2Q0 dzdt = 0.
0 0

By the arbitrariness of ¢, we see that (3.41]) holds true.
2. step: We wish to investigate the equations governing the evolution of the
endpoints. Let us now take ¢ € C2°([0,00); C*°(I)), possibly nonzero at OI.

Integrating by parts in (3.117) and using (3.41]), we derive that:
T
/ ek At — ekppli—
0
T
+ [ Lot 0V, W0 2,0). (8, 1)), v(t,0)
o (3.118)
4 [ Lelt, (VLW (2(2,0) 7(0 1) (e, 1))
0
T
+ / ((t,0)VE(t,0) + o(t, DV (¢, 1)) Ldt =0
0
Choosing ¢ such that ¢(-,0) = ¢(, 1) = v, (-,1) = 0 in (3.118) leads to:
T
/ er(t, 0)pa (1, 0) dt = 0,
0

and due to the arbitrariness of ¢,(-,0) and T to:
k(t,0) =0

for a.e. t € [0,00). In a similar fashion, we can derive the same natural boundary
condition at x = 1 which leads to (3.44]). Using the natural boundary conditions

of (3.44) in (3.118) for ¢ additionally satisfying ¢(-,1) = 0, we see that:
T
/ era(t, 0)p(t, 0) dt
0
T
+ [ 0@ W00 1).w0)) de
0

+/ VE(t,0)p(t,0)Ldt = 0.
0
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Hence, by the arbitrariness of ¢(+,0) and T', we have for a.e. t € [0, 00):
1
VE(t,0) = —(V,W(y(t,0),7(t, 1)), v(t,0)) — e 7 ia(t,0)- (3.119)
We continue by testing (3.111) with n = ¢ !, where (1*) is the approximating

sequence from before and ¢ € CZ°([0, 00); C*°) with ¢(-, 1) = 0. Passing to the
limit ¢ — 0o, as done previously, then leads to:

0:/0 /0 ((1—}—5&2) <p$+5fmmcp)dedt
+/O (VoW (~(t,0),7(t,0)),7(¢,0)) + VT (£,0)) ¢(t,0)L dt
= /oo (=14 (VW (7(t,0),7(t,0)), 7(t,0)) + VT (£,0)) p(t,0) L dt.
0

By the arbitrariness of ¢(+,0), we have:

VI(t,0) = 1= (V,W(y(£,0),7(t, 1)), 7) (3.120)

for a.e. t € [0,00). We can show by combining (3.119)) and (3.120]). The
proof of works similarly. Moreover, follows directly from (3.110]).

3. step: It is important to note at this point that even though ~ exists for all
times ¢ € [0, 00) and satisfies all the equations stated in Theorem [3.1] it is not
guaranteed that v C Q for all ¢ € [0, 00) (the definition of AC does not enforce
this). Let us define the function d: [0,00) — R as:

d(t) == dist(y(t, ), 0Q),

which is well defined due to the compactness of v and 02. Furthermore, as
~(0,-) = v C Q, we have that d(0) > 0. Define:

To = sup{t > 0: d(t) > 0}.

By the C2C! regularity of v and the smoothness of 92, we see that d is
continuous, and therefore Ty € (0, 00]. Moreover, in the case Ty < 0o, we must
have d(Tp) = 0, and thus v(Tp, -) N I # O which concludes the proof. O



Chapter 4

Generalized Ginzburg-Landau on
a manifold

4.1 Preliminaries

In this chapter, it is assumed that the reader is familiar with basics of differential
geometry (see also, e.g. [63] and [64]). Let us fix some notation: We denote
by S a two-dimensional oriented compact (without boundary) and connected
Riemannian manifold. The letter M will be reserved to a more general d-
dimensional oriented Riemannian manifold (possibly with boundary). In both
cases, g will be the metric tensor, and vol the corresponding volume form.
Provided with local coordinates, we will denote by \/m the corresponding
area factor. Furthermore, F will denote an r-dimensional vector bundle over
M with its own metric tensor written as h. TM will be the tangent vector
bundle on M, and T*M the cotangent vector bundle both with their natural
metrics induced by g. We will write the set of smooth sections of TM as
C>°(TM) and, more generally, the set of all smooth sections of E as C*(E).
The interior product with X € C*°(TM) will be written as X.. Where no
danger of confusion is present, we will denote the Levi-Civita connection on
M as well as E by V, and we will denote by I' the Christoffel tensor (in both
cases, respectively). Furthermore, ® will be the tensor product, A the wedge
product, and * the Hodge star. A subset U C M is called a domain if and
only if it is open, connected, and E|y is trivial. In particular, any coordinate
neighborhood U is a domain. In this case, let us write (¢, ), where Q C R?
and ¢: 0 — U, for the chart on U. For the sake of simpler notation, we identify
a function u on U with its coordinate representation u o ¢ living on 2. We
call V*: C(T*M ® E) — C*°(E) a formal adjoint to the covariant derivative
V if and only if the following integration by parts formula holds true for all
u€ CX(E)and v € CX(T*M ® E):

/(u,V*v)volz/ (Vu,v)vol.
M M

It is a classic result in differential geometry (see also, e.g. Proposition 10.1.30
and (10.1.8) in [55]) that such an adjoint exists, is unique, and has the following
local representation inside a domain U:

v == [Vl 0 (VIglo™) + 9"V5,, | B (4.1)

111
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Note that (g*?) denotes the inverse of the metric tensor. As was already done
above, we use the Einstein summation convention where any index appearing
twice is implicitly summed over. With regard to indices, we will use Latin
letters such as k and i for indices running in {1,...,d} and Greek letters such
as a and 3 for indices running in {1,...,7}. In general, we denote by F(M;S*)
the set of all sections u: M — TM with |u| = 1 and the regularity given by F'.
So, for example, W11(M;S?!) is the set of all W11 sections u: M — TM with
|u| = 1 at a.e. point. Norms will be usually written in short-hand notation;
so, for instance [ully 11 = [Jullwr1(rar). We define B(z,r) to be the closed
Euclidean ball centered at z € R? with radius r, and by B(p,r) the geodesic
ball centered at p € M with radius r. Finally, for any 0 < r1 < ro < r* (r*
will denote the injectivity radius of M) and p € M we denote by A,, ,,(p) the
geodesic annulus given by:

Ahﬂ“z (p) = B7"2 (p) \BTl (p)

4.1.1 Sections of bounded variation

In this subsection, we wish to introduce all the necessary results with regard
to sections of bounded variation of a general vector bundle E over M; this
means Borel regular sections u of E that have bounded variation (this will
be defined in a moment). They can be seen as a natural generalization of
vector-valued functions of bounded variation. Our main goal will be the correct
intrinsic definition of the blow-up quantities of u as well as the statement and
proof of the decomposition theorem for sections of bounded variation (see also
Theorem |4.3)).
Let us start by defining the total variation of an L'-section:

Definition 4.1 (Total variation)

The total variation of a section u € L (F) is defined as

var(u) = sup{/M<u,V*v> vol: v € C¥(TM ® E), ||v]|eo < 1}. (4.2)

For any open subset U C M, we define the total variation var(u,U) of u in U
as

var(u,U) = sup{/ (u, V*v) vol: v € C°(T*U Q E|v), ||v]leo < 1}. (4.3)
U

The definition of sections of bounded variation then naturally follows:

Definition 4.2 (Sections of bounded variation)
A section u € L _(F) is of bounded variation if and only if var(u) < co. The

set of all sections of E with bounded variation will be denoted by BV (E). This
space is equipped with the following norm:

lullgv = |jullrr + var(u), for all w € BV (E).

Using (4.1]), a simple computation leads to the following local representation
for the integral term in (4.2)):
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Lemma 4.1

Given a coordinate neighborhood U with coordinates {x',...,z%} and orthonor-
mal frame {e1,....e.} (of Ely), v € LL (Ely), and v € C*(TU ® E|y), we
have:

/(u,V*v) vol = —/Qu"‘axk( |g|gkivf‘) dx — /foauﬁgkivia dz. (4.4)
U

Furthermore, there exist constants Cq, Ca € (0,00) only depending on M such
that:

Cr(llul|Lr (o) + var(u)) < var(u) < Co(||ullL1(q) + var(u)), (4.5)

where var(u) denotes the Euclidean total variation of the coordinate represen-
tation of w. In particular, this shows that w € BV (E|y) if and only if its
coordinate representation is in BV ({; R").

By and an approximation argument, any u € BV (E) can be identified
with a bounded linear functional T on C(T'M ® E) with its operator norm
satisfying: ||T'|| = var(u). In the next theorem, we will identify such a functional
T with a generalized vector measure in M(FE), which is defined as follows:

Definition 4.3 (Generalized vector measures)

Let M (M) be the set of finite positive Radon measures on M, and B(TM ® E)
the set of Borel regular sections on TM ® E. We define the set M(E) of
generalized vector-valued measures as:

M(E) ={(o,p): p € ML (M), 0 € B(TM ® FE) with |o| =1 p-a.e.}.

Given a generalized vector-valued measure v = (o, ) € M(FE) we call p the
total variation of v, and o the polar density of v. (This will be motivated in
Theorem 4.1])

Theorem 4.1 (Riesz’s representation)
For any u € BV (E), there exist p € M(M) and o, € B(TM ® E) with
|ow| =1 at p-a.e. point such that for any v € C°(TM ® E):

/M<u, V*v) VOI:/ (o, v) dp. (4.6)

M

In particular, for any open subset U C M, we have that p(U) = var(u, U) with
var(u,U), as defined in ([4.3).

The measure p and the section o are unique in the following sense: Suppose
that there exist another ' € My (M) and o' € B(TM ® E) with |0'| =1 at
p-a.e. such that is satisfied for any v € C°(TM ® E). Then p' = u in
the sense of measures and o' = oy, at p-a.e. point in M.

Proof. In [41], the authors have proved (see also Theorem 2.5) the statement
in the special case E = M x R. We will extend their result to the setting of a
general vector bundle by closely following their reasoning.

1. step: We will first prove existence of the positive Radon measure p in
(.6). Let us consider the linear functional 7: C*°(TM ® E) — R, defined as:

T(v) = /M<u7V*v> vol.



114 Chapter 4. Generalized Ginzburg-Landau on a manifold

From (4.2]), we follow that T is a bounded functional on C*°(T'M ® E') equipped
with the L*>°-norm, and that its operator norm satisfies ||T'|| = var(u). Conse-
quently, we can extend 7' by approximation to a bounded linear functional on
C(TM ® E), while leaving its norm unchanged. Let T: C (M) — R be defined
as:

T(f) = suwp T(fv),

llvfleo <1

where the supremum above is over v € C(T'M ® E). Furthermore, extend T to
the functional T': C'(M) — R defined as

T(f) =T(f5) = T(),
where fT and f~ are the positive and negative part of f, respectively. The
following intuition lies behind our choice of T: Suppose that there exist p €

M4 (M) and o, € B(TM ® E) with |o,| =1 at p-a.e. point such that (4.6) is
satisfied for any v € C°°(T'M ® E). Then for any f € C°(M), it holds that:

)= sw [ (o= sw [ foode= [ fan

lvlloo <1 llvfleo <1

By approximation, the above statement also holds true for any f € Cy(M).
With the definition of T', we therefore derive for any f € C'(M):

T(f) = T(f) - T(F) = /M £y - /M = /M I

Applying the classic Riesz representation theorem on the functional T would
result in the existence of a desired measure p. For its application, we need to
check that 7" is a positive linear functional. Let A > 0 and f € C (M), then:

TOf)= sup T(\fv)= sup XT(fv)=\T(f).
llvlleo <1 lvlloo <1
Furthermore, for any f,g € C (M), we have that:

T(f+g)= sup T((f+g)v)= sup T(fv)+T(gv) <T(f)+T(g).

lvlleo <1 lvlloo <1

It remains to prove the reverse inequality: Let v, w € C(TM ® E) with ||v]s,
lwlleo < 1. Let p € C(M) be a cutoff function with p =1 in {f + g > €} for
some fixed € > 0, and spt(p) CC {f + g > 0}. Then by linearity of T

T(fv) +T(gw) =T(f(1 = p)v) + T(fpv) + T(9(1 = p)w) + T(gpw)
pf Py
<2Tle+T ((f +9) (f+9v + f+gw>)
<2|Tle+T(f +9),

where in the last estimate we employed:

pg
——lwllee < 1.
f+g

pf Py H pf
—— v+ —w < Voo +
Hf+9 f+9 |l f+g” |
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Also note that the cutoff function p assures the continuity of ‘f v+ +gw By
the arbitrariness of v, w, and € > 0 this leads to the desired mequahty Hence,
T is a positive linear functional on the space C (TM ® E) and by the scalar
version of Riesz representation Theorem there exists a positive bounded Radon
measure p on M such that for all f € C(M), it holds that:

2. step: We continue by proving the existence of o, in . Let {Uh},],v ; be
a finite cover of M with domains, and let {ph} h—1 be a subordinate partition
of unity. For each h € {1,...,N} let {gpf »7, be an orthonormal frame on
T*Up, ® Ely, . By Riesz representatlon for T, we have for any f € C.(Up,) that:

IT(fonel)| = (f*pwi’)\ +T(f preel)|
<T(f)+T(f)
(£ = / fld.

/\

Therefore, by approximation, the map f +— T(fpne?) is a linear bounded
functional on L'(Uy, ). Consequently, we can find o € L>(Uy,u) with
lo?| <1 p-a.e. and:

T(fonpl) = | foldu.
Up

Setting:

nr

=35 et

h=11i=1

we then have for any v € C°(TM ® E) with coefficients given by {v/'}; in the
local frame {p"}; of TM ® E from before that:

N nr

=D Tlonorel)

h=1i=1
N nr
= [ Sy eloldn
Mp=1 =1
N
[ Y otvodu= [ o) d
Mh:l M

which shows (4.6). As |of| < 1 p-a.e., we see that:

N N
loul <D pnlol| <> pn=1.
h=1 h=1

The reverse inequality can be proved as follows:

u(M) > / louldu= sup T(0)> sup T(f)=|T]| = u(M).
M lv]] oo <1 [[flloo <1
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By the definition of var(u,U), , and an approximation procedure, we see
that u(U) = var(u,U) for any open subset U C M.

3. step: It remains to prove uniqueness. Let ' and ¢’ be as in the statement
of this theorem. Then, for any v € C(TM ® E):

/M<v,ou> dp = /M<v,0’> dy’.

By the arbitrariness of v and an approximation argument:

,u(B):/B<au,au>d,u:/3(au,a’)du’§;/(B).

Note that we have used |o,],|0’| < 1 above. By symmetry, this leads to the
uniqueness of p. Finally, testing the above equation with B = M, implies that
(oy,0’) =1 at p-a.e. point. O

Definition 4.4

We say that v € M(FE) is absolutely continuous with respect to u € M (M)

(shortly written as v << p) if and only if for every Borel set A C M with

1(A) =0, it holds that |v|(A), where |v| is the total variation of v.
Furthermore, v is said to be singular with respect to p (shortly written

as v L ) if and only if there exists a Borel set A C M satistying |v|(A) =

w(M\ A)=0.

Theorem 4.2 (Lebesgue decomposition)

For any v € M(TM ® E) and p € M (M) there ezists v* € M(T*M ® E)
with v* << p, as well as v® € M(T*M @ E) with v° L p such that v = v*+1°.
Both v* and v*®, are unique in the sense of measures. Furthermore, we can find
a unique 0 € LY(TM ® E, ) such that v® = o%p.

Proof. Let |v| be the total variation of v, and o the polar density of v. As |v|
is a scalar Radon measure, we can apply the classical Lebesgue decomposition
theorem to the pair |v| and u. Consequently, there exist unique scalar measures
|v|* and |v|® such that |v|* << p, [v|* L pand |v| = |v|* + |v|®. We can also
find 6¢ € L(p) satisfying |v|* = %u. Let us define:
vi=olv|*, v¥=olv|]®, o =05".

As |v|* << p and |o| <1 p-a.e., we see that v << p. Similarly, we can show
that v* L pu. As 6* € L'(u) and |o| = 1 at |v|®-a.e. point, we follow that
0% € LY(TM ® E, ). Hence, v%, v*, and o2 satisfy all the desired properties.
The uniqueness of v%, v°, 0% follows from the uniqueness of |v|%, |v|®, 6%, and
o, respectively. O

Definition 4.5
For any u € BV (E), we will denote the unique generalized vector-valued mea-
sure provided by Theorem as Du. Furthermore |Dul, will stand for the

total variation of Du, and will be the polar density of Du. We write D%u

and D*u for the absolutely continuous and the singular port of Du with respect

to |Du| (see also Theorem . Lastly, % will stand for the density of D%

with respect to |Dul.
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We wish to prove the decomposition theorem for sections of bounded varia-
tion. Given u € BV (E), it provides an explicit representation of D%u, as well
as the (n — 1)-dimensional part of D*u through quantities defined by blow-ups
at certain points p € M. For the intrinsic definition of these blow-up quantities,
we will need to compare — in an intrinsic fashion — a vector in F, with another
vector in F,, where p, ¢ € M. This can be achieved — at least for points p, ¢
close enough to each other — through parallel transport on M, which can be
defined as follows: Given a smooth curve 7: [0,1] — M, and vector vg € E ),
there exists a unique family {P;};c[o,1] of linear isomorphisms:

Po=P{: B0 = By
such that v(t) := P;(vp) satisfies:
{viv(t) =0, te(0,1),
v(0) = vg.

Given a local orthonormal frame in a neighborhood of v(0), we can identify
P; (for t > 0 small enough) with a matrix (still denoted by P;) whose Taylor
expansion at t = 0 is given by:

P, =1d—1tTo+O(t?), To:= (%(0).D)|0)- (4.7)

For any pp € M and r < r*, we can then define the smooth map T: F
Ly, as:

B7-(po) -

T(v) = Pl(v”)(v), ve b,

where 7y, : [0, 1] — M is the geodesic starting at p and ending at py with constant
speed equal to the geodesic distance dist(pg, p) between pg and p.

