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Abstract

Gaussian wave packets are used in numerous numerical methods to solve the time-
dependent Schrodinger equation. In particular, superpositions of Gaussian wave packets
are often used, because they have useful analytical properties and allow wave functions
outside the class of Gaussian functions to be approximated.

In this dissertation we investigate superpositions of Gaussian wave packets resulting
from discretisations of the continuous wave packet transform in phase space. Based on
a rigorous analysis of the underlying approximation properties for different quadrature
rules, we focus on the so-called “Time-Sliced Thawed Gaussian Propagation Method” ,
a numerical method recently proposed for solving the Schrodinger equation, in which
the wave packet transform appears as an important ingredient. Finally, after a detailed
mathematical investigation supported by numerical experiments, I present the latest
results from the field of tensor-train approximations, which can be used to simulate
high-dimensional quantum systems.






Zusammenfassung

Gauflsche Wellenpakete werden in zahlreichen numerischen Methoden zum Losen der
zeitabhéngigen Schrédingergleichung eingesetzt. Dabei kommen insbesondere oftmals
Uberlagerungen Gaufischer Wellenpakete zum Einsatz, da diese niitzliche analytische
Eigenschaften besitzen und es ermdglichen, auch Wellenfunktionen auflerhalb der Klasse
von GauB-Funktionen zu approximieren.

In dieser Dissertation untersuchen wir Uberlagerungen GauBscher Wellenpakete, die
sich aus Diskretisierungen der stetigen Wellenpaket-Transformation im Phasenraum er-
geben. Aufbauend auf einer rigorosen Analyse der zugrundeliegenden Approximations-
eigenschaften fiir verschiedene Quadraturregeln beschéftigen wir uns anschliefend mit
der sogenannten “Time-Sliced Thawed Gaussian Propagation Method”, einer kiirzlich
vorgeschlagenen numerischen Methode zum Losen der Schrodingergleichung, in der die
Wellenpaket-Transformation als wichtiger Bestandteil auftritt. Nach einer ausfiihrlichen
mathematischen Untersuchung gestiitzt durch numerische Experimente présentiere ich
zuletzt neuste Ergebnisse aus dem Bereich der Tensor-Train Approximationen, die zur
Simulation hochdimensionaler Quantensysteme genutzt werden konnen.






Contents

[Acknowledgements|

2 The Gaussian wave packet transform|

[2.1 Gaussian wave packets and their properties . . . . . . . . .. ... ...
[2.1.1 Hagedorn’s parametrisation . . . . . . . . ... ... ... ...
[2.1.2  Gaussian approximation manifold| . . . . . . .. ... ... ...
[2.1.3 Inner products| . . . . .. .. .. ... ...

[2.2  Continuous superpositions of Gaussian wave packets . . . . . . . . . ..

2.2.1 Connection to the short-time Fourier transform| . . . . . . . . .
[2.3  Summary of this chapter . . . . . . .. ... ... .. ... ... ...

[3 The Gaussian wave packet transform via quadrature rules|

[3.1 Semi-discrete approximations| . . . . . . ... ... ... ... ... ..
[3.1.1 A new representation for Gaussian wave packets| . . . . . . . ..
[3.1.2  Discretisation of the momentum integral . . . . . . . . .. ...
13.1.3  Proof (Gaussian wave packet transform via quadrature rules) . . .
[3.1.4 Numerical experiments . . . . . . . ... ... ... .......

[3.2  Full discretisation of the phase space integral . . . . . . . ... ... ..
[3.2.1  Error for the full phase space discretisation|. . . . . . . .. . ..
[3.2.2  Numerical experiments . . . . . . . ... ... ... ... ....
[3.2.3 A note on sparse grids and Monte Carlo integration| . . . . . . .

[3.3  The Gaussian wave packet transform in other works| . . . . . . . . . ..
[3.3.1  Overcomplete sets and frames| . . . . . ... ... ... .....
[3.3.2  Bump windows and windowed basis functions| . . . . . . . . ..

[3.4 Summary of this chapter . . . . . . . .. .. ... .. ... ... ...

4 E - Wind | Fouri ies

[4.1.1 The classical Fourier representation| . . . . . . . .. . ... ...