Definition 4.6 (Blow-up quantities)
Given u € L*(E), a point p € M is called an approzimate continuity point of u
if and only if:

lim T'(u(q)) — u(p)| vol(q) = 0.

r—0 Br(p)
The set of approximate continuity points of u will be denoted by S,.

A point p € M is called an approzimate jump point of u if and only if

there exist ut = u™(p), v~ = u~(p) € E, with u™ # u~, and a unit vector
v =v(p) € T,M such that:

lim T (u(g)) —u™| vol(q) = 0,
r—0 Bj— (p,V)

lim 1T (u(q)) —u™| vol(g) =0,

0B (pv)
where:

Bl (p,v) = expp({X eT,M: |X|<1,(X,v)>0)},
B, (p,v) =exp,({X € T,M: | X[ <1, (X,v) <0)}

T

— exp,, being the exponential map at p — are geodesic half-balls. The set of
approximate jump points of u will be denoted by J,,.
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Lastly, p € M is called an approximate differentiability point of u if there
exists Vu = Vu(p) € Ty M ® E, such that:

lim YT (u(q)) — ulp) — Vu(exp, ' (g))| vol(gq) = 0.
B, (p)

Proposition 4.1 (Blow-up and coordinates)
Letu € LL (E|y), where U is a domain with coordinate chart (v, Q) and a fized

loc
orthonormal frame. Then a point py € U is an approzimate continuity (jump,

differentiability) point of u if and only if xo == @ 1(pg) is an approzimate
continuity (jump, differentiability) in the Euclidean sense of the coordinate
representation of u.

Additionally, if po is an approzimate jump point of u, we have:

(W) = @), o8 =l with = gH (48)

where v s the approzimate normal of u at pg and v the approximate normal of
the coordinate representation @ = u: ¢ of u. If py is an approzimate differen-
tiability point of w, it holds that:

(Vu)p = Opeu® + Tigu®. (4.9)
Proof. Let A, A € R such that:
Bxr C ¢ ' (Br(p)) C Bar, (4.10)

for all 7 > 0 small enough. Furthermore, let v: Q@ — R" be defined as v(x) :=
T(u(¢(x))) and w: @ — R™ denote the map w(z) := exp, ' (¢(x)). From (4.7),
we have the following Taylor expansion of v at 0:

v(@) = u(w) + Tj,(0) w'(2) + O(|2*) = u(z) + O(|). (4.11)

1. step: Let us assume that p is an approximate continuity point for u. By
the smoothness of g and (4.11]), we can find a universal constant C' such that:

f IT(u(q)) — u(p)]| vol(g)
B..(p)

-1
= ( / Vi dx) [ ) - @)Vl de
¢~ (Br(p)) 0= (Br(p))
> VIg(0)| - Cr
V0g(O)[+Cr
With (4.10) and the definition of approximate continuity on M, we follow:

A" 1
][ lu(z) —u(0)|dz = — =— lu(z) —u(0)|dz
B (0) A" |Bar| J B,

][ lu(z) — u(0)|dz — Cr.
©~H(Br(p))

SC][ |u(z) — u(0)|dz — 0 as r — 0.
e~ 1(Br(p))

As for any sequence (r,)5, converging to 0, we also have that (%rh) n is convergent
to 0 and (vice versa) it follows that 0 is an approximate continuity point of w.
The reverse direction can be proved in a similar fashion.
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Figure 4.1: Geodesic half-ball in coordinates. The light gray area represents
C%,. while the dark gray area corresponds to Hy AHT.

2. step: Let p be an approximate jump point of u. As before we can prove
that:

lu(z) — ¢*u™ (p)| de = 0. (4.12)

lim

r—=0 Ji1<3$<p7uu<p>>>

To show that 0 is a jump point of u we, first and foremost, need to choose the
appropriate Euclidean normal #. In this regard, consider the geodesic disk:

Dy (p,vu(p)) = exp,({X € T,M: |X| <1, (X,v) =0)}
= B} (p,v(p)) N B, (p,v(p))-

Its preimage ¢~ (D, (p,vyu(p))) is an (n — 1)-dimensional submanifold of R
and we choose 7 as its Euclidean normal at the origin. Using the fact that
©* 1y, (p) is g-normal to ¢~ 1(D,.(p, v (p))), we can derive the following relation
between ¢*v,,(p) and U:

¢ vu(p) = lplly iy with ¥ = g (0)7". (4.13)

For the sake of shorter notation, we will write for any admissible r, a > 0 (with
r small enough):

0% = B*(0,7), HE = (B (p,vu(p))),
«
o= B, (X,0)? < ——|z|? 5.
Ce {xe (X,7) —1+alx|}
As ¢ (D, (p,v.(p))) and the hyperplane orthogonal to ¥ have first-order

contact, we can find a > 0 such that for 7 > 0 small enough (see also Figure
such that Hy” AH C C{, and therefore:

\H AHF| <|CR,| < Cla, A)r™ T
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Consequently, by (£.10) and (4.12)), we can estimate:

2A" 1
*, 4 *, +
u(z) —p*u' (p)|de = z)— @ ut(p)|dx
£, ) =t wae = S0t [ ) - o)

2A"

< —p*ut

<2 j;jhdx) ot (p)] dr

2A™ 1

+ [u(z) — ¢*u" (p)| do

NCIBL O] Sz,

<cf o ut (p)| da

f_u> ()] do

* *  — CQTTO
Ol () = o ()] 2 0
Ar

In a similar fashion, we can also show:

lim - lu(z) — ¢*u™ (p)| dz = 0.

It follows that 0 is an approximate jump point of . Furthermore, leads
directly to . The reverse direction follows similarly.

3. step: Let us assume that p is an approximate differentiability point. We
will first show that p must also be an approximate continuity point: By the
definition of approximate differentiability, we have:

][ |u(q) — T'(g,u(p))| vol(q)
Br(p)
s 7“][ r~u(q) — T(q,u(p)) — Vu(p)(exp, ' (q))| vol(q)
B(p)
erf, vu ol 5

which implies that 0 is an approximate continuity point of u. In particular, it
makes sense to evaluate u at 0 (where we may need to redefine u(0) to be equal
to the approximate limit). Passing to coordinates, we can derive in the same
fashion as was done before:

lim ru(x) — T(x,u(0)) — disty(z,0)L(3"(0))|dz = 0, (4.14)
0o (Br(r)

where disty(x,0) is the geodesic distance between x and the origin, L is the
coordinate representation of Vu(p), and 4* denotes the coordinate represen-
tation of the unit speed geodesic starting at p and ending in ¢(z) (v*(0) =0,
~*(disty(z,0)) = ). By the definition of 4* and the smoothness of the map
(s,z) — v*(s), we have:

z = 7" (disty(w,0)) = distg(2,0)7(0) + O(|a]*).
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Therefore, using (4.11)) we can write:

u(z) — T'(z,u(0)) — distg(z, 0)L(7*(0))

u(z) — u(0) + disty(z, 0)I'%(0)u’ (0)57 (0)eq + O(|z[?)
— disty(z,0)L(¥*(0))

() — u(0) — dist,(x, 0) L(7(0)) + O(|z*)

(x) = u(0) — L(z) + O(|z[*),

u
u

where:
L =L - (f(0)u”(0))ia- (4.15)

By (4.10)), it follows:

][_ r~u(z) — u(0) — L(z)|de
B)\T‘
A 1
= )\n+1 |BAT| B)\r,-

< C][ r~Hu(z) — T(u(z), u(0)) — disty (z,0)L(¥*(0))| dz + Cr.
(Br(p))

ru(x) — T(x,u(0)) — disty(z,0)L(¥*(0))| dz + Cr

With (4.14)), we see that u is approx1mately differentiable at 0 with approximate
gradlent given by L. Moreover, is satisfied by (4.15| - The reverse direction
can be shown in a similar fashion O

Lemma 4.2

For differential forms o € Q*~Y(M) and B € QF(M) as well as an (n — 1)-
dimensional oriented embedded C* submanifold N of M with unit normal de-
noted by v, it holds that:

(aA*B)|n = aly Ay (BN, (4.16)

where * is the Hodge star operator on M, while xy denotes the corresponding
Hodge star on N, induced by the restriction of g onto N.

Proof. For a proof, we refer, for example, to Proposition 4.1.54 in [55]. O

Lemma 4.3 (Integration on submanifolds in coordinates)

Let N be an (n — 1)-dimensional oriented embedded C'-submanifold of M and
U a coordinate neighborhood with orientation preserving chart ¢. Then for any
integrable f: N — R, it holds that:

/ fvoly = / Fllly/T9] de,
NAU ©=1(NNU)

where ¥ == " o' and v is the upper normal onto ¢~ *(N NU).
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Proof. We will shortly write N := ¢~ }(N NU). Using (4.16) with a = f €
QM) and B = ¥ = {v,-) € QY(M) and a change of coordinates, leads to:

[ vy = [ paeene)
:/Nme/\*N(VLOZV)
:/NOU*(fa”):/NSD*(*fO‘V)-

Note that by the definition of x for any differential form «, it holds that:
(%) A = vol.

Now we take the pullback with respect to ¢ on both sides of the above equation:

©*(xa) A o =+/|g|L".

Hence:
@ (xa) = /]g| *(¢* @),

where * is the Fuclidean Hodge star operator. Substituting a = fa, and
employing (4.16) in the Euclidean setting leads to:

/ fvoly :/_ f\/M%ai”dxi :/_ f\/@(afﬁi)_l da?,
NAU N N

where 7 is the Euclidean normal onto N having the same orientation v. Fur-
thermore, by the definition of o it holds that o} 0" = (p*v, 7)4. The following
relation holds true between ¢*r and v:

v =uly gt =gt

In conclusion: .
w,0)g =l guag" o' v = |lpll; "

which leads to the desired result. O

Definition 4.7 (H'-rectifiable sets)
A set J C M is called H'-rectifiable if and only if there exists a countable family
{N;} of compact embedded C'! manifolds with or without boundary such that:

Let w € BV (E); applying the Lebesgue decomposition theorem (see also
Theorem leads to:
Du = D%+ Dfu,

where Du® denotes the absolutely continuous part of Du with respect to |Dul,
and Du® the singular part of Du with respect to |Du|. The following theorem
provides a more explicit version of the above decomposition, employing the
blow-up quantities introduced in Definition [4.6
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Theorem 4.3 (Decomposition in BV (E))
Let w € BV(E), then u is approzimately differentiable at almost every point,
and the approrimate gradient Vu is the density of D%u with respect to vol:

D%y = Vuvol. (4.17)
The set J,, of approzimate jump points is (n — 1)-rectifiable. Furthermore, it is
H'-a.e. contained in S,; this means H" (S, \ Ju) = 0, and Diu, which is the
singular part D%u restricted to S, can be written as:

Diu = D%ulg, = vy @ (ut —u )YH" Y, (4.18)

where we implicitly identify v, with o = (v,,-). Note that we will usually
write this decomposition as:

Du = Vuvol +v, @ (ut —u™)

(4.19)
Du = D*ulyps, denoting the Cantor part of u.

Proof. Tt is enough to prove a localized version of the theorem in a coordinate
neighborhood U with an orientation preserving chart (p, Q). The general result
then follows by a partition of unity argument.

As the coordinate representation of u (which will be identified with w) is
a BV regular vector field in the Euclidean sense, we can employ the classic
decomposition theorem (see also (3.89) in [11]). This implies that the coordi-
nate representation of u is approximately differentiable at a.e. point in €2, the
Euclidean approximate jump set J, is (n— 1)-rectifiable with %"~ (S, \ J, )
(S, denotes the Euclidean singular set), and:

Du=Vu+ (u" —u")® 0, + Du. (4.20)
With Proposition it follows that u is approximately differentiable at a.e. in
U, J,NU is H'-rectifiable, and H'((Sy \ J.) N U) = 0.

Fix a generalv € C°(T*URE|y). On the one hand, (4.4) and the Euclidean
Lebesgue decomposition, we derive that:

/<U,V*U>V01=/ gkivia\/|g|dD,‘5ua—/ B uP gk ‘\/I?dx
v pHU) p=1(U)
+/ gkivf‘\/HdD;jua
e~ 1(U)

where

gki\/EDa 1'\5 B kz\/gﬁn <<£n

lg| Diu® L L™.

On the other hand, by the Lebesgue decomposition on M, we can also write:

/<“7V*”> V01=/ v?d(w‘l)#Dﬁua+/ v d(™ g Djus,
v N G
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where (go’l)# is the pushforward with respect to ¢ ~!. With the uniqueness of
the Lebesgue decomposition, we then derive that:

/vdDau:/ gkivf‘\/|g|dD,‘jua—/ I8 uPghive/|gldz, (4.21)
U e~ (U) e~ (U)
/ vdDIu —/ g" v /gl dDiu®. (4.22)
=)
By , , and as well as the relation F —I'f5, we conclude
/ vdD% = / g <3Ikua - Ffauﬂ) v/ gl dz = / (Vu,v) vol
U e=1(U) U

which shows by the arbitrariness of v that (4.17) is satisfied in U. Note that
the following identity was employed:
(Vu,v) = <Vamkuadxk ® eq,vPdz’ @ eg)
=V, uavf<dxk,dmi><ea,eﬁ>
= gkivamk uvg.

As J,NU is (n — 1)-rectifiable, we can assume without loss of generality
that it is,in fact, a C! submanifold of ¢ ~!(U) whose normal we will denoted
by 7. (The precise argument here follows by approximation of Ju with finite
unions of compact C! manifolds.) The following relation holds true between
p*v, and 7y,: A ‘

e =llully e nt =My
We see that:
(@@ (ut —u),v) = ((ut - u_)aea,vf/ﬂ'e/ﬁ
= g (ut —uT) iyl
where a” := (v, ). Consequently, by Lemma [4.3] (4.20), and (4.8)), we have:

j i —\a=k, a — s n—1
[ vapiu= [ gt =y el o il 4
U J.

u

- /MU@” @ (ut —u),0),

where H"" ' is the (n — 1)-dimensional Hausdorff measure in R™. By the
arbitrariness of v, this shows (4.18) locally in U. O

We will now discuss two last important theorems: the chain rule as well
as a compactness theorem concerning the space of special sections of bounded
variation (shortly written as SBV).

Theorem 4.4 (Chain rule in BV)
Let G: E — E be a smooth bundle map (rg o G = 7g, where g is the
projection onto M) and w € BV (E). Then v = Gou € BV(E) and in any

local coordinates (zt,...,z% a',... a") of E|y for a domain U C M:
«@ a (03 (0%
Vo v = WG (u)Opru Fzﬁv + 0, G*(u). (4.23)
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Here {aﬁ}/?#1 Furthermore, J, C J,, with:
Do)y, = vy @ (G(u™) = Gu™ ) H" . (4.24)

Definition 4.8 (Special sections of bounded variation)
We define the set SBV (E) of special sections of bounded variation as:

SBV(E) = {u € BV(E): D = 0},
as well as for any p € (1,00) the space:
SBVP(E) = {u € SBV(E): Vu € L, H""'(J,) < o0}.
We say that a sequence {uy} C SBVP(E) if and only if
up, — u in LP(E),
Vuy, — Vu in LP(T*M ® E), D, = Diu in M(E).

Theorem 4.5 (Compactness in SBV)
Let p € (1,00) and {up} C SBVP(E) satisfying the following bound:

sup (lunlloe + [Vunlly + H" " (Ju,)) < <. (4.25)

Then, up to a subsequence, we have that up, — u weakly in SBVP(E).

Both theorems follow from their Euclidean counterparts and a standard
partition of unity argument.

4.1.2 Vortices on surfaces

From this point on, m € N, will denote a positive natural number. Given a
unit vector e € T, M for some p € M, we identify any vector X € T,M with
the complex number:

z=2(X) = (X,e) + (X, eb)i. (4.26)

Under this identification, we have |X| = |z|, where |X]| is the length of X
measured with (-,-)4(p), and |z| is the absolute value of z € C. Similarly, we
will identify any complex number z with the vector:

X = X(2) = R(2)e + 3(2)et.

Note that both maps depend on the choice of unit vector e. Let us now consider
a domain U C M such that there exists e € C*°(U;S'). Then we can define
the map P,: TU — TU as:

P.(v) = R(z(v)™)e + S(z(v)™)et, (4.27)
with z(v) as in ([£.26).

In the following, we wish to introduce a notion of degree on two-dimensional
compact oriented Riemannian manifolds (see also [21] and [22]). First note that
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the volume form induces a unique map (-)+: T'S — T'S that is characterized
by the following properties:

(UL)L = —v, <vL,w> = —<v7wL> for all v,w € TS.

Intuitively speaking, it is the map that rotates each vector v € T, M, for p € M,
by 7 in positive direction (which is induced by the orientation of M). As
in the flat setting, we first define the pre-Jacobian: Given u € C*(T'S), the
pre-Jacobian jac(u) is a 1-form on M defined as

jac(u)(X) == (Vxu,ur) for any X € C>(TS).

In the flat setting, we saw that for any simply connected set Q C R? such that
|u| =1 on 01, it holds that:

/ jac(u)(t) dH € 277,
oN

where 7 is the unit tangent vector-field pointing in anticlockwise direction. In
the case of a manifold, this is not true in general. In fact, given a simply
connected domain U C M, we can parallelly transport a unit vector ug € Tp,, M
with pg € OU along QU such that the integral above satisfies:

/anac(u) = —/U/ivol.

This motivates the following definition of degree of a map v € C°°(T'S) around
OU, where U is a simply connected domain, and |u| =1 on 9U:

deg(u,dU) = % (/anac(u) + /U mvol) . (4.28)

In fact, it is a classic result (see also [34]) that the degree defined above is
valued in Z. As boundary integrals can be problematic once generalized to less
regular settings such as Sobolev spaces, we wish to express the degree in
through a single integral of a 2-form. This can be achieved by an application
of Stokes’ theorem, which allows us to rewrite deg(u, dB) as follows:

1
deg(u,0U) = —/ djac(u) + kvol . (4.29)
2 U
This motivates the definition of the vorticity 2-form:

! (djac(u) + k vol). (4.30)

vort(u) == o
™

In the following, we will generalize vorticity defined in (4.30) to the less
regular setting of vector fields u € WH1(T'S) N L>°(TS). In this case, by the
Cauchy-Schwarz inequality, we can bound |jac(u)| at a.e. point as follows:

ljac(u)| = [(Vu, u™)| < |Vullu] € L'(M).