[4.2.1 The windowed representation . . . . . .. . ... ... .....
[4.2.2  An error estimate for the representations| . . . . . . . . ... ..

11

15
17
19

21
21
22
24
24
25
27
29

31
32
36
38
47
49
54
o8
o8
60
62
63
65
73



[4.3 Bump windows revisited| . . . . ... ...
[4.3.1 The representation for bump windows . . . . . . . . . . ... ...
[4.3.2 A bound for the Lipschitz constant| . . . . . ... ... ... ...
[4.3.3 Estimating higher-order derivatives of a product . . . . . . .. ..
4.3.4  The combinatorial constantl . . . . . ... ... ... ... .. ..

4.4 Numerical experiments| . . . . . . .. . ... ...

441  Saw wave functionl . . . .. ... ..o oL

[4.4.3 A function of rapid decrease| . . . . . . . ... ... ... ... ..
4.5 Summary of this chapter . . . . . . . ... ... ... ... ... ... ..

65 The Time-Sliced Thawed Gaussian Propagation Method|
[5.1 Mathematical description of the method| . . . . . . . . . ... ... ...
[5.1.1 Comparison with the Galerkin method| . . . . . . . . ... .. ..
[5.2  Gaussian wave packet dynamics| . . . . . . . ...
[5.2.1  Variational approximation . . . . . . . .. ... ... ... ....
[5.3  Error representation| . . . . . . ... .. ... L
(.31 Time discretisation] . . . . . . . . ... ...
[5.3.2  Error after a single TSTG step . . . . . . .. ... ... .....
[5.3.3  Estimate for the update-coefficients| . . . . . . .. ... ... ...
[5.3.4 Global error estimate for the concatenation|. . . . . . . ... ...
[>.4 Numerical experiments| . . . . . . ... ... ... ... L.
[5.4.1  One-dimensional harmonic oscillator! . . . . . ... ... ... ..
[5.4.2  One-dimensional double-well potentiall . . . . .. ... ... ...
(5.5  Summary of this chapter . . . . . . .. ... ... ... .. .
[5.6  Suggestions for further research| . . . . . . . .. .. ...

6 Multidimensional quantum dynamics with tensor trains|
6.1 The tensor-train formatl . . . . ... ... ..o Lo L
[6.1.1 Existence and uniqueness of T'T' decompositions| . . . . . . . . ..
[6.1.2 Operations in TT format . . . . . . . .. . ... ... ... ....
[6.2 Tensor-train Chebyshev method . . . . . . ... .. ... .. .......
[6.2.1 Chebyshev polynomials|. . . . . . . ... ... ... .. ......
[6.2.2  Chebyshev expansion of complex-valued functions . . . . . .. ..
[6.2.3 Chebyshev propagation in discrete representations . . . . . . . . .
[6.2.4 Tensor-train implementation| . . . . . . . . ... ... ... ....
[6.2.5 Numerical experiments . . . . . .. .. ... ... ... ......
[6.3  Summary of this chapter . . . . . .. . . .. ... ... ... ... ...

[7.1 Inner products of Gaussian wave packets . . . . . . . .. ... ... ...
[7.2  Summation curvel . . . . . . ...
[7.3  Computing Fourier integrals using the FFT . . . . ... ... ... ...
[7.4 Upper bound for K, . . . . . . . . . . . ...

101
101
103
105
106
108
110
112
112
114
117
117

119
119
123
126
127
128
129
130
131
132
136



[7.6 _Discrete Gaussian convolution| . . . . . . . . . . . ... ... ... .. 145
[7.7  Reference solver: The split-step Fourier method . . . . . . . .. ... .. 146
[7.7.1 Transformation of the Schrodinger equation| . . . . . . .. .. .. 146

[7.7.2  Approximation by trigonometric polynomials|. . . . . . .. .. .. 147

[7.7.3 The split-step Fourier method| . . . . . . . .. . ... . ... ... 149

[7.7.4 Computation of expected values . . . . . . . .. ... ... .... 151

[7.8  Clenshaw Algorithm| . . . . . . .. ... ... ... ... .. ....... 152
153






Acknowledgements

As a student of my advisor Caroline Lasser, I have gained many valuable impressions
and been able to develop my mathematical competencies over the past five years. I am
very grateful for her constant support, her guidance and for giving me the opportunity
to meet inspiring researchers during this time. It is a great pleasure for me to learn from
her on a professional and personal level. Thank you!