Hence, jac(u) € L'(T*S) and we can define djac(u) as well as vort(u) in the
distributional sense. More precisely, assume for the moment that « is smooth
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and take ¢ € C°(S). Then by integration by parts on S (see also Proposition
4.1.54 in [55]) and the fact that the adjoint differential satisfies d* := xdx, we
can write:

/S<dea0(u) = /S@VOI, djac(u)) vol
=/<*d(g0*vol),jac(u)>vol
s
=/<*d<p,jac(u)>vol
S
=/ds0 A jac(u), (4.31)
s

where in the last line we have used that (xa, 8) vol = aAS for any pair of 1-forms
a and 3. As the integral in is still well defined for u € WH1(TS)NL>®(T'S),
we can use it to define vort(u) in the distributional sense as follows: On a given
test function ¢ € C*°(S) the distributional vorticity vort(u) acts as:

%(vort(u), ) = /Sdgo Ajac(u) + kvol. (4.32)

In the above construction, we have only employed that Vu € L! and v € L.
Hence, in the same manner, we can define the distributional vorticity for v €
SBV(TS) N L*°(TS) by replacing the Sobolev gradient with the approximate
gradient of u. It is possible to define distributional vorticity locally in a domain
U by restricting the test functions to lie in C°(U).

Note that in the Euclidean setting it was seen that for v € W12(Q; R?) with
Q1 C R? open the distributional Jacobian was defined in the pointwise sense.
The same holds true in our setting:

Lemma 4.4

Let v e WY2(TU) for some domain U C S, then vort(v) € LY(A*(U)) and:
[vort(v)| < C|lv||3.c, (4.33)

where C = C(S) is a universal constant only depending on S.

Proof. Let us first consider v € C°°(TU) N W12(TU). In a coordinate neigh-
borhood, we derive by employing Proposition 2 of Chapter 5.3 in [34] that at
any point in {v # 0}:

djac(v) = d(|o]? jac(|o]~1v))
— d(|of?) A jac(le] o) + |of? djac(v] 1)
= (V, [v|720) A (Vo, |v|"tot) — ||k vol.
For almost all points in {v = 0}, the equality above still remains true. By the

equivalence of norms, we can find A > 0 such that for any ¢ = ¢;dz’ it holds
that:

970ip; 2 Apip; 2 A0 pip;, (4.34)
where §% denotes the Kronecker delta. Setting o := (Vv,|v|~1v) and 8 =
(Vo,|v|~"tvt), we derive by using the definition of A, Young’s inequality, and
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(4.34)):
(W, [o] 20} A (Vo, o] ob)] < jﬁalﬂg oy
< (a?+od+ 2+ B
2¢/gl
< ol + 181 = gyclve

Note that in the last line above, we have used \/H > ¢ > 0 for some constant
depending on the coordinate neighborhood. As S is compact, we can cover it
by finitely many coordinate neighborhoods. Consequently, all constants above
can be chosen uniformly over S. Thus, we derive:

|djac(v)] < C(IVul* + [v]*[[5llw) < Cllvliys,

for a constant C = C(S). This shows (4.33)) which leads directly to vort(v) €
L'(A%(U)) by integrating (4.33)) over U. The general case of nonsmooth v can
be shown by a standard approximation procedure. O

In the next lemma, we study how geometric quantities such as, for example,
the covariant derivative V change under composition with the map P,.

Lemma 4.5

Giwen a domain U, let w € SBV(TU) N L>®(TU) satisfying (u™)™ = (u™)™ at
H'-a.e. point in J,, and let e € C(U;S") for some domain U. Then, setting
v = P.(u), the following relation holds true between Vv and Vu at a.e. point
n U:

Vo = |u| " du| @ v+ (mfu| " jac(u) — (m — 1) jac(e)) ® v, (4.35)

where the right-hand side above is defined to be 0 in {u = 0}. Furthermore, we
also have a.e. point in U:

Vo? = m?|Vul® + (1 = m?)[d[ul[* + (m — 1)*|uf*|Ve/*

—2m(m — 1)(jac(u), jac(e)), (4.36)

jac(v) = mjac(u) + (1 — m)luf? jac(e)
=mjac(u) — (m — 1) jac(|ule), (4.37)
vort(v) = mvort(u) — (m — 1) vort(Jule). (4.38)

We shortly remark that the condition (u™)™ = (u~)™ in the statement of
the lemma above is independent of the choice of base vector e.

Proof. 1. Step: By the smoothness of P, and the chain rule in BV (see also
Theorem v € SBV(TU) withvt = P.(ut) = P.(u™) = v~ at H'-a.e. point
in J, C J,. (We employed the fact that the equality (u™(p))™ = (u=(p))™
locally at a point p does not depend on the choice of e(p).) Consequently,
#H'(J,) = 0, and hence v € W H(TU). As |v| = |u|, we have Vv = 0 at
a.e. point in {|u| = 0}. Thus, it is enough to show at every approximate
differentiability point of u contained in {|u| # 0}. The coordinate representation
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P, of P, in a neighborhood of such a point can be expressed in polar coordinates
as follows: ()

= _ (rcos(my

Pe(r, ) = (r Sin(mgo)) ’

By the chain rule in the Euclidean setting, we compute:

- R T2 N

VIIPeZﬁPE—mﬁPe7
7 + X3 z] + 3

— — I — X =1

Ve, Po = 5P+ m— s P
7 + X3 z] + 3

With (4.23]), this leads for i € {1, 2} to:
Vo v = |72 [(u'Opiu’ + u?0,iu?)v + m(—u?0piut + u'0iuvh)]
+ vlvawie + UQVazi et
= |u| " d|u| (D41 )v + jac(e) (D)ot + m|u| "2 (—u2dyiut + uldyiu?)vt.
With:
jac(u)(9i) = (Vo ,u + ulvari e+ UQVaIi et ut)
= —u?0ut +urduu® + |u? jac(e)(0y:),

we complete the proof of (4.35).
2. Step: We now take the norm squared of both sides of (4.35) and employ

uf = Jvl:

[Vol? = [dJul[* + m®|u| 2 [jac(u)|
+ (m = 1)?ul?[jac(e)[* — 2m(m — 1) jac(u), jac(e)).

By:
Vul? = ||ul "2 jac(u) © ut + |u]2(Vu,u) @ u]” = [u]~2[jac(w)|? + |d [u] [,
is satisfied. Using , the pre-jacobian of v can be written as
jac(v) = mjac(u) — (m — 1)[ul? jac(e)
which combined with:
jac(lule) = (lul dlu| ® e + |u[Ve, [ule™) = [u]? jac(e)

leads to (4.37). Finally, by the linearity of the distributional exterior derivative
and (4.37)), we have:

vort(v) = 21 (mdjac(u) — (m — 1) djac(|ule) 4+ & vol)

= mvort(u) — (m — 1) vort(Jule)

which is (4.38]). O

The following lemma relates the vorticity of a spin field and the topology
of S:
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Lemma 4.6 (Morse index formula)
For any oru € WHH(TS)NL>(TS) oru € SBV(TS)NL>®(TS) with (u™)™ =
(u™)™ on H'-a.e. point in J,, it holds that:

vort(u)(S) == (vort(u), 1g) = x(95), (4.39)
where x(S) is the Euler characteristic of S.

Proof. With the definition of vort(u) and the Gauss-Bonnet theorem we have

1
(vort(u),1g) = — / dls Ajac(u) + xvol
2w S

1 .
= %/SO Ajac(u) + kvol = x(5).

O

Note that the distributional vorticity satisfies the index formula, even in
cases where one cannot find a sensible notion for the vorticity (such as u = 0
on S).

Lastly, we directly follow from :

Lemma 4.7
Let (u.) € WHY(TS) (or (u:) € SBV(TS)) such that Vu. — Vu weakly in
WLHTS) (or SBV(TS)), then vort(u:) converges flat towards vort(u).

4.1.3 Ball construction on a compact surface

In this subsection, we will generalize the celebrated ball construction — inde-
pendently introduced in [68] and [46] — from the Euclidean to the manifold
setting. The presentation closely follows the one in Chapter 4 of [60]. All balls
we encounter in this subsection are assumed to have a radius smaller than the
injectivity radius of S. If not otherwise stated, all families B of geodesic balls
are assumed to contain only finitely many disjoint closed balls. The radius of a
ball B will be written as rp; the sum of the radii of all balls in a family 9 will
be denoted by r(9B), and for any set A C .S with a slight abuse of notation, we
will write:

BNA={BeB:BCA}

Fixing an open connected set U and a map v € C*°(U \ w°;S!), where w =
Upes B and w° is the interior of w. We define the degree dp(U) (also depending
on v) of a ball B in U as:

deg(v,0B) if 0B C U\ w°,

4.40
0 else, ( )

dB(U) = {
and the degree Dy (U) of the family 9B in U as:

Dys(U):=Y_ dg(U). (4.41)
BeBs



4.1. Preliminaries 131

Note that the degree of v around 9B in (4.40) is defined as described in the
previous subsection (see also (4.28])):

deg(v,0B) = ;ﬂ_ (/aBjac(v) + /BKVOI) .

Our main goal in this subsection is to prove the following theorem:

Theorem 4.6

Given an open connected set U C S, a € (0,1) and B € (0,152), there exist
g0 = e0(S, o, 8) € (0,1) and a universal constant C = C(S) such that for any
e € (0,e0) and u € C*(TU), whose energy is bounded by:

1
/|v 2+ 7(1 — Jul2)? vol < Cylloge] (4.42)

for some universal constant Cy = Cy(S) and r € [, 7] with:
r = min{r*, c1, 1}

(r* being the injectivity radius of S), we can find a finite family B of disjoint
closed balls satisfying:

(i) r(B)=r

(ii) Forry,re € [e%,r'] with ry < ry and the corresponding families B, and
B, rgspectively, there exists for any B € B1 a ball B € Bs such that
B C B.

(iii) Setting V = U. N Upeq B, where U, == {p € U: dist(p,0U) > €}, we
have:
{I1—Jul| >’y nU. CV.

(iv) The following energy lower bound holds true:

/ |Vul? t52 (1 — |u|*)?vol > D, (log — C) ) (4.43)

7,

D,e

where D, .= Dy (U,) (with D3 (U.) defined in (4.41))) satisfies:
sup{D,: r € [*,7'], £ € (0,£0)} < 0. (4.44)

In the following, we will describe the central construction of this section.
Simply speaking, given an initial family B, we wish to grow the balls contained
in %0 into larger and larger balls (see also Figure B ) More precisely, setting

=log - (rg == 7(By)), we will construct for each t € [0,7") a family B(t) of
balls as follows: For t = 0, we set B(0) := By. Given ¢ > 0 small enough, we
let B(t) :={e'B: B € Bo}. We continue this either until ¢ = T" or there exists
(a smallest) t; € (0,7) such that at least two balls in 9B(¢) have a nonempty
intersection. In the latter case, we stop the growing phase and initiate the
merging phase. In the merging phase, we select an arbitrary pair of balls
By == B,,(p1), Ba = B,,(p2) € B(t1) such that By N By # (). Then we define
the geodesic ball B = B(ﬁ, 7), where 7 = 11 + ro, and p is defined as

P = Ypy ,po (min{r, dist(p1, p2)}),
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(a) First growing phase

(c) Second growing phase

Figure 4.2: The first three phases of the ball growing procedure.

YVp1,p» denotes the unique, unit-speed geodesic from p; to pa. (Uniqueness
follows from r; +ro < r(B(¢)) < r+.) Note that for any p € By, we have by the
triangular inequality and the definition of p that:

dist(p, p) < dist(p,p1) + dist(p1,p) <ri+712 =7,

which implies B; C B. One can also show By C B, and hence By U By C B.
We remove By, Bs, as well as any other ball B € 9B(t;), which is contained in B
from $B(t;), and add B to the collection $B(¢;) instead. As the number of balls
in 2B(¢1) decreases in each such merging steps by at least one, we will arrive after
finitely many steps at a collection B(¢;), which is again disjoint and has the
same total radius as the family 2B (¢] ) we started with. We have completed the
first merging phase and initiate the second growing phase by again setting for
t > ty, close enough to t1, B(t) == {e!""*B: C € B(t1)}. As before, we continue
doing this either until ¢ = T or there exists a (smallest) t5 € (¢1,T) such that
we can find two balls By, By € B(t2) that have a nonempty intersection. In
the latter case, we stop the second growing phase and enter the second merging
phase. As in each merging phase the number of balls decreases at least by
one, we finish the construction after finitely many collision times t1,...,ty,
N € N. In conclusion, we end up with families of balls {B(t)};cjo,7) (T as
before) satisfying the following properties:

(ii) B(¢) is a finite union of disjoint balls for any ¢ € [0,T).
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(iii) For any t, ¢ € [0,T) such that ¢ < £, it holds that for any ball B e B(1),
we can find at least one ball B in 9(¢) such that B C B.

(iv) There exists a finite set {t1,...,tn} C [0,T) (exactly the collision times
from before), where N € N and 0 < t; < --- < ty such that for any
te [tk,tk+1), ke {1, ooy N — 1}, it holds that:

B(t) = e " B(ty) = {e" " B: B B(ty)}

(v) For all t € [0,T):
r(B(t)) = e'r(B(0)). (4.45)

In the next lemma, we relate the degree between two different families of
balls where one covers the other:

Lemma 4.8 ~ ~
Given an open set U, two families B and B such that B covers g B, and
a map v € C®(U \ w°Sh), where w = Upem, B, it holds that:

dsU) < > lds(U)], (4.46)
BeB(t)NB
Dg(U) < Dy (U). (4.47)

Proof. First, we wish to prove (4.46). Therefore, let us first consider the case
B CUandBNB #(. As v is smooth in B\ Jgcpnp B and has unit length,
we see by the definition of dg(U) and dz(U):

dz(U) = deg(v,0B) = Z deg(v,0B) = Z dp(U).

BeB(t)NB BeB(t)NB

Hence, by the triangular inequality (4.46|) follows. In the remaining cases
(B\U # 0 or BCUbut BNB = (), the inequality in 1' is trivially
satisfied as dz(U) = 0. Summing up (4.46) over all B € B(t), we derive
(14.47). O

Later, it will be useful to have a generalized notion of radius for closed
subsets of S at hand. We will implicitly assume that all sets w, for which we
will define a generalized radius, are closed and can be covered by finite disjoint
union of closed balls with their sum of radii strictly smaller than r*. The precise
definition of the generalized radius is as follows: For an admissible set w, we
define:

N
r(w) = inf{z rp,:,mEN, wC va_lB,}7 (4.48)
i=1

where the infimum is taken over all finite families (of possibly nondisjoint) balls.
Note that by our implicit assumptions on w, we always have that r(w) < r*.
Applying the merging procedure from before, we can equivalently take the
infimum in over disjoint families of closed balls. Furthermore, for w as
before and an open set U C S, we define the localized radius ry(w) as:

ry(w) == sup{r(K Nw): K CC U compact , 0K Nw = (}}. (4.49)
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We can show that in the case of w = (Jgcqy B for a finite family of disjoint
closed balls, we have:

’I“U( ) %QU Z rp.

BeBNU

Lemma 4.9 (Properties of the generalized radius)
The generalized radius enjoys the following properties:

(1) It is monotone; that means given admissible sets w and & with w C @, we
have r(w) < r(@).

(i) It is subadditive; that means given admissible sets w and &, it holds that
rlwue) <r(w)+r@).

(iii) Given an admissible set w such that:

A B,
ol + 2T 3} @w))? < IS], A= sup{%”)': pesre [Oﬂ"*]},
4 mr
(4.50)
we have: )
r(w) < §H1(8w), (4.51)
as well as for any open subset U :
1
ru(w) < 57—[ (OwnU). (4.52)

Proof. Monotonicity and subadditivity follow directly from the definition of the
generalized radius. It remains to prove (iii). In this regard, fix § > 0 and take
a cover of Ow by a (possibly infinite) family 9B of open balls such that:

2r(B) < H'(Ow) + 4. (4.53)

That such a cover exists, simply follows from the definition of the Hausdorff
measure. By the compactness of w, we can assume — without loss of generality
— that 9B is finite. Taking the closure of each ball in 8 and employing a merging
procedure results in a disjoint collections 9B, whose radius 7(%B) = r(%) such
that each ball of B is contained in a ball from B. As the balls in B are disjoint
and S was assumed to be connected, we follow that A == S\ Uzcq B is an
open connected subset of S with dw N A = (). Furthermore, A must be either
contained in S\ w or in w®, as else AN (S '\ w®), ANw® would be a nontrivial
open partition of A contradicting the connectedness of A. We wish to exclude
the case A C w®. Note that in the Euclidean setting this simply followed from
the compactness of w and the unboundedness of A. In the manifold, this is not
generally true. In fact, if w is too “large”, it may happen that A C w. (On this
occasion we will employ the condition in ) Assume by contradiction that
A C w°, then using , we derive:

A
wl = [4] = IS| = D7 |BI > |S| = Amr(B)? > [S] = =F(H}(0w) + 9)*.
BeB
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For 6 > 0 small enough, this is a contradiction to (4.50). Consequently, the
balls in B must cover w. Hence, by the definition of r(w) (see also (4.48)):

r(w) < 7(B) = r(B) < H' (Ow) + 6.

(4.51)) follows by passing to the limit § — 0. Now consider a compact set
K cC U such that 9K Nw = ), then wN K is closed, d(wN K) = dwN K, and

by :
2r(KNw) <H' (OwNK)) =H (Own K) <H' (OwNT).