I am also very grateful to Victor S. Batista for the many fruitful discussions in which
I learned to use mathematics with an eye for applications in chemistry. After we met
at a workshop in Oberwolfach in April 2019, I spent three months in his group at Yale
University in New Haven in the summer. I would especially like to thank him for his
warm hospitality during this time, for his interest in my work and for collaborating with
me on so many exciting projects.

I would also like to thank Micheline B. Soley for sharing discussions on quantum
algorithms, tensor-train implementations and boson sampling. Her work on the joint
projects, especially on the implementation of the tensor trains for the Chebyshev method,
was a great support.

Special thanks go to my colleagues and friends at TUM. I would like to mention Max-
imilian Engel for interesting discussions on philosophical interpretations of probabilities,
Mi-Song Dupuy for his nice introduction to the theory of tensor trains, Chunmei Su for
discussions on the Gaussian wave packet transform, Stephanie Troppmann, who warmly
welcomed me to the chair and supported me at the beginning of my doctoral studies,
Fabian Flassig for discussions on window functions, and Isabella Wiegand for many en-
riching discussions at the interface of mathematics and literary studies.

I have recently become a Research Fellow in Coupled Quantum-Classical Dynamics
at the University of Surrey. I would like to thank Cesare Tronci, who warmly welcomed

me and made it possible for me to complete this dissertation while moving to his group.

Finally, I would like to thank all those who have not yet been named but who have
contributed in some way to the success of this work.

11






Notation

Some important notations that occur repeatedly in the thesis should be introduced right
at the beginning. For a complex-valued function ¢: R? x R — C, defined for x € R?
(position) and ¢ € R (time), we use the following conventions:

9 P
at1/}<x7t) = Eﬂ)(wut) and Al/)(l’,t) = Am¢<x7t) = Z a_x’%w(xat>
k=1

We denote by L?(R?) the Hilbert space of square-integrable functions (wave functions)
and work with the inner product

F19) = | e = [ F@ala)da, fg € PR,

which is taken antilinear in its first argument. Furthermore, S(R?) denotes the Schwartz
space of rapidly decaying smooth functions defined by

S(RY) := {f € C*(RY) : sup [z°0° f(z)| < 0o Vo, B € Ng},

zeRd

where C°(IR?) is the space of complex-valued smooth functions on R? and z® = 2§ - - - 254

and §° = 9P - .- 9%, In particular, recall that S(RY) is a dense subset of L*(R%).

It should also be noted that we work with a rescaled version of the Fourier transform,
which for € > 0 (semiclassical parameter) is defined by

Fb(p) = (27r€)’d/2 1p(x)e’ip'””/E dz, € S(RY),
Rd

where i is the imaginary unit and p-z = pTz is the dot product in RY. Recall that since
F(SRY)) = S(RY) and [|¢||r2gay = || Fetb||r2(ray for all ¢ € S(RY) (Plancherel), the
rescaled Fourier transform is a surjective isometry on L*(R?) and thus uniquely extends
to a mapping from L*(R?) onto L*(R?), see e.g. [RS75, Theorem IX.6].

Finally, we note that we use bold letters for multi-indices that number entries of a
tensor, i.e., elements of R' or C', where I is a finite set. For example, for I' ¢ N2¢
we denote by ¢, € C the entry of a tensor ¢ € C! corresponding to the multi-index
n = (ny,...,ny) € I'. Occasionally we will replace ¢, with ¢(nq,...,ns;). In addition
to tensors, we use bold indices for grid points in phase space. For example, we denote
by 2, € R? the grid point corresponding to the multi-index n = (ny, ..., ny).
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1 Introduction

The development of algorithms for efficient simulations of quantum dynamics plays a
central role in numerical analysis, as these methods contribute to a deeper understanding
of many physical and chemical models. The time-dependent Schrodinger equation in
semiclassical scaling given by