The inequality (4.52)) follows by taking the supremum over all such sets K. [

In the next proposition, we provide an estimate on the Dirichlet energy of
unit length spin fields:

Proposition 4.2 (Lower bounds for unit length spin fields)

Let U C S be an open connected subset of S, By be a finite family of closed
disjoint balls with ro == r(Bo) < r*, and {B(t)}iejo,1), where T = log % be
the corresponding collection of families of balls arising from the aforementioned
ball growing procedure starting at Bo. Furthermore, set w = UBG%O B and fix

v e C®(U\ wSY). We can then find a universal constant C = C(S) such
that for any t € [0,T) and B € B(t) contained in U, it holds that:

;/B\ww?wﬂ > 7|dg(U)| <10g <:;> ~C(r — r0)> , (4.54)

where r1 = r(B(t)) and dp is defined in (4.40).

Proof. For any closed ball B = B,.(p) such that 9B C U \ w® and r < r*, we
set:

1
F(p,r) = 2/3\ |Vo|? vol.

We can show that F is nondecreasing in r (wherever it is defined), and:

9 i :
Fen =5 [ v

In [24] the authors proved the following lower bound for the derivative above
(see Lemma 21):

2

)

1 1
= Vo2 > —————|2ndp — 1
2/aB| vl ~ dar + Cyr? mes /BHVO

where C; = C1(S) > 0 is a universal constant. By the compactness of S, we
have that |||l < 00, and hence we can bound:

/ K vol < ||]loo| B| < |6l ATr? = Cor?,
B
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with A as in (4.50) and a universal constant Cy = C3(.S). In the case dg # 0
(and therefore |dg| > 1), we can estimate:

2

1 1 2 12 2
m 27TdB 7/BK,VOI Z m(4ﬂ' dB 747T|d3|027" )
1— |(312‘ 2
2 wldB
e
].—Cg’l’
> wd?
m r + Czr?
with O3 := max{<2, $1}. Hence:
(9 17037’2
—F > ndy - ——2—
or (p,r) = md r 4+ Car?
1 03<1—|-7">
Y+ A S A
B (7’ 1+ Csr
1
> nd% (T —C), (4.55)

where Cy = C5(1 4 r*). Note that the above estimate is trivially satisfied in
the case dp = 0. Let s = log (rl) and fix a balls B € B(s) such that B C U.

By the choice of s, we have that r(28(s)) = e®ro = 1. Using the estimate (4.6)
in Lemma 4.1 of [60] for the functional F above, (4.55)), (4.46]), and (4.45)), we
derive that:

t
/B\wvv|2V012/(; Z T%F(p,r)ds

B, (p)eB(s)NB

/ 7Td2B(]. - C47"B/)d8
0 pres(s)nB
Zﬂ/ 1-Cur(B6) Y ldw|ds,
0 B'€B(s)NB

> xldp|(log(t) — Ca(e' — 1)ro)

= n|dp| <10g <:(1)> — Oy — 7"0)) :

which leads to the desired estimate in (4.54) with C := Cy. O

In the next lemma, we will estimate the generalized radius of the set of
points where |u| (for u € C*°(TU)) strays away from 1.

Lemma 4.10
There exists a universal constant C = C(S) such that for any M > 0, any
g, 0 € (0,1) with:
e2M? _|S]
< A~
M~ C

and any u € C*(TU) (,where U C S is an open connected set) satisfying the
energy bound:

(4.56)

/ |Vul? + 53 S (1= [ul*)*vol < M, (4.57)
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we have:
eM

r({ll = |ul] 26} NU:) < O,

(4.58)
with U .= {p € U: dist(p,0U) > e}.
Proof. By the Cauchy-Schwarz inequality, we derive:
2|ul dlu| = d(u, u) = 2(Vu,u) < 2|Vul|ul.
In the case |u| > 0, we can divide the above inequality by 2|u|, which leads to:

dju| < |Vul. (4.59)

As dju| = 0 at a.e. point in {u = 0}, equation (4.59) holds true a.e. in U.
Moreover, due to the energy bound in (4.57)):

1 2 1 2\2
5/U|01|u|| + e (1— ul?)? vol < M.

Using the Cauchy-Schwarz inequality, it follows that:

1— 2
/ | = o <
U V2e

With the coarea formula on manifolds (see also, e.g. example [23]), this estimate
turns into:

/OO 't_ﬂ H ({Ju| = t}) dt < V2M. (4.60)

Note that the integrand in 1) cannot be strictly bigger than MTQM at
a.e. point in (1 —0,1— %)7 as otherwise:

/1_2 BBt (Gl = ) e > VaM,

_5 3

contradicts 1| Consequently, we can find a regular value t* € (1 —46,1 — %)
of |u|; this means {|u| = t*} = dw with w := {|u| > t*}) such that:

1 2v/2e M
< — .
H (OwnU) < =

Note that as t* € (1—4,1—$), we can estimate |1 — (£*)? = |[L+¢*||L —t*| > 3,
and therefore derive that:

H (BwnU) < 4\/555—]\5. (4.61)

From 1| the definition of w, and |1 — (¢*)?|? > %, we then follow:

" < /(1 lu[?)2 vol < M
< L [ wuPvel <
16¢2 4e? [y

and by solving for |w]:

(4.62)
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We wish to employ Lemma in order to show (4.58]). But in order to do so,
we need an estimate on H' (0w N U.) instead of H'(dw NU). In this regard, by
(4.62)) and Fubini’s theorem, we can find an s € (0,¢) such that:

1 (wnU,) < 16§2M (4.63)
with U, .= {p € U: dist(p, dU) > s}, and therefore:
1 1 1 eM
H (O(wnUy)) <H (OwnU)+H (wﬁUs):Clé—Q, (4.64)

where C; = 16 + 41/2. By 1D and lj we can estimate:

A M?
wn U+ =5 (1O U)) < 65

where A is the universal constant defined in (4.50) and Cs = 16(1 + %)
Hence, setting C':= max{3C, C2}, we see by (4.56) that (4.50) is satisfied for
the set wNU; CC U. Consequently, by (4.51)), (4.64), the definition of C', and
the monotonicity of the generalized radius, we finally derive:

eM

rwnlUe) <rwnUs) < S

H (O(wNUy)) <C

N | =

as is desired. O
In the following proposition, we will select the initial family of balls. More
precisely:

Proposition 4.3 (Initial ball selection)

Let a € (0,1) and B € (0,152), then there exists an universal scalar eg =
eo(S,a, ) € (0,1) such that for any € € (0,g9), and any uw € C*(TU) (U C S
open and connected) satisfying the energy bound:

1 1
3 /U|vu|2 +5z0- |u|?)? vol < Cylloge| (4.65)

for some universal constant Coy = Co(S), we can find a finite family By of
disjoint closed balls with the following properties:

(i) 7(Bp) = €°.
(ii) {11 —|ul| > e’} C Vo == U. NUpem, B-

(iii) Setting v = |Z—‘ wherever this makes sense, we have for any t € (0,1—¢P):

1 ¢
= Vu|?vol > 7D, (U. <1o < > — C’> , 4.66
- /V\  vol = 7D, (02) (o (5 (4.66)

where C = C(S) is a universal constant, U, .= {p € U: dist(p,dU) > €},
wy = {|u| < t}, and Dy, (Ue) is defined in (4.41]).
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Proof. In the following, we will fix € € (0,¢q), where g9 will be appropriately
defined along the way.

1. Step: We wish to apply Lemma with M = Cylloge| (where Cj is
the constant from ) and 6 :=¢”. As2—-48>2-2(1 —a) =2a >0, it

follows that:
2772

lim sup
e—0

— < limsup Coe*¥|loge|* = 0.

é e—0

Hence, we can find a scalar eg = £¢(Cp, C1, @) € (0, 1), where C} is the universal
constant from Lemmal[£.10]such that for any ¢ < &¢ the condition Lemma[£.10]is
satisfied for 4, as defined above. Let us set & := 1—283, then & > 1—2- 177“ =«
and % = # = (. Consequently, by D and the definition of the
generalized radius, we can find a finite family B of disjoint closed balls covering
the set {|1 — |u|| > 0} and satisfying:

- M ]
Fi=r(B) < 20, - - = 201Coe 725 log e| = 20, Cocllloge|.  (4.67)

52
As:
lim C,Coe® “|loge| = 0,
e—0

by possibly decreasing e (dependent on Cy, C1, «, and ), we see that 7 < ésa.
Using the ball growing procedure introduced in this subsection, we can assure
that 7 = %5". Note that the choice of the prefactor % will be made clear at a
later point in the proof.

2. Step: Let V := Uses B, V= Upesnu, B V" the union of the remain-
ing balls in B, and U, := U. \ V. By the compactness of V' and the definition
of ry_(wt), we see that for any t € (0,1 — §):s

ro. (W) > 7w N V') = r(w, N T). (4.68)

Consequently, we can cover for any given t € (0,1 — 0) the set w; N U. with a
family B, of balls with a radius no greater than 2r(w; N UE) As r(we N UE) <
r(wy) < 7(B) =7, we can grow these balls into the family B, with r(B;) = 27.
Employing @), Proposition H with the domain U., v = I%\ (defined in

{u # 0}), as well as the two families B, and 9B, we derive by the monotonicity
of the logarithm:

1 . 2r -
- Vo|?vol > D, (U.) (1 ) S Oy(2F =2 NU.
2/Wt\wt' o vol > 7D, )(og(WmUe)) (27— 20 >>)

> D, (U.) (log <TUT(%)> ~ 202r*)) (4.69)

where Cy = C5(S) is the universal constant from Proposition and:

Wt = U B.

BeB,

As Dg, (U.) is a natural number for any ¢ € (0,1 — &) we can find £ € (0,1 — 9)
such that D, (U,) is minimal among all ¢ € (0,1 — ). We then define B = B5.
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3. Step: Let K CC U such that r(K) < 27 and F(K) > m — 1, where:

F(K): 1/ |Vu|? vol,
2 (KNU)\V

m = sup{]—"(f(): K cC U compact, r(K) < 277}.

By the previous reasoning and the subadditivity of the generalized radius, we
then have:

r (Kuf/u U B) < r(K)+ (V) +7r(B) = 57
BeB

Consequently, we can cover K UV U Upea B by a family B, with r(B,) < 67.
By possible growing the balls in B, we can assume — without loss of generality
~ that r(Bg) = ¢* and Item |(i)] of Proposition satisﬁed. Furthermore, as

the balls of By cover V, Item of Proposition [4.3|is also satisfied.
4.step: It remains to show (4.66).
K:

Let Vo = Upem, NUe, then as By covers

1/ |w|2volzf(K)+1/ |Vo|? vol.
2 Jyorn 2

V\we

Hence, with (4.69)), the definition of K, and the fact that W; is a competitor
for the supremum m:

1

7/ |Vv|2v012]-"(Wt)—1+1/ |Vv|? vol
2 Vo\we 2 V\wt

1
= 7/ |Vo|? vol —1
2 Wi\we

1 .«
> stB(ﬁE) (log ( 6" ) - 2027“*> -1

ru. (we)

> 7 Do (UL.) (log (ga)) ~ log(6) — 2027«*) 1

TU. (wt

As B covers (Jpqy B, we have by that D%(UE) > D%D(ﬁg). Moreover,
as By also covers V, any ball B € By with B\ U. # () must intersect AU,
and therefore has zero degree dp(U.) = 0 in U.. Consequently, Do (U.) >
D, (U.) = Dss, (U.). Note that if Dy, (U.), the estimate in is trivially
satisfied for C' = 0. In the case Dy, (U.) > 0, and hence also Dg,(U:) > 1, we

see that (4.66) holds true for C' = log(6) + 2Cyr* + L. O
We are ready to proof the main result of this subsection:

Proof of Theorem[4.6 The correct values of £y will be fixed along the way. The
proof follows closely the one of Theorem 4.1 in [60]:

1. Step: Let B¢ denote the initial family provided by Proposition with
a and S as stated and C; = C1(S) denoting the constant in . We let the
balls in By grow and merge as described in the beginning of this subsection,
resulting in {%B(s)}sejo,7), where T := log (%) with rg := r(Bp). Let us now
set:

B, = B(s), s:=log (7")

To
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By construction, 7(2B(s)) = e°r(By), and hence B, — as chosen above — satisfies

Item From the definition of the growing procedure, Item of Theorem
directly follows. By Item and Item in Proposition we also derive
Item [(iii)| of Theorem

2. Step: It remains to prove the energy lower bound (4.43)). First note that
as u # 0 in Uz \ Wo with Wy == (Jpcmp, B, we can apply Proposition in U
for v = I%\’ which implies for every B € B, N U,:

1
7/ |Vv|? vol > 7|dp(UL)] (log <T> - Cg?“*) , (4.70)
2 B\Wy To

where 7* is the injectivity radius, Cy = C3(S) is the constant from Proposi-
tion and dp(U.) is defined in (4.40). Let us assume for the moment that
€o is as in Proposition then summing up over all balls B € B, N U,
and using (4.66)), leads — for every ¢ € (0,1 — §) with § := 7 — to:

1 1 1
7/ |Vv|? vol = f/ |Vv\gvol+f/ |Vv|? vol
2 )y, 2 Jvaw, 2 Jw,
r r(Bo) ) )
>7aD,(log| —— | + 1o —Cor*—Csg |,
< & (7”(%0)> & <7”Ua(wt) 2 °

=D, (log (r&wﬁ) - 04) : (4.71)

where D, = Dy (U.), wi = {|u| < t}, Cy = Cy + C3 with C3 = C3(S) being
the universal constant from Proposition and

Vi=V\w, V=U.N U B.
BeB
3. Step: The desired estimate will follow by integrating (4.71)) over ¢ €
(0,1 — ¢). In this regard, we will apply the coarea formula on Riemannian

manifolds (see also [23]). Let us first fix some notation: For any ¢t > 0, we
define:

1
v={lul=t}NU:;, O() = 5/ |Vo|? vol.
Vi
By the Cauchy-Schwarz inequality, we have for any t > 0:

V21—
g

)

(1—1t%)?
dull? + =z = ldull———

and hence with the coarea formula, this leads to
1 2|1 —¢2
/ 1dJul|? + —(1 ~ Juf2)? vol > 5/ %Hl(%) d.  (472)
0

Furthermore, by Fubini’s theorem:

1 o0 o0
7/|u\2|Vu|2V01: _/ t2@’(t)dt22/ 10(1). (4.73)
2 U 0 0

(Note that the last inequality can be strict if |u| is constant on sets of positive
area.) Let us shortly write:

/|v >+ == (1 — [u[*)? vol. (4.74)
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By the product rule, we derive in {u # 0} that:
Vu = V(julv) = dju| @ v + |u| Vo,
and by taking the norm on both sides:

|Vul|? = (d|u| @ v + |u|Vo,d|u| @ v+ [u|Vv)
= [dfull* + [uf*|Vo]* + 2Jul(du| ® v, Vo).

As for any section X € C*°(TU), we have that (Vxv,v) =
above equation simplifies to:

2dx(v,v) =0, the

\Vu|? = |dJul|? + [u|?|Vo|? (4.75)

Hence, with (4.72)) and (4.73)), the following estimate follows:

/|u| |Vol? vol += /|d\u||2—|—— (1- \u|2)2v01

1-—
> /0 26/(t) + ﬁa L) dt. (4.76)

Let us take €g as in Proposition In this case, we have already seen in the
proof of Proposition [1.3] that 2ry_(w;) < H! (0w, N UL) for any t € (0,1 — 8).
By the continuity of w and the definition of v, we follow that dw; N U C 7,
and therefore:

2ry (wi) < H (7). (4.77)
Due to (4.71) and the definition of O(¢), it holds that:

o2, i) )

for each t € (0,1 — §). Consequently, with (4.77)), we have that:

I> /015 21D, <10g (rijtJ - 04) + Mm (wy) dt.

Minimizing the above integrand with respect to the value of ry_ (w;), we see
that the global minimum is achieved for:

B 2twD,.e
) = Ay

I> /01_5 2trD, <10g (DT > +log ( f;) C4> dt.

By computing the integral in the estimate above, we see that:

[>7D, ((1 — 5)%log <DTE> 05) :

Hence:
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where:

1 2
Cs = — 2t 1 de¢ > 0.
° / Og(\fﬂ)

In the case log 5= —C5 < 0, the inequality in (4.43) is trivially satisfied with Cs,
as chosen above. We can therefore reduce ourselves to the case log ;5= > C5 > 0.
Under this additional assumption, we have:

T T
> - — ) = — .
I1>7D, <log <DTE> 20 log <Dr> 20|log €] C’5>

Without loss of generality, we can assume that D, > 1 (in the case D, = 0,
the right-hand side of (4.43) is 0). Then, as additionally r» <’ <1, the term
6 log (%) is nonpositive which — together with § = ¢ — leads to

I>nD, (log (Dre) — 2¢Ploge| — 05) .

By possibly decreasing £y, we can assure that 2563 [log eo| < 1, showing:

I>nD, <log<DT€> _1_C5>a

which is (4.43) for C' := 1+ Cs.
4. Step: It remains to check (4.44)). Suppose that for a.a. t € (%, %), it holds
that #*~; > 1 for some [ > 0. Then by (4.72) and (4.42)), we have:

7 fl
<5 /1 vaL-t] H' (1) < Collogel.

642 € = 2

For [ > @C’Oﬂog ele, this leads to a contradiction. Hence we can find a
regular value t* € (3,2) of |u| such that H'(y;) < Ceelloge|, where Cs =
@CO. For £y small enough, we have that 1 —6 =1 — &% > %, and by ,
we see that ry_(wi) < H'(y+) < Ceelloge|. With ({1.66), and the fact that
v = satisfies |Vou|? < Vul < 4|Vul? (see (4.75)), this leads to:

ul?

1 r
401 > = 2vol > 7D, (1 — | -C],
olloge| > 2/Vt*|Vv| vol > 7 <0g<06€|10g€|> >

where C' is the constant from (4.66). By possibly further decreasing ¢ (de-
pending on Cgs and «), we can assure that Cselloge| < £="2", and therefore:

ﬁco\logﬂ > D, ([loge| ~logr — C) > Dy(|loge| = C),  (4.78)

where we have used r < 1/ < 1. Note that the assumption D, > ﬁ&)

contradicts (4.78]) for sufficiently small £¢, and (4.44) follows. O
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4.2 Problem setup

The T'-convergence result stated in this section can be seen as a natural gen-
eralization of Theorem 3.1 in [40] to the setting of a compact oriented two-
dimensional Riemannian manifold.

In this regard, we will investigate the following admissible spin fields:

AS™ = AS™ () .= {u € SBV(TS): (u™)™ = (u™)™ H'-a.e. on J,}.

We also consider the restriction to a general domain U C S (open, simply
connected):

AS™ (U) := {u € SBV(TU): (ut)™ = (u™)™ H'-ae. on J,}.

Given € > 0, we define the generalized Ginzburg-Landau energy functional
GGL. on the set AS™ as follows:

GGL.( /|v |2+7 1= [uf2)2 vol + H ().
Correspondingly, we define the localized version in a domain U as:
GGL.( / |Vu|2+f 1—|u*?2vol+H'(J, NT).
We will now describe the T-limit: The set of limit vortex measures X (™) is
given by:
m|x(9)]
X = ¢ sen(x(8)) ; —0p Pk €S, pr # 1 for k #1
It will be useful to also have a notation for the following superset of X (™):
. K 4 K
X(m) = {p = kz_:l Ekdpk: dy € Z, py, # p for k # 1, kz_ldk = mx(S)}.

Furthermore, £8™) will denote the set of limit spin fields u € SBV(S;Sh),
additionally satisfying:

(i) (ut)™ = (u™)™ at H'-a.e. point in J,, where H'(J,) < 0.
(ii) 2 vort(u) € X(™, and u € SBV;2 (S \ spt vort(u); S').

On £8™) we define the (fractional) renormalized energy as:

W) (y —hm( /|v 2 vo M |1ogr|), (4.79)

where S, is defined as:

m[x ()|

m|x(5)]
=5\ U , where vort(u) = sgn(x(5)) Z %5@« (4.80)
k=1
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Note that in Lemma we will prove the well-definedness of the renormalized
energy W™ on £L8™. Given r > 0, ¢ > 0, and X € S! we consider:

(m) (r,A)

{0 i e @8
= min{ E.(v, B,(0)): v € WH?(B,.(0); R?),v = Am on 6BT.(O)},

where B,.(0) is the ball in R? of radius r, and E. is given by:

1

E.(v, B.(0)) == 7

[ 190+ = 1) 9ol + = o) da.
Br(0)

Note that the minimum problem above is formulated in the Euclidean setting,
so, for example, B,.(0) denotes the Euclidean ball of radius r centered at 0. By
a change of coordinates, we can rewrite for v € W12(B,.(0); R?) with v = A%,

_ B
on 0B,(0):

1

— Vo2 + (m—1 Vv2+71—v22dx
s [T (= DIV 4 1= o)

- Vil? D2V + ™ (1 - J52)2d
= g VT + (= DIV + 1 o
where o(z) =

definition of 4™ (f)

e

is admissible for the minimization problem in the
£.1,1). By symmetry, we therefore see that:

5 (2) =3 ).

It was proved in [40] (see also Lemma 3.9) that there exists a scalar vy, (possibly
depending on m) such that the following convergence holds true:

x) i
(s

gl

ym = lim (70“)(3) - %log(R)). (4.82)

R—o00
We are well equipped to state the main result of this chapter:

Theorem 4.7
With the notation defined above the following I'-convergence result holds true:

(i) (Compactness) Given a sequence (uz) C AS™ bounded in L°(TS) and
satisfying the energy bound:

GGL (u:) < @ﬂ\log el + C, (4.83)

for some constant C' > 0 independent of €, we can find a measure p € X™
such that, up to a subsequence:

vort(ue) EX w flat in S. (4.84)

Furthermore, there exists u € L£L8™) with vort(u) = p such that, up to
possibly taking a further subsequence:

ue — u in SBV2.(T(S \ spt 1)) N SBV(TS). (4.85)
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(ii) (C-liminf) Let (u.) € AS™ such that u. — u € L*(S), then:

lim inf GG Le (ue) — @wuogd > WM (u) + H(J,) + m|x(S) Y.
e—

(4.86)

(iii) (C-limsup) For any u € LS™, we can find a sequence (us) € AS™ such
that:
limsup GG L. (u.) — @wuog el < W™ (u) + H (Ju) + m|x(S)|Vm.
e—0
(4.87)

4.3 Proof of Gamma-convergence

4.3.1 Compactness
The following estimate will turn up to be useful:

Lemma 4.11
Given a simply connected, open subset U C S and sequences (vy,), (wy) C

AS™ (U such that:

lim ||v, — w2z (|Voallzz + [|[Vwn| z2) = 0,
n—oo

it holds that:
djac(v,) — djac(wy,) 20 flat in U. (4.88)

Proof. The proof is the same as in the flat setting. (See also Lemma 2.1 in
[8].) 0

On several occasions, we will employ:

Lemma 4.12
Given an open subset U C S and v € le’cl(TU), the following holds true at
a.e. point in U:

(4.89)

v 3 'UJ- -
o = d|v|®m+‘71|3ac(v)®m, if v#£0,
0 else.

Proof. With the product rule, we compute at a.e. point in {v # 0}:

Vo=Vl ) =dv®— +[v|V—
|v] |v] [v]
v v ’UJ'
=djv|® — + |v|jac | — | ® —
|v] |v] [v]
1 1
= dv|® — + — jac(v) @ —.
lv[ vl |v]

As for almost all points in {v = 0} we have that Vv = 0, the equality in (4.89)
remains true at a.e. point in {v = 0}. O
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Given an open set U C S, we will shortly write:
AS(U) = ASD(U).
On AS(U) as well as on AS™ (U), we define the classic Ginzburg-Landau
energy functional as:

1 1
GL.(u) = 3 /U|Vu|2 + 2?2(1 — |ul?)?vol.

Furthermore, for 7 > 0, we define T,: R?\ {0} — R? by:
. 1 X

T,(x) == min{r |z, 1}ﬁ
T

Lemma 4.13 -
Let U C S be a simply connected open set, e € C*°(U;S'), and (v.) C AS(U)
be a bounded sequence in L= (TU) satisfying the energy bound:

GL.(v:) < Clloge]
for some constant C independent of €, then:
vort(|vee) 20 flat in U. (4.90)

Proof. By approximation and Lemma [4.11] we can assume without loss of
generality that each v, is smooth in U. Due to the energy bound and the
definition of GG L., we can apply Theorem for sufficiently small £ > 0 with

a = %, B = %, and r = £3. Let B, denote the family of balls corresponding
to the choices made above, and V. = U. N UBe‘BE B, where U, = {p €
U: dist(p,0U) > €}. Furthermore, we will shortly write w. = |vc]e and

We = T1_s. we with 6, = £5. We then derive with the boundedness of (ve) in
Lee:

lwe — Well2(rvy = |we — WellL2(rvey + |we — Wel| L2 (70 \V2))
< (supl|ve|[ Lo (rvy + 1) Vol (V) + vol(U \ V2 )4
€

o=

< Cet + vol(U)es < C(U)es.
Moreover, by the product rule:
Vw. = V(|vele) = dve| ® e + |v-|Ve = d|ve| ® e + |ve|jac(e) @ e,

and therefore:
[Vwe|? = |dfo:|[* + [v:*[jac(e)|?. (4.91)

Due to (4.89)), we also have:

[dlve|[* = [Vve|* ~ ljac(ve)? < [Voel®.

|ve|?

Hence with (4.91)), the energy-bound on (v.), and the boundedness of (v.) in
Lee:

IVwel| L2 + IVe |22 < 3[[Voe| 2 + Cle) < Cle)loge], (4.92)
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where in the first estimate we have used the fact that |Vw.| < 2|Vw,| for ¢

small enough. By Lemma it is therefore sufficient to show vort(w,) 200
in U. For this purpose, let ¢ € Cg’l(U) be an admissible test function with
Lipschitz constant L, < 1. We first split up [, ¢ vort(w,) as follows:

/ pvort(we) = / @ vort(w,) +/ @ vort(w,)
U U\Ve A
+/ @ vort(we).
U\U.

As |w.| =1 in U, \ V¢, we have that vort(w.) = 0 in U, \ V¢, and therefore:

/ pvort(we) = 0.
U\V.

By the definition of @, and the smoothness of e, it holds that deg(w.,0B) =
deg(e,0B) = 0 for every B € B, := {B € B.: BNU. # 0}, and hence with
(4.33]) we can estimate:

/VE pvort(w.) = Z /va(p)mU(QD — ¢(p)) vort(w,)

Br(p)€B.
< Z L@r/ |vort(w, )| vol
B, (;D)E%g B (p)NU

< C(S)es <1+/|Vﬁ)€|2vol> < C(S)es|logel.
U
As each point p € U \ U, has distance at most ¢ from the boundary we derive
by using ¢ = 0, and again (4.33]):
inty\u, @ vort(we) < Lyeintyy, [vort(we)| vol

< C(S)e (1 + / |V, |? VOl) < C(S)e|logel.
U

By the arbitrariness of ¢, we then derive for ¢ sufficiently small that:
Ivort (. )[l, < C(S)=? flog el =0,

which concludes the proof. O

Proposition 4.4 (Initial Compactness)
Given a sequence (u.) C AS™) bounded in L>(TS) and satisfying the energy
bound

GL.(u:) < Clloge]

for a constant C' independent of €, there exists a measure p € X such that,
up to a subsequence:

vort (ue) EA u flat in S. (4.93)
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Proof. 1. Step: We start by localizing the problem. Let UM, ..., UW) be a
cover of S with coordinate neighborhoods. By possibly shrinking each U, we
can assume that for each 4, there exists another coordinate neighborhood U®
with U cc U@, In the following, we will fix i and shortly write U = U@, as
well as U := U®). Furthermore, we choose an arbltrary spin field e € C°°(U; S")
and set ve = Pe(uc) in U. Note first that by (4 we have:

/|Vv€| vol = m /|Vu5\ vol+(1 —m /|d\us\| vol

+ (m —1)? /U\u5| |Ve|2vol—2m(m—1)/U<jac(u€),jac(e)>vol.

With Young’s inequality and (4.89)) we can estimate:

1 1
/(jac(us),jac(e))volg/|ue||Vue\|Ve\v01§f/|u5|2|Vu5|2v01+7/\V6|2vol.
U U 2 Ju 2Ju

Consequently, by the energy bound on (u.) and the boundedness of (u.) in L™
we follow:

/|V’u€|2volgC’+m2/|Vus|2vol+/|u5|2|Vu€|2vol
U U U
< C(1+ Jlogel) < Clloge]

for a constant C' independent of ¢. Using standard approximation results in
Sobolev spaces, we can find a sequence (w.) C C°(TU) such that:

lim |, = velyr.5(0) = 0. (4.94)

Hence, with the previous reasoning, (w.) satisfies the logarithmic energy bound
in - Consequently, for each £ > O small enough we can apply Theorem-
for sufficiently small ¢ > 0 with o = 5, ,and 7 = 3. Let B, denote the
finite family of geodesic balls provided by Theorem and DTE = Dg_ (U.).
Moreover:

B_:={BecB.: BNU#0}, D, =Dy (U).
We end up with a collection B, satisfying:

sup D, < sup D,, < oo, (4.95)
€ €
V.=Un |J Bo{l1—|wlnU>e5}, (4.96)
BeB.
r(B.) < r(B.) =e5. (4.97)

Note that ) follows fro and the fact that U C l~] for £ > 0 small

enough. The set relation in 1-) can be proved using Item |(iii)] in Theorem.
and again the fact that U C U, for € > 0 small enough. Lastly, 1’ is implied
by Ttem . of Theorem . Let us set:

Ve = Z deg(we, 0B, (p))d,, where W, = T1 Ve.
B, (p)eB.

S

—&
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2. Step: We wish to derive a compactness result for (v:). Note that by the
smoothness of ., the degree deg(w.,dB) € Z for any B € B. N U, hence the
measure v, has only weights in Z. Furthermore, by (4.44) and the definition of
Vet

sup |ve|(U)= sup D 1 < oo.
e€(0,e0) e€(0,e0)

ol

&€

As a consequence, we can find a point measure v with weights in Z such that,
up to a subsequence:

v. = v weak* in U, and therefore also v, 2y flat in U. (4.98)

Our aim now is to estimate the flat distance between vort(ve )|y and v.. With

1) and Lemma we derive that vort(ve)|y — vort(we)|u 20 flat in
U. By the definition of ., (4.96), and again Lemma we also have that

vort(w, )|y — vort(w.)|u 20 flat in U. It remains to estimate the flat distance
between vort(w.)|y and v.. We follow the same strategy as in the proof of
Lemma Consider an arbitrary test function ¢ € C’g ’1(U) with Lipschitz
constant L, < 1. As [ =11in U\ V¢, where V. was defined as UNUpcop. B,
we have vort(w.) =0 in U \ V¢, and therefore:

/ @ vort(we) = 0.
U\V.

For each ball B € 8. NU, we have by the definition of v.:
/ vort(w.) = deg(w., 0B) = v.(B).
B

Consequently, we derive by (4.97) and (4.33)), respectively:

(/V wvort(u?a)) — (ve, )

vort(w,) | — deg(w,, OB,
BT(PZ)E%E </Br(;v)ﬁU(p 2 )) 8 (P)e(p)

/ (¢ — »(p)) vort(we)
B, (p)NU

B, (p)eB.

< Z L@r/ [vort ()| < Ces|logel.
Br(p)

B, (p)EB.Nu
By the arbitrariness of ¢, this then leads to:
[vort(we:) | — velly < Csé|log5\ — 0,
showing that, up to a subsequence:
vort(ve) 2 yin U,

and by (4.38) as well as Lemma we then conclude for the same subsequence
as before:

m —

1
vort(|vee) 2 —yp flat in U.

3|~

1
vort(ue )|y = avort(vs)hj +
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3. Step: The global result follows by a partition of unity argument: In
this regard, let {p1,...,pn} denote a partition of unity subordinate to the
cover {U®M};. In the previous step, we have seen that we can find for each
i €{1,...,N} apoint measure ' with weights in %Z such that, up to taking
subsequences:

vort(ue)|u EN p@ flat in U@,

Let p denote the point measure on S such that g = p® in U® for every i.
Note that the measure p is well defined as p(? = @) in U® N UU), which can
be seen by testing with functions compactly supported in U NUU). We have
found a point measure p with weights in %Z such that for any test function
@ € CYL(S), up to a subsequence:

N

N
/Ssovort(us) = ;/U(i) pipvort(uc) = > (pip, ) = (@, 1),

i=1

and hence vort(u.) EN p flat in S. In order to conclude the proof, it remains
to show (S) = x(S) (see also the definition of X (™)), which follows by (4.39))
and the flat convergence of vort(u,):

x(8) = (vort(uc), Ls) = (u, Ls) = p(S).

Definition 4.9

Given a simply connected open subset U C S, we call a vector field e €
C>(U,S") harmonic if and only if jac(e) = d*® (d* denotes the adjoint of the
exterior derivative), where ® € Q?(U) is the 2-form satisfying:

Ad = —kvol inU,
(4.99)

®=0 on OU,

A being the Laplace-Beltrami operator on S (in the current setting A = dd*,
see also, e.g., [42] for further clarification).

Let us show that the notion above is not vacuous:

Lemma 4.14 (Existence of harmonic frames)

On any simply connected, open subset U C S, there exists a harmonic vector
field e, as described in Definition [].9

Proof. In [42], it is shown that there exists a (unique) two-form ®, solving
(4.99). Fix an arbitrary seed point pg € U and a unit vector ug € T,,U. We
define e at a point p € U as follows: Let v: [0,1] — U be a smooth curve with
~v(0) = pp and ¥(1) = p. Then by classic ODE theory there exists a unique
smooth vector-field X : [0,1] — TU on 7, solving

X(0)

{V”’<S>X(S) =d"®(+/(s))X"(s) in (0,1),
UuQ-
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We need to check that setting u(p) := X (1) is path-independent. In this
regard, consider another curve u: [0,1] — U with u(0) = po, u(1) = p, and
Y: [0,1] — TU being the solution of:

{vu’(s)y(s) = d*(b(:u/(s))YL(S) in (07 1)7

Y (0) = uo,

We need to show that Y (1) = X(1): As U is simply connected, the curves =y
and p enclose a (possibly disconnected) region w. Then by Stokes’ theorem,
the difference angle § between X (1) and Y (1) satisfies:

/()1d*<1>(7’(s))ds/1d*¢(u(s))ds+/nvol

0 w

:/dd*<1>+/nv01:/A<I>+/nv01:O mod 27.

This completes the proof of well-definedness. Finally, note that by construction,
the condition jac(e) = d*® is automatically satisfied. O

The main reason why we have investigated harmonic vector fields is that
they allow us to control a defect term appearing on the right-hand side of (4.36):

Lemma 4.15 (Convergence of the defect term)
Let U C m be a simply connected open set and (ve) C AS(U) such that:
vort(v.) 2 ké,, k € Z,peU,

and let e be a harmonic vector field on U (see also Lemma . Then, as
e — 0, we have:

/ (jac(ve), jac(e)) vol — k - »x@(p) — / Kk ®, (4.100)
U

U
where jac(e) = d*® for ® € Q%(U) satisfying (4.99).

Proof. Employing (4.99) and integrating by parts leads together with the defi-
nition of vort(v.) to

/[]<jac(vs)ajac(€)>volz/(jac(vg),d ®) vol

U

= / (djac(ve), @) vol + *P jac(ve)
U U

:/(djac(vg),q)) vol 83°k.@(p)_/ K,
U U
as is desired. O

We continue by showing a localized 0-order I'-liminf inequality:

Lemma 4.16 (Localized I'-liminf inequality)
Let (uz) € AS™)(S) be a bounded sequence in L°°(T'S) such that:

K
d ~
vort(u.) =X = Z Eképk e xm,
k=1
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Then there exists a constant C independent of € such that for every k €
{1,...,K} and r > 0 small enough, it holds that:

lim inf (GL (e, Br(pr)) — Wlljﬂ log (Z)) >C. (4.101)

e—=0

Proof. Without loss of generality, we can assume that sgn(x(.5)) > 0 (the other
case works in the same fashion). Let ro > 0 be small enough such that the
balls in {B,,(pr)}x are disjoint. Furthermore, fix By := By, (px) for some k,
and let e be a harmonic vector field in By. Setting v, := P.(u.) in By, we see

by Lemma and (4.38)) that for any test function ¢ € " (Bo):
/ pvort(ve) =m | @vort(ue) — (m — 1)/ pvort(|vele) — dp,
By By By
By the arbitrariness of ¢, we follow:

vort(ve) EN dp,, flat in By.
Moreover, with 4.36 and the boundedness of (u.) in L*°, we derive that:

GL:(ue, By) > ImE |V |? Vol—|— (1 - |v5|2)2 vol
Bo
(m—1) 2
— | |ucA| Vel vol+ - — 2 \d|u IR
2m2 BO € &€
2m(m —1) / . )
jac(ue ), jac(e)) vol
[ tnetu).jnc(e)
1 Ilm—1
S 1 lm—1 . .
>C+ 2 GL.(ve) + 2w Jn (jac(ue), jac(e)) vol

for a constant C' independent of e. By (4.37)), we have:

1 .
|uc? jac(e),

. 1. m—
jac(ue) = ajac(vs) +
and therefore, we can rewrite the previous estimate as follows:

GL(tes Bo) > €+ 23 GLe(0) +clm) [ Gac(v.),fac(e) vol,

lm=1l " Consequently,

where C' is a constant independent of ¢ and r, and ¢(m) := 57—
with Lemma[£.15] and the localized liminf inequality in the nonfractional setting
(see also [43]), there exists a constant C' € R independent of ¢, r and k such

that for r small enough:

lim inf (GLE(uS,BO) w% 0g6> > m£+c( )(dk(*@)(pk) —/Bmp).

e—=0

It remains to estimate the second term above, independently from r. Let G
denote the Green’s function in B, we derive for any p € B

[ et o) < [ ctpllvo
B B

swmée@mmw=wm7

which concludes the proof. O

[®(p)| =
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We are ready to prove the first half of the compactness statement in Theo-

rem [Tt

Theorem 4.8 (Vortex compactness)
Let (u:) € AS™)(S) be a bounded sequence in L>®(TS) satisfying the energy
bound:

GL(u.) < |an W rlloge| + ¢, (4.102)

for some constant C' independent of €. Then there exists a point measure

p e XM such that, up to a subsequence, vort (ue) 5N u flat in S.

Proof. By Proposition [£4] up to a subsequence, it holds that:

K
vort(ue) = p = Z

k=1

Opy,  dr € Z, pi. # i for k # 1.

a'\&

As p(S) = x(S), in order to conclude, it remains to show that dj = sgn(x(S
for all k, which would directly lead to u € X(™. By Lemma and (4.102)

there exists a constant C' independent of ¢, r, and k, such that for r and £ small
enough:

K
|an75)||10g 5| > Z GL(usa Br(pk))

k=1
K
|d
EDPpe~s
k=1

By making e sufficiently small, the above inequality can only be true if |u| <
Ix(S)|. As p € X(™ the reverse inequality |u| > |1(S)| = |x(S)| also holds
true, and therefore |u| = |x(5)|. This means that for all k, we have sgn(dy) =
sgn(x(S)). It remains to show that there exists no k with |di| > 2. Fix k €
{1,..., K}, and consider the geodesic ball B := B,.(py) for r > 0 small enough,
so that no other vortex center p;, where [ # k is contained in B. Furthermore,
consider an arbitrary harmonic vector field e in B and set v. = P.(uc) in B.

With (4.36]) and (4.37)), we then derive

m? 1 1—m?
GLs(vs):?/\vustH@ (1 — |ue]®)? vol + 5 /|d|u\|2vol
B B B

r oyl
Z > Wioge| - C
-2 logel

# 2P [ o 9ef? ol —mim = 1) | (). ) vol
< m2GL.(u., B) — (m_21)2/B|u5|2|Ve|2vol

+(m=1) | (jac(r.).jac(e) vo
< m2GL.(ue, B) + (m— 1) / (ac(v.), jac(e)) vol..

B

By (I01), (E109), |di| = sgn(x(S))d; for all 1 € {1,..., K}, and |u| = [x(S)],

the first term in the last line above can be estimated for r > 0 small enough as
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follows:

GLe(ue, B) < GLe(ue) = Y GLe(uc, Br(pr))

£k
S 1 d T
R (IR eyt
12k
S 1
< 7P oy o) — s (x($)) - (6 — % og | + €

2

x(3) ul |
<722 og e —m (£ 1 c
X 2 log el — 7 (L~ 50 floge] + (1)

= ﬂ%ﬂogs\ + C(r)
for some constant C(r) < oo independent of e. By the convergence in (4.100)), it
follows that sup_ [;; (jac(ve), jac(e)) vol < co. Hence, GL(v.) < 7|d;||loge| + C
for some constant independent of €, and by a corresponding result in the non-
fractional Ginzburg-Landau setting (see also [43]), we see that |d;| = 1. By the
arbitrariness of k, this concludes the proof. O

Given u € D;m), we will shortly write:

m|x ()]
Sy = Sp(vort(u)) = S\ U B.(pr),
k=1

where {py} is the set of vortex centers of u. Before coming to the proof of
the compactness statement of Theorem [£.7] we will need to show the well-
definedness of W(™):

Lemma 4.17 (Well-definedness of the renormalized energy)

For any u € L£L8™), the limit in exists and lies in (—oo,00]. More
precisely, for any ro small enough such that the balls { By, (px)}r around the
vortex centers {pr} of u are disjoint, we have:

1 m|x ()] 1
_ 2 k
W<m>(u)f§/3l Vul? vol + ) EW@( ))
0 k=1
—1)2
_ (m2m2> / e[ vol (4.103)
Bro(pk)
-1
S (ac(v™), jac(e™))) vol,
m Bro(pk)
where v*¥) := P, (u) in By, (px) for an arbitrary smooth frame e*), and:
1
W®) = lin(1) <2/ |Vo®) |2 vol —7rlogr> (4.104)
= Ar,ro(pk)

s the nonfractional renormalized energy.
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Proof. Let 0 < 9 < 1 be small enough such that the balls in {B,, (px)}r are
disjoint, and where {py} is the set of vortex centers of u. For any 0 < r < rg,
we can split the difference appearing in (4.79)) as follows:

1 S
5/ |Vu|2vol—M7r|logr|
S m

1 mIX(SI 7y -
== |Vu|? vol + (/ |Vu2V01—|1ogr|> .
2 /S:ro ; 2 Arrg (pk) m2
Therefore, it is enough to show for any k € {1,...m|x(S)|} that:

1
lim = |Vul? Vol—%|logr| € (—o0, ).
r—=02 Ar,ro (px) m

Let us fix k£ € {1,...,m|x(S)|}, and shortly write B := B,,(pr) as well as
A, == A, ., (pr). Furthermore, let e € C*°(B;S') be a harmonic vector field
and v := P.(u) in B, then with (4.36]), we follow that:

1
3 /A |Vu|zvolf%|log 7|

L (1 / 2 ) (m—1)% / 2
= - Vo|?vol —x|logr| | — |[Ve|” vol
m? (2 AT| | | | 2m? A, ‘

-1
+ R (jac(v), jac(e)) vol.
m A,

In Section 6 of [24], it was shown that the limit:

1
W(v) = lim (/ |Vv|? vol 7r|10gr|)
2 Ja,
exists and is contained (—o0, 0], which — due to the previous reasoning — leads
directly to (4.103]). O
Lemma 4.18
Given a geodesic ball By = By, (po) C S, a sequence (v.) C C*°(T By) with:

vort(ve) EN +6,, flat in By,
and satisfying the following energy bound:
GL:(ve) < |loge| + C

for a constant C' independent of €. Then, there exists r1 > 0 and g9 > 0 such
that for any € € (0,e9) and r € [5%,7“1], Theorem is applicable (,where
o= % and B = %), with the corresponding collection of disjoint balls denoted
by B, D5 = D= ((Bo):), and VS := (Bg)e N UBE‘Bi B. Furthermore, for any

r€les, ] and e € (0,¢0), it holds that:

D: =1, (4.105)
(4.106)
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and for any e € (0,&¢):
V5 By (po) (4.107

Finally p. — po as € = 0, where p. is the center of the unique ball in BE with
nonzero degree (pe is well defined due to (4.105)).

Proof. Without loss of generality, we can assume that vort (v, ) EA Opo- (The case

vort(ve) SN » can be proved similarly.) Let €9 and 71 be as in the statement
of Theorem Then employing Theorem (with =1 and 8 = 1), we can
find for any r € [5%,1“1] a collection ®B% such that all the properties stated in
Theorem F.6] hold true.

1. Step: We wish to show, by possibly decreasing o and ry, that
and are satisfied. In this regard, let us define the point measures p.
and v, as:

pe= Y deg(s. 0B, () 1ei=eb,
Br(p)€BE, N(Bo).

Ve == Z deg(ve, 0B, (p))dp,
Br(p)e%ilm(Bo)s

where 0, = T;__s(ve). By (4.44)), we have:

sup |pe| = sup D71 < 0.
£€(0,e0) ce(0,e0) €7

Hence, up to taking a subsequence, fi. — p weak* in By for a point measure p
in By. In the same fashion as in the proof of Proposition [£.4] we can show that
lim,_||vort(ve) — e[|, = 0, and therefore follow zz. = d,,. In the same manner
as for (pc), we can prove that v, — dp, weak™ in By. Consequently, by the
lower semicontinuity of the total variation with respect to weak* convergence,
we see that liminf._,o|ve| > |6,,| = 1, and by possibly decreasing €y, we can
assure that for all £ € (0,0) and 7 € [e3,74]:

Di > Dy, =ve| 21,

where we have used the monotonicity of r — DZ. In order to prove (4.105)),
it remains to show DI < 1. With (4.108]), (4.43)), (4.44), and by making sure
that r; < é, where C] is the constant from (4.43)), we can estimate for any

mlloge| > wD; (log <D7;5> - Cl)

1

1> i _ 1 1> £ _
> nD; log E 27TDT log D; — C}

reles,m:

2
> gﬂDﬂlogd —7C3log Cy — (1,

where Cs is the supremum in (4.44]). This leads — for £y small enough — to a
contradiction, except that:

Dy <

| W

<2,
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and as D; € N, D7 <1 follows, as is desired.

2. Step: It remains to show (4.107). By (4.105), the measure p. must be
of the form p. = 6, for some p. € By. As pu. N Opy» it follows that p. — po.
Hence, for £g small enough, we have p. € B 21 (po), and by the definition of the
ball-growing procedure By, (pc) C V;5. Finally, due to Bry (po) C By, (pe), the
desired result follows. O

In the following, we generalize Lemma 2.12 found in [40] to the manifold
setting.

Lemma 4.19
Let (u) € AS™(S) be a bounded sequence in L>®(TS) satisfying the energy

bound g
GL:(uc) < @ﬂlogd +C (4.108)

for a constant C' independent of €, and such that vort(ue) EA pe XM flat in
S, then for any r > 0 small enough and q € [1,2), it holds that:

sup|luc||spvz(rs,) < oo, (4.109)
€

sup|| Ve || La(r-seors) < o0, (4.110)
g

Proof. In parts, we follow the proof found in [40]. Let us — without loss of
generality — assume that sgn(x(S)) > 0 (the other case works in the same way),
and let {px} denote the set of vortex centers of u and shortly write p := vort(u).
Furthermore, we fix o > 0 small enough such that the balls in {B,,(px)}r are
disjoint. All constants we will encounter in this proof are implicitly assumed
to be independent of e.

1. Step: We start by deriving the SBV?2-bound away from the vortices. By

the localized liminf inequality in (4.101) and the energy bound in (4.83)), we
derive for any 0 < r < rq:

m|x(S)|
GGL(uc, Sy) < GGLo(uc) — Y GLc(uc, Br(pr))
k=1

< X5 [log ] m%:s) T 1o (i) +C
=T hog po m2 8 €
gﬂ%ﬂh%ﬂ+czom%ﬂx (4.111)

where C' is the constant from (4.101]). By the definition of GGL. and the
boundedness of (u.) in L, this leads to:

supl|uc|lspv2(rs,) < O(|logr]),

as is desired.
2. Step: Due to (4.109)), it remains to show that:

€

sup/ |[Vue|?vol < 0o (4.112)
B’V‘(J (pk)
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for all vortex centers py, and where rq is chosen sufficiently small so that all
balls in {By,(pk)}r are disjoint. Fix k € {1,...,m|x(S)|} and shortly write
By = B,,(px). Furthermore, let e € C°°(By;S') be a harmonic vector-field,
and set v == P.(u:) in By. By the chain rule and the definition of AS™(S), we
have that v. € W12(T By), and instead of deriving , we can equivalently
show:

€

sup/ |[Vve|?vol < co. (4.113)
By

We wish to construct an appropriate decomposition of By. Afterwards, we will
estimate the L9-norms of (w.) on each component separately. In this regard,
we see by (4.36), Lemma and the boundedness of (u.) in L*>(T'By), that:

m? 1
GLw) < [ VPvol+py [ (- u)?+ Gy
2 Jp, 4e? | g,
<m?GL(ue,By) + C1.
By the local liminf inequality in (4.101)), the definition of X(™) and the energy
upper bound in (4.108]), it holds that:

GL(uz, Bo) < GL(uc) = GL(uc, Bry (p1))
14k

T
< ﬁ\logd + Cllog(ro)|- (4.114)
With the previous estimate, this results in:
GL(v.) < wlloge] + Cllog(ro).

By approximation in Sobolev spaces, we can find a sequence (we) € C*(T By)
such that [[v. — we|lw1.2(rB,) — 0 as € — 0 and:

;g% (GLc(ve) — GLe(we)) = 0.
Therefore:
GL.(w:) < wlloge| + Cllog(ro)|. (4.115)

Also, by the flat convergence of (vort(u.)) and (4.38)), (4.88) and (4.100]), we
have:

vort(we) EA 0p,, flat in By.

We are in a position to apply Lemma for the sequence (w,) and the ball By.
Let B2, V£ (for € € (0,¢0) and r € [e3,r1]), €0 and r1 be as in the statement of
Lemma We define J = J(g) € N as the largest natural number satisfying
27Try > e3. As 27 > 5%, we have:

1 1
J(e) < To2@) <3|logs| - logr1> = Clloge|.
Let us decompose By into the following sets

J-1
By = V-4, U U AU (Bo\ Vi ,©)
=0
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where:
Aj = Vi, \‘/25*(j+1)r1'
3. Step: We continue by estimating the L?-norm of (Vw,) outside the annuli
{45 3-];01. From the definition of .J, we see that 2=(/+1r; < 3, and therefore

277 < 2¢5. This leads to:
Vs-s,,| < Cr(B5-4,,)" < Cev.
Consequently, with Holder’s inequality and the energy bound (4.115)):
/ |[Vwe|? vol < |V2€7J7,1‘% / |Vaw, | vol
VE

B
2*‘]7‘1 0

< Ce7 |loge| = 0.0 (1).

Hence:
Sup/ [Vw|?vol < oo.
%

1> €
2=Jpry

By (4.107), Holder’s inequality and (4.109)), we also derive:

/ |[Vw|?vol < / | Vw9 vol
Bo\Vyg Bo\Bry (pr)

< |BO|%/ V.| vol = O._,0(1).
BO\B%(M)

4. Step: Lastly, we consider the situation inside the annuli {A; 3];11 Given

any r € [e3,7] (with r as in Lemma [4.19)), we have by (4.70) the following

lower bound: ,
GL.(w., V) > mlog (g) )

With (4.115)), this results in:
GL.(we, By \ VY) = GL(we) — GL:(we, V,7)
< rr|loge| — wlog (g) + C < 7llogr|+ C. (4.116)
Furthermore, setting 1w, = ‘:’;—il, we see with 1) for all r € [E%, 2] that:
1 1
7/ |V, |? vol > f/ |V |? vol
2 Jvgve 2 J:\ve
2r
> <log () - Cr) > mlog(2) — Cr
r
where B is the unique ball in 985, with dp- = 1. As by the product rule
[Vwe|? = |dwe|]* + |we *| Ve,
and |we| > 1—ef =1 —¢% in By \ V, this implies:

1 1
f/ |Vw, |* vol > f/ |we|?| Ve | vol
2 Jvzave 2 Jvzave

> (1= Ce#)(rlog(2) — Cr). (4.117)
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Fix an arbitrary A > 0 and suppose that, up to taking a subsequence, we can
find for each € a j* = j*(¢) € {0,...,J — 1} such that:

1
5/ |Vw, |* vol > .
-

Combining (4.116) and (4.117)) then results in the following condition on A:

(J — )(1—Cs4 mwlog(2) — C Z 27y

J#5*
< Z / |V, |? vol
J#5*
1
< GL(we, Bo\ Vs-,,) — 5/ |Vw, |2 vol
<

< Jrlog(2) + O(1) — A.

Solving for A above and using J = O(|logel), then leads to:

A<mlog(2)+C 1+(J—1)e47rlog +22]r1
J#i*

=C[1+e7loge| + ZQ‘j = O.-0(1),
=0

which leads to a contradiction for A sufficiently large. Consequently:
/ |Vw,|* vol = O._0(1), (4.118)
A5

uniformly in j. By Holder’s inequality, and the definition of A%, we can therefore
derive for ¢ € [0,2):

J—1
/ |[Vw|?vol = Z/ |Vwe|9 vol
Va\V- Ty 5=0"45
J-1 .
< Y1457 [ Vool
, Ac
7=0 J

S Ci"/;*jrl |2

j=1
= 4 1

<CY (@ 7)) =C0— =0.0(1).
=~ 1-27 73

5. Step: It remains to estimate the L?-norms of (v.). With the previous
reasoning and the fact that |[ve — w.|[w1.2(rB,) = 0 as € — 0, we derive that:

sup [ |Vve]?vol < 0. (4.119)
e JB,
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It remains to transfer this estimate to Vu, which will be achieved employing
(4.36]). Before coming to this, we will need to show the intermediate estimate:

sup [ |d]uc||* vol < oc. (4.120)
e JBy

This can be proved as follows: By the localized zero-order liminf inequality for
(ve), (4.36), (4.114)), (4.100), and the boundedness of (u.) in L™, we see that:

mlloge| — C < |V |? vol
Bo

=m? [ |Vu.|*vol +(1 me)/ |d|uc||? vol
B[) BO

+(m—1)% [ |uc|?|Vel* vol —2m(m — 1)/ (jac(ue ), jac(e)) vol
B() BO

< 7lloge| +C — (m?—1) [ |d|uc]|?vol
By

which leads to (4.120). With (4.35), we can write:

1 -1
|u€|_2jac(u5) ® vj- = Vo, — E\url d|ue| ® ve + m jac(e) ® vj‘,

hence, by the triangular inequality and (4.119) and (4.120]), this shows:

_1. 1
|H’LL5‘ 1Jac(us)||L‘?(Bo) < vaenLq(Bo) + a”dUEHL‘?(Bo) +C
< O+ [[duclL2(By)) = Oc—0(1),

where C' is a constant independent of ¢. Finally, with (4.121]), (4.120)), and

Vu. = |u€|_2<Vu5,uj) ® ugL + |u€|_2<vu€7u6> & Ue

= |u5|_2<Vu€,u5l) ® ueL + |u5|_1 dfue| ® ue,

(4.121)

we follow for any ¢ € [1,2):
IVl o) < el jac(ue) |l acso) + 1At o) = Ocorol1),
as is desired. O
We are ready to proof the compactness statement of Theorem [4.7

Proof of the compactness statement in Theorem[].7. Note that we have shown
in Theorem Let us assume that holds true, without relabeling,
for the whole sequence (uc).

1. Step: In the first step, we wish to derive the local SBV?-compactness of
(ue). Given r > 0 small enough, we can select by and the compactness
theorem for S BV -sections (see also Theorem a further subsequence, without
relabeling, such that:

ue — u'" weakly in SBV(TS,.).
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For ry, 7o small enough such that 0 < r; < 79, we see by the L!-convergence of
(uels,,) and (ucls,,) that u™) = () ae. in S,,. Hence, u(p) == u("(p) for
some 7 > 0 such that r < dist(p, spt(u)) is a well-defined section in SBV;2_(T'(S\
spt(p))) and by a standard diagonal sequence argument, (4.85) follows. Let us
assume that we have already selected a subsequence such that (4.84) and (4.85)
are satisfied. It remains to show that u € £8™(59).

2. Step: We continue by showing the unit length of u. By the energy-bound
in and the definition of GG L., we derive that:

/(1 — |uc?)? vol < Ce?[loge| = 0.0(1). (4.122)
S

For fixed r > 0 small enough, we derive by the L? convergence of (u.|s,) that,
up to a subsequence, u. — u pointwise a.e. in S,.. By the boundedness of (u.)
in L>*(TS) and the dominated convergence theorem, we see that:

/ (1 — |ul*)?vol = 1im/ (1 — |uc*)?vol = 0,
S, e—0 S,

and therefore |u| = 1 a.e. in S,. By the arbitrariness of r > 0, we follow that
|ul =1 a.e. in S.

3. Step: We wish to derive a uniform SBV-bound on (u.). By for
q = 1, we can select a subsequence such that Vu. — ¥ weakly in L}(T*S®TS).
Due to , we have already seen that for any r > 0 small enough Vu, — Vu
weakly in L?(T'S,. ®TS,.). Hence, (and by also using the arbitrariness of 7 > 0,)
we derive that Vu = ¥ = LY(T*S ® T'S) (in particular, vort(u) is well defined
in the distributional sense). We will now show #'(.J,) < co. As in the proof
of Lemma [£.19] we can prove that for 7 > 0 small enough:

IX(5)|

GGL(uc, Sy) < WTHog r|+C

for some constant C' independent of r and . Solving for 7—[1(Ja)7 we derive:

1
H' (J,.NS,) < Mﬂogﬂ +C — 7/ |V |? vol
m 2 /s,

for the same constant C' as before. By (4.85):
HY(J, N S,) < liminf #'(J,. NS,)
e—0

<limsupH'(J,. N S,)

e—0

<C- (1/ |Vu|2vol—7r‘X(S)| |10gr|> .
2 Js, m

With W™ (y) > —oco (see Lemma [4.17), it then follows:

H(J,) = limsup H' (J, N S,) < C— W™ (u) < oo,
r—0
as desired.
4. Step: Tt remains to show that vort(u) = p, where p is the limit from
(4.141). (Note that in the previous step we have seen that vort(u) is well
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defined in the distributional sense.) As |jac(ue)| < |Vue||ue|, we conclude from
the boundedness of (uc) in L (T'S) and (4.110]) for ¢ = 1 that (jac(u.)) is
bounded in L!(T*S) and hence, up to a subsequence, weakly convergent towards
¥ € LY(T*S). By (4.85), we have for r > 0 small enough:

Vu. — Vu weakly in L*(TS, ® TS,.), u. — u strongly in L*(TS,.).

Hence by weak-strong convergence, we follow for any ¢ € L*°(T*S,) and
coordinate neighborhood U on S:

/ (¢, ¥) vol = lim (¢, jac(ue)) vol
Uns =0 Juns,
= lim gij <pi<Vaz_7» Ue, U? ) vol

) N
= hH(l) (Vaﬂ. Ue, g7 @ uz ) vol
=0 Juns,

= / (p, jac(u)) vol .
Uns,

With a partition of unity argument and the arbitrariness of ¢ we follow that
¥ = jac(u) a.e. in S. Furthermore, by the weak convergence of (jac(u.))
towards jac(u) in L*(T*S), the definition of vort, and , we see that for
any p € C%1(9):

(vort(u), @) = /Sd<p A jac(u)

=lim [ dyAjac(ue)

e—0 S
= lim (vort(ue), ) = (1, ¢)-

The arbitrariness of ¢ concludes the proof. O

4.3.2 Gamma-liminf

In this subsection, if not explicitly stated otherwise, all instances of asymptotic
notation in this chapter are meant as ¢ — 0. Given an open set U C S, we
define the modified Ginzburg-Landau energy GL(™ : AS(U) — R as:

GL™ = GLM™ (v, U) / Vol + (m? = 1)do]|* + 7(1 = [v]*)? vol.

(4.123)
The following intuition lies behind this definition: Let U = B be a geodesic
ball on S, u € AS™(B), e € C®(B;S") a harmonic vector field, and set

v = P,(u) € AS(B) in B. Then, by (4.36):

GL(u) > GLM™ (v) vol

(4.124)

2m(m — 1)
m2

/ (jac(ue), jac(e)) vol,
B

where the latter two terms will turn up to be negligible for small balls. (This
will be made more precise later on.)
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Remark 4.1. Given a (possibly nonsmooth) section v of TB,.(pg) (r € (0,7%)),
we implicitly assume that v: B,.(0) — R? is the coordinate representation of v
induced by centered (at pg) normal coordinates and an auxiliary frame {e, et}
on T'B,(py). Objects such as g;;, v/|gl, r?

i €tc. will always correspond to the
above choice of coordinates.

In the following, we will study two minimum problems and their relation
to each other. The first such minimum problem is formulated in the Euclidean
setting: Given r > 0 and X € S', we consider:

3™ (r, X)

x (4.125)

= min{Es(v,Br(O)): v € WH(B,(0);R?),v = )\m on 8BT(O)},

where BT(O) is the ball in R? of radius r, and E. is the “flat version” of GLgm):

E.(v,B,.(0)) : !

T om2 2e2

/ Vo2 + (m2 — V)|Vl + 2o (1 = [of?)? da.
B, (0) €

Note that by direct methods, we can show that the minimum in exists.
As E.(v,B,(0)) = E.(?, B,(0)) for 9(x) :== A"tv(ex), and ¥ is admissible for
the minimum problem in the definition of %m) (g, 1), we see that for any r > 0,
e>0,and X € S:

f‘y(‘“) (g) = "yim) (g, 1,1) = _E(m)(r,e,)\).

The following convergence result was proved in [40]:

Lemma 4.20
There exists ym € R such that:

lim (ﬁ(“‘)(R) - %Hog(R)o —_—_— (4.126)

R—o0

Consequently, for any X € St and sequence (r.) C Ry satisfying lim._q = = oo,
we have that:

lim (75‘“) (re,\) — % log (%)) = Y- (4.127)

We will now introduce the second minimization problem that is, in contrast
to (4.125]), defined on S. In this regard, given r € (0,7*), ¢ > 0, pp € S, and
A € ST, we define:

fy[_gm)(po,r, A) = min{GLgm) (v, By(po)): v € AS(B,(p)), v = )\i on aBT(O)},

|z
(4.128)
where o is the coordinate representation of v as described in Remark B, (po)
denotes the geodesic ball on S centered at py with radius r, and B,(0) is the
Euclidean ball of radius r centered at the origin. Again, by direct methods, we
can show that a minimizer for the problem above exists. We are only able to
specify the convergence behavior of v, in “small” balls:
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Lemma 4.21
Let (re) C Ry such that r.|loge| — 0 and "= — oo, (p:) C S, as well as
(X\e) C St, then the following convergence holds true:

lim ( ™ (pe,re, M) — % log (%)) = Ym (4.129)

with the same v as in Lemma[].20

Proof. Asr. <rc|loge| — 0, we can define centered (at p.) normal coordinates
for € small enough. Fix for the moment ¢ > 0 (sufficiently small) and let

ve € AS(By, (pe)) be a minimizer for the minimum problem in the definition of

7§'“) (pe, e, Ae). By definition, its coordinate representation o, is a competitor

for the minimum problem in the definition of ﬁgm) (re, Ae), thus we derive:

:Yém) (1, Ae) < Ee (2, B’”e (0))

_ (4.130)
= EE('DEa BTE (O)) - GLgm) (’U, BT‘E (ps)) + 78(T€7p5; )\a)

Note that w, = min{1, ﬁ} v. satisfies GL™ (we) < GL™ (ve), hence we can
assume without loss of generality that ||ve||L~ < 1 for all e. Due to equivalence
of norms, this implies that sup, ||7.||cc < co. By a further comparison argument,
we can also suppose that:

/ |Vo.|* dz = O([logel), (4.131)
By (0)

where V stands for the Euclidean gradient. As we used centered normal coor-
dinates on B, (pe):

ZJ\/|g 59 4+ O(re) = 5% + o(|loge|™ 1)7 I‘fa =0(1).

With (4.131]), the boundedness of (barv.) in L, Hélder’s and Young’s inequal-
ity, we then follow:

/ |V |? vol
Br. (pe)
)" PAWALCON .
Iy FD‘ g% d
/BTE(OM(W rgp(e)) (20 Viglda
2/ |vT)E|2—O(l)(1—|—|vﬁg|)dx—o(|log5|*1)/ 1+ |Vo.|? dz
Bre (0) By (0)
2/ |?65|2dx70(r5)/ |Vo.|? dz — o(1)
Br.(0) Br.(0)

=/ |V |2 dz — o(1).
B, (0)

A similar argument for the remaining terms of ar™ (ve, Br_(pe)) then leads
to:

re

GLgm)(UEaBrs(pE)) > L. (USvBr (0)) —o(1).
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Consequently with (4.130]) and (4.126]), we see that:

im inf (7™ ~ T e (e )
1lgglf ('Ya (Pe,7e, Ae) m2 log ( - )

. . _ ™ T
> lim inf (’7§m)(rs,)\e) - m2 log ( E)) = Ym;

e—0 9
where we have used that = — co. In a similar fashion, one can also derive:

. ™ Te
hmsup (’ng)(pgﬂ‘g, )\E) - W IOg (?)) S Ym

e—0

and (4.129)) follows. O

Given r € (0,7*) and pg € S, we define the set:

H(po,T) = {v € COO(A%)T(pO);Sl): U= )\% for some A € Sl},

where Az .. (po) denotes the annulus:

Az +(po) = Br(po) \ Bz (po)

and v is the coordinate representation of v via centered normal coordinates at
po. We also define for 7 > 0 the set H(r, zp) as:

H = {z»—>/\$: /\681}.
||
In the next lemma, we show that a sequence of smooth vector fields (v)
defined on dyadic annuli (A.) and degree equal 1 around the larger cirlce of
A, and with length approximately equal to 1 is either close to an element of
H(pe,re) (;,where p. is the center and r. the outer radius of A.), or has in the
limit € — 0 Dirichlet energy strictly larger that 7 log(2). More precisely:

Lemma 4.22
Let (re) C (0,7*) withr. — 0, (p-) C S, and for each e > 0 let v. € WH2(TA,),
where A, = A%S,TE (pe) such that sup,||ve|| o (a.) < 00, |deg(ve, 0B, (p:))| =1

)

7"5_2/ [lve| — 1] vol = 0 as e — 0, (4.132)
Ae
and
inf - : >0 4.133
el e = Awscan 2 (1153

for some fixed & > 0. Then, there exists w(d) > 0 only depending on § such
that:

;/AEWUEFM > mlog(2) + w(d) — o(1). (4.134)

Proof. Suppose, by contradiction, that up to taking a subsequence:

e—0

1
lim sup 5/ |Vve|? vol < mlog(2). (4.135)
Ae
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1. step: We consider the coordinate representation v. of v. via centered
(at p) normal coordinates, and set A. := Ar: . (0) to be the corresponding
Euclidean annulus. By the choice above, we see:

lg] = 69 + O(r.) = 67 +0(1), T}, =0(1).

As sup,[[ve|| Lo (a.) < 00, we also have sup, ||V || (a,) < 00, due to the equiv-
alence of norms. Similarly:

sup/ Vo |? dr < .
e A,

Therefore:

/ |V, |? vol
-/ =

2 1( o zﬁ(@g)ﬁ> <ag7;) +T9, (0 > g7 /|g| dz

/|Vv5| —O(1)(1 + |Vie])dz — O (rg)/ 1+ |Vo.|? dz

Ae

/ |Vo.|* dz — o(1).
By (4.135)), this estimate implies:

lim sup/ |V |? dz < mlog(2). (4.136)
Aa

e—0

2. step: Given . (z) == vc(rez) and A == Ay 1(0), we see by (4.136) that:

limsup/ |V |* de = limsup/ Vo |? dr < 7log(2).
A A.

e—0 e—0

Together with the boundedness of (w.) in L, this — in particular — implies
that up to a subsequence w. — w weakly in W1?(A;R?) with w satisfying:

1 [, _
7/|Vw|2dx < 1iminf/|V1I)E|2dx < mlog(2). (4.137)
2 A e—0 A
Furthermore, by (4.132) and the definition of w., we see that:
/ .| - 1] dz = T;Z‘/ 5] — 1] dz < r=2(1 —|—o(1))/ o] — 1] vol = 0,
A A Ae

as ¢ — 0, and therefore || = 1 a.e. in A. Finally, by the continuity of the degree
with respect to weak convergence in W12, we follow that |deg(w, dB1(0))| = 1.
It is a classic result in the Euclidean settmg (see also, e.g. [§]) that this implies,

combined with (4.137)):
/ |Vw|? dz = mlog(2),
A
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and thus, @ = A% for some A € S'. Furthermore, with 1] we also see

[x]
that:
lim/|?mg|2d$:/\?w\2dx,
e—0 A A

and hence w. — w strongly in W2(4;R?), where we have used that weak

convergence together with convergence of the norm leads to strong convergence.

By change of coordinates (Z = ), we have that:

/7 |175(m)—u?(a:)|2dx+/i |Vo.(z) — Vio(z)|? dz

AE AE
=2 0. (%) — w(F)|? d Vi (%) — Vi (z)|]? dz as
—E/AJ (7) — @) d +/Ag|v (#) — Va(@)2dF - 0, ase 0,

and hence lim,_,||7; — 'DHW1’2(AE,R2) = 0. Let 2. be the section on T'A., whose
coordinate representation (in centered normal coordinates at p.) is @w. As

W = )\l;’“’—l, we have that z. € H(pe,r:). Furthermore, as we chose normal

coordinates, we derive:

llwrzrany = Ilwrega. ey +0(1),

and consequently:
lim|jve — zel|wi2(ra,) =0,
e—0

which is a contradiction to (4.133)) for e sufficiently small. O

Late, we will need a slight improvement of Lemma

Lemma 4.23
Given a sequence (ve) C C®°(TBy) (,where By = By,(po) is a geodesic ball)
satisfying the energy bound

GL.(ve) < 7l|loge| + Cy (4.138)

for a constant Cy independent of €, and such that:

vort(ve) EA +6,, flat in By,

then, we can find g > 0 such that for all € € (0,eq) there exists a finite family
B, of disjoint geodesic balls with the following properties:

(i) r(B.) = e3.
(i) {||v5| -1 > 5%} N (Bo)e C Ve, where Ve :==Upeg. BN (Bo)e-

(i1i) D. = Ds_((Bo)e) = £1, and the center p. of the unique ball B, € B,
with nonzero degree converges towards py, as € — 0.

(iv) For any 71, 9 > 0 such that €3 < rp < rg < Tp—€— dist(pe, po) the
following energy lower bound holds true:

1
5/ |V178|2V012 (1—25i)7rlog (7“21) —C(rg — 1),
Arl,rg(ps) T1 +253

(4.139)
where C' = C(S) is a universal constant independent of €.
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Proof. Let B. :=B]_be the family of balls from Lemmafor re = £3. Then,
directly from Lemma we see that the first three items of the statement
above are satisfied. It remains to show the energy lower bound in .
We define I, as the set of all radii r € J. == [3,r — & — dist(p., po)] such
that 0B, (p:) N V. # 0. As r(B.) = €3, we can estimate |I.| < 2e3. Let
us now fix r € J. \ I, then by construction B. C B,(pe), and therefore
|deg(d., 0B, (p:))| = 1, where 0, = Tkai ve is as in Lemma [4.18] Hence, as

was done in the proof of Proposition (see also (4.55))) we can find a universal
constant C' = C(S) independent of r and e such that:

1 1 -
5/ |ws|2>7r<—0>,
2 BBT(PE) r
By Fubini’s theorem and the monotonicity of r — %, we have:
1 1
7/ |V17€|2V012/ = / |V |? | dr
2 A7‘1v’2 (pE) [T17T2]\IE 2 837"(175)
T2 1
> 71'/ - —Cdr
1
r1+42e2 r

T2 ~
=r(log | — ) —C(r — .
(e () =)

(V|2 > [0 2| V5|2 > (1 —e7)?|Vi ]2 > (1 — 267) |V | >,

the desired estimate follows. O

As:

We are ready to proof the I'-liminf:

Proof of the T-liminf of Theorem[{.7 Let us first select a subsequence (without
relabeling) such that:

lim inf (GGL(va) - ﬂwﬂog a|> = lin(l) (GGL(UE) - 7TX(S)||log£|> .
e—

e—0 m m

Given any w € AS™) | the truncation Ty w has lower energy:
GGL(w) < GGL(v).

Consequently, by replacing the sequence (v.) with (T;v.), we can assume,
without loss of generality, that sup,||ve||L~ < 1 < co. Furthermore, it is not
restrictive to suppose that:
S

GGL(ve) < w%ﬂog el+C (4.140)
for some constant C' independent of € as in the other case (4.86) trivially follows.
By the compactness statement of Theorem [£.7] we can select a subsequence,
again without relabeling, such that:

m|x (5]
b 1 .
vort(ve) = = sgn(x(9)) ,},1 E‘qu e X™ flat in S (4.141)
u. — u weakly in SBV;2.(T(S \ spt())), (4.142)
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where u € £8™ with vort(v) = . Let 7o € (0,1) be small enough such that
the balls in {B,,(gr)}x are pairwise disjoint, and for r € (0, r0) let:

Sy =S\ J Bro(ar).
k

1. step: We first wish to derive the I'-liminf inequality in S,. By the weak
convergence of (u.) (see also (4.142))), standard lower semicontinuity arguments,
the definition of W™ (u) < oo, and the fact that H'(J,) < oo, we derive:

1
lim inf GGL(ue, S;) > lim inf (/ |V |? vol + H' (J,. N ST)>
e—0 e—0 2 S,
1
> 5/ |Vl vol + H'(J, N S,)
Sr

= W™ (u) + ﬂ@ﬂog rl+ M (Ju) = oro(1). (4.143)

2. step: It remains to show:
. w
lim inf (GGL(uE, Br(ai)) — = 1og(g)) > Y — 0r0(1) (4.144)

for any vortex center g of u. In this regard, let B,, := By, (qx) and B, := B, (qx)
for fixed k, e € C°(B,,;S') an arbitrary vector field, v. = P.(u.) (P, as
in ) for each ¢ > 0, and GL™ be the energy functional from 1}
Furthermore, we take a sequence (w.) C C*°(TB,,) such that:

gg%”ve - ’lU5||W1,2(TBTO) =0. (4145)

With the energy bound (4.140]), Lemma and (4.145)) we see that:
GL(we, By,) < m|loge| + C, (4.146)

for a constant C' independent of €. Using (4.110)), the boundedness of (u.) in
L™, the smoothness of e, and Hélder’s inequality, we derive that:

/ e 2IVel? + | Gac(ue), jac(e)}] vol
B,

1
< IVelllze=(IBr| + |Br[3[[[Vue|ll 5

Lf(S)) = OT‘—>0(1)~

Hence, by (4.124) and (4.145)) instead of (4.144)), we can equivalently show:

lim inf (GLgm> (w., By) — % log (g)) > Y — 0rs0(1). (4.147)

e—0

3. step: By (4.146|), we can employ Lemma Let B, V., and p., be
as in the statement of Lemma We also set r. = €3 and R, = £1. As
pe — qi for e — 0, we see that for any s € (0,7) and € > 0 small enough, we
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have by (4.139)):

GLE:‘"”) (we, ARE,S(pE) \Ve)
1

2% Jap L (o\Ve

1 ™ S
<1 — 254) Qlog (M) — 017"
% <log <];E> —log (g) —log(1 + 26%) — 2¢7 log <3T:§§ )) —Cyr

= % log (17%;) = 0(1) = 0557(1) = 0r0(1), (4.148)

|Vw, |* vol

Y

vV

where C] is the constant from (4.139), and 0s,,(1) 4+ 0,0(1) is independent
of €. Also by (4.139), we have for any K € N and € > 0 small enough:

GLgm) (w€7 ATE,Q*KRE (ps) \ VVE)
1

> —2/ |Vw, | vol
M2 JA ok, (p)\Ve

(1—254) ( 8R )—Cle

v

R, . )
> % <10g < . > Klog(2) —log(3) — 24 10g(512)> — C4R.
m RE s

with Cy = 5 log(2). Furthermore, by (4.43) (with a slightly modified double
well potential), we have for € > 0 small enough:

GLg‘“)(ws,VE)z ( /\v 5|2+(1—|w5|2)2v01>

2 (n(2)-)

- % log (%) — O, (4.150)

where Cs is the universal constant from (4.139) and C5 = #C’g Then by
(4.148)), (4.149)), and (4.150)), it follows that for sufficiently small € > O:

GL(m) (w6a B, \ A2*KRE,RE (pe))
> m2 log ( ) % 10g(2) — Cy — o(1) — 05 (1) — 0r0(1),  (4.151)

where Cy := C3 + C3, and the term o4,.(1) 4+ 0,-0(1) is independent of . Fix
0 > 0 and given Cy as above, let K = K(J) € N be chosen (independently of ¢,
r, and s) big enough so that:

Kw(0) = Ci + Ym, (4.152)

where w(d) > 0 is as in Lemma We need to discern between two cases.
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4. step: In the first case we assume that, up to a subsequence:

inf We — 2 , >4
zEH(ps,Q*kRs)” ) lwacrac,

forall k € {0,..., K — 1}, where Ay == Ay—r+1)p_o-rp_(Pe). By Lemma
we therefore have for every k € {0,..., K — 1} and every € > 0 small enough:

/ IV, |? vol > %log@) +w(8) — o(1). (4.153)
As,k

Note that (4.132) is satisfied due to the following argument: As {|1 — |w|| >
£3} C V. and sup, ||w.||p~ < 1, we have for any k € {0,..., K —1}:

(2—’635)—2/ 11— fue | vol < (27 Re) ™ (|Az il + 21V2))

< 2K’15*%C5(5% —|—6%) = o(1),
where C5 = C5(9) is a universal constant. Combining (£.153), (4.151)), and
we have for € > 0 small enough
GL™ (w., By)
= GLM™ (we, B, \ Ay-x g g, (pe)) + GLI™ (we, As-x g g (p2))
> 25 10g (£) 4 7m — 0(1) = 0u-sr(1) ~ 0rs0(1),

where, again, 0s,(1) + 0,0(1) is independent of €. Consequently, (4.147))
follows after letting ¢ — 0 and s — r (in exactly this order).

5. step: We will now deal with the second case, in which, up to taking a
subsequence, we can find ky € {0,..., K — 1}, and for each ¢ a A\ € S! such
that:

[we = 2e[lwriz(ra, ,) <6

where z. is the unique element in H(2 % R_, p.) whose coordinate representa-
tion satisfies z. = )\5%. By standard cutoff arguments, we can modify w, into

W, such that we = w, outside A j,, we = 2 in A%AT(;CDH)RE’T;CORE (pe), and:
Jwe = zellwre(ra, ) < 26. (4.154)
Then, by and (4.129), we derive that:
GLM™ (we, By-ro g, (pe)) = GLI™ (e, By-ro g, (Pe)) + 0550

> 75(27]901%572757 )\s) + 050
= Ym +0(1) + 05-0(1), (4.155)

where the term os5_,0(1) is independent of €. By (4.139)), we have for ¢ > 0
small enough:

1
GLE (we, Ay o, (02) 2 o5 [ Ve vol
A2*’COR€,R€
i, T R
>(1—21)—1 —° ) -CiR

s R,
m2 log <2k0R5) —o(l),
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where, again, C; is the universal constant from (4.139). Combined with (4.148])

and (4.155)), this shows (4.127)), after letting ¢ — 0, s — r, and § — 0 (in
exactly this order). O

4.3.3 Gamma-limsup

In the following lemma, we will relate the non-fractional renormalized energy
on a surface to the Euclidean one:

Lemma 4.24
Given a geodesic ball By = By, (po) and v € WI})CQ(BO \ {po} SY N Wh(TBy)

such that vort(v) = £6,, and W(v, By) < oo (with W(v) as in ([£104)), we
have:

1
lim = [ |Vv|?vol = 7log(2), (4.156)
k—o0 A
where Ay = Agy-(k+1)py 2-kpy (P0). Furthermore, a coordinate representation

W(v, By) (Bo = By, (0) is the Euclidean ball of radius ro and centered at the
origin) with respect to centered normal coordinates at po and an arbitrary local
frame in By satisfies W(v, By) < 0o, where:

is the Euclidean analogue of W(v, Bo) with A, = A, (0) being the Euclidean
annulus centered at the origin with inner radius r and outer radius (.

Proof. 1. Step: Let us first prove (4.156)). We rewrite the renormalized energy
W(v, By) as follows:

— (1 2 Fr
W(U, Bo) = Z (2 N |V’U|2 vol —m log (2(k+1())r0>>
k

_ i (; V0|2 vol - log(2))

Ay

with Ay as before. As |v| = 1 a.e. and vort(v) = +4p,, we see by (4.54)) that
for each k € N:

1
2 Ja,

27k
\Vv|2 vol > mlog (2(’“:)07‘0) — 00(27]@7‘0 _ 27(k+1)ro)

= 71log(2) — Co(27Fry — 27+

for some universal constant Cy = Cy(S) independent of k£ and v. Consequently,
for the same constant C, we follow:

/1
Z (2|Vv|2 vol —mlog(2) + Co(2™ 7"0 _o—(k+1),. )>
k=0

< W(’U, Bo) + Corg < 00,

where each term in the series on the left side above is nonnegative. Consequently,
we must have:

1
lim §|Vv|2 vol —7log(2) + Co (27 Frg — 27K+ D) = 0,

k—o0



4.3. Proof of Gamma-convergence 175

and (4.156)) follows.

2. Step: We will now shot the finiteness of W (v, By). By (4.156)), we can

find Ky € N big enough such that for any k > Ky;
1 2
= Vo] vol < 3mlog(2).
2 Ja,

Hence by our choice of coordinates we can find a universal constant Cy = C1(S5)
such that:

_ = /1 _
W(0, By-x0,,(0)) = Z (/ |Vv2dx—7rlog(2)>
2/)a
k=Ko k
< Z ( (1+C2™ )/ |Vv2vol—7rlog(2)>
Ay
= Z (;/ |Vv|? vol —m log(2 > Z Cy 2~ (D) / |Vu|? vol
k=Ko Ay Ay

< W(v, By) + 6Cyromlog(3) < oo.

As v € WH3(TAy-xo,,) and therefore o € WH2?(Ay-kq,,; R?), this concludes
the proof. O

Lemma 4.25

Given u € LS™(S) with vort(u) = sgn(x(S)) ZmIX(S)‘ L6, and for each k let
e®) be a harmonic vector field in a geodesic ball B, (pk) (r' is chosen small
enough so that { B, (pr)}r are disjoint). Then, for any 6 > 0 and ro € (0,77),
there exists v € (0,79), (\r) €S, and w € AS(m)(S%;Sl) such that:

(i) w=mwuin S,.

(ii) For any k, the coordinate representation w of w in B (py), as described
in Remarkn satisfies W™ = Ap i on 0By (0).

(1) ||w — U||SBV2(T(S§\ST)) <.

Proof. Let us fix k and shortly write e := e(¥), B,, .= B, (pk) = P.(u) in B,.
By (4.103)), we see that W(v, B,») < oo and with Lemma 1t follows that
W(9, B,+(0)) < oo, where ¥ is the coordinate representation of v, as described
in Remark Let us also denote by @ the coordinate representation of w in
B, through the same coordinates as before. By the choice of coordinates and
the definition of P., we have that o = @™ (where we identify R? with C). It
was already shown in the Euclidean setting that for any r¢ € (0,r) and ¢’ > 0,
there exists € (0,70), A € S, and w € SBV?(Az ,,,(0); S*) such that:

i) (@)™ = (w~)™ at H'-a.e. point on Jz;
(i) ( P ’
(ii) w =u in A, 4 (0);

(iii) [lo —allspvaa, o) <9

(iv) (@)™ = A% on 9B; (0).
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Let w be the vector field on B,» whose coordinate representation is w. By the
choice of coordinates, we have that |w| =1 a.e. and:

Po(w™) = (w")™ = (w7)" = Pe(w™)

at H'-a.e. point on J,. By the equivalence of norms and the choice of @, it
then follows that w € AS(m)(A%m/(pk)), w=wuin A, (pr), and:

[J[w — u||SBV2(TA%)T(pk)) <Cy

for a universal constant C' = C'(S). For ¢’ small enough, we therefore have:

1)
|lw —ullspve(ra, < — a7
(TAz (k) m|X(S)|

This concludes the proof by the arbitrariness of k. O

The next lemma will construct the recovery sequence in the vicinity of the
limit vortices:

Lemma 4.26

Given a geodesic ball B = B,.(p) (for some p € S and r € (0,7*)), a smooth
vector field e € C*°(B;SY), X € S, and 6§ > 0, there exists a sequence (uc) C
AS™)(B) such that:

(z) The coordmate representation U. (as described in Remark [{.1) satisfies
T on 0B,.

(#) limsup,_,, (GL(’U,E,B) — Z3[logel) < ym + 0+ Orso(1).

(i4i) limsup._,o H' (Ju.) = Ops0(1).

Proof. By Corollary 3.11 in [40], we can find g9 € (0,1) small enough and
z € SBV?(B1(0);S') such that (27)™ = (27)™ at H'-a.e. point in J;, 2™ = Az
on 0B1(0), and:

_ _ T

By (2, Bi(0) ~ Tolloge] < v+,

where:
m2
B0, = 50z [ 90 + (0 = DIV + T (1= o) da
0

for any Q C R? open and v € W12(Q;S!). Note that by the chain rule, we can
show:

_ _ 1

B B1(0) =5 [ (0)|w|2+—(1—| )2 d (4.157)

For e € (0,reg), we will construct the coordinate representation . of the desired
ue by properly rescaling Zz and filling up the remaining space with a uniform
rotation. More precisely, let:

B Z(&ay if |z < &
= fig, 1=

1 .
v arg(®) if £ lz| <,
€0
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where arg(z) € [—m,m) is the argument of x seen as a complex number. By
changing coordinates (¥ = “2x), we then see that:

E.,(te, B%(O)) = E60(5>31<0))~
Let u. be the vector field on B,.(p) whose coordinate representation, as described
in Remark is 4. By construction, u. € AS™)(B,(p)). Furthermore, by
(4.157), we can show with an argument similar to the one in the proof of
Lemma .21t

GL(ue, B=) - %|10g50| < Y + 6+ 0.0(1). (4.158)

Let K be the largest natural number such that 2= % > é, and define for any
ke{l,....,K}:

A A2*<’°+1>r,2*’“r<p) if k< K, T A27(7¢+1)T127kr(0) if k< K,
P A 5ok (p) ifk=K, "7 VA= ,5(0) if k=K.
€0 €0

Using a dyadic decomposition and passing to coordinates, we have the following
estimate outside of Be (p):

1
GL(UsyA%,r(p)) :Zi |VUE‘ZV01
k=0 = 7 Ak

K
1 _ = _
< Z 5(1 +C2 kr)/ |V |? dz

Ak

T TE0 ™
< —log <?) + QC@ log(2)r
for some universal constant C' = C(S). Combined with (4.158]), this shows

Item |(ii)| of the statement. Finally, by construction and the equivalence of
norms, we can find a universal constant C' = C(S) such that

H'(J.. N B,(p)) < C (5 HY(J.) + 277 + 27r5> :
€0 €o

which directly leads to Item in the statement. O

Proof of the T-limsup of Theorem[{.7 Let us fix § > 0 and 7 € (0, min{r*,1})
small enough such that the balls {B,,(px)}r are disjoint, where {p;} is the set
of vortex centers of u. Let r € (0,79), (A\y) C S', and w be as in Lemmam

(k)

and for each k, let (ug ’): be the sequence from Lemma M for A = A\, and

radius 5. For each € > 0, we then define u. to be:

ue(p) = w(p) iftpe S,
T P ) itp € B (o).



178 Chapter 4. Generalized Ginzburg-Landau on a manifold

By construction, (u.) € AS™(S) with:

X ()]
L(ug) — 22Xy
G~ oy
=GL(w,Sz) — Mﬂogﬂ
2 m
m|x (5| - ”
*) B, - = —
+ X OH Bw) log ()

< W™ () + [x(S) [y + H' (Ju) + 8+ 0r50(1) + 0-50(1),
where the term o,_,0(1) is independent of . Consequently:

limsup GL(uc) — xSl [log e|
e—0 m

< W™ () +m|x(S)|[ym + H' (Ju) + 3 + 0r0(1).

Finally, a standard diagonal sequence argument in which we send r — 0 and
4 — 0 (in exactly this order), concludes the proof. O
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