2

iedb(e 1) = ~ S A(, 1) + V(hb(a.t). 0(e,0) =t € R, (L)

where 0 < ¢ < 1 is a small positive parameter and V: R? — R is a smooth potential,
has been shown to be fundamental to molecular quantum dynamics and will be the
central equation in this dissertation, which essentially deals with the question of how well
solutions to ([1.1)) can be approximated by concatenations of Gaussian superpositions.
The right-hand side of is given by the action of the operator

2

H=H*® = —EAm—i-V
as it results from the celebrated Born-Oppenheimer approximation, see e.g. [LL20, Sec-
tion 2], where the dimensionless semiclassical parameter e represents the square root of
a mass ratio of nuclei and electrons, typically on the order of 1072 to 1072, and must be
formally distinguished from A ~ 1.055 - 10734 Js, known as the reduced Planck constant.

Motivated by various problems in physics and chemistry, a large number of numer-
ical algorithms for solving have been developed in the last decades. Recently,
Kong et al. have proposed the so-called Time-Sliced Thawed Gaussian (TSTG) Prop-
agation Method, see [KMBI16], in which Gaussian wave packets are decomposed into
linear combinations of Gaussian basis functions without the need for multidimensional
numerical integration. It turns out that the approximations of wave packets used by
Kong et al. can be obtained by discretising the FBI inversion formula, according to
which any function ¢ € L?(R?) can be decomposed as

v=rey [ (o 19) g0 (1)

where the semiclassically scaled wave packet g. € S(R?) is defined for a given Schwartz
function g: R? — C of unit L?-norm, which may or may not be a Gaussian, and a phase
space centre z = (¢, p) € R* by

g:(x) =g (x_\;gq) e @=a)/e, (1.3)
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A direct discretisation of the phase space integral in (1.2) using a multidimensional
quadrature rule in phase space leads to an approximation of the form

(U ch(lb) Gn; (1.4)

nel

where I' C N?? is a given finite multi-index set, the representation coefficients cy (1)) € C
are complex numbers depending on v and the underlying quadrature rule, and the func-
tions g, := g¢., are wave packets centred in the grid points 2z, € R?¢. In particular, if both
the function 1 and the basis functions ¢, are Gaussian wave packets, the coefficients
cn(1), which in this case are essentially given by the inner products (gy | ©) (multiplied
by a weight), can be calculated by hand, which Kong et al. used for the design of the
TSTG method, since it allows to express time-evolved Gaussian basis functions in the
original Gaussian basis without multidimensional numerical integration.

Starting from the representation of the initial wave function g according to (|1.4)),
the solution to the Schrodinger equation ([1.1]) is approximated after a short propagation
time 7 > 0 by the linear combination of time-evolved basis functions as follows

(1) = U(7)thy =~ Z cn(Y0) U(T)gn = Z cn(?0) gn(T),

nel’ nel’

where U(t) := e*/¢ denotes the unitary propagator and we have introduced the ab-
breviations ¥ (7) and g,(7) for ¥ (e, 7) and gy(e, T) respectively.

Remark 1. If the Hamiltonian H is self-adjoint, the existence and uniqueness of the
strongly continuous group of unitary operators U(t), t € R, on L*(RY) is guaranteed
by Stone’s theorem, see [Sto32]. Moreover, for all initial states 1y € D(H) C L*(R?)
(we denote by D(H) the domain of H ), the solution to the time-dependent Schrédinger
equation in semiclassical scaling s given for all times t € R by

Y(t) = e oy, )] = Ilvoll = 1,

where we let || o || denote the L?>-norm. In particular, H is self-adjoint if the potential
V' is of sub-quadratic growth and we refer to [Lub08, Chapter 1.3.2] for other conditions
on the potential that yield self-adjoint operators.

Using thawed Gaussian approximations for the time evolution of the individual ba-
sis functions gy, the discretisation of the wave packet transform according to (|1.4)) is
then brought into play again, this time to represent the individual thawed Gaussian
approximations u], &~ gn(7) for the time-evolved basis functions as follows

Uy R Z o (Ug) Gur,s
n’el’

which allows the exact solution ¥(7) to be approximated directly in the original basis
in terms of updated coefficients ¢, as

Y(1) At = Zciﬁgn, where cL7 = Z e (Vo) cn (ugy ).

nel’ n’el’
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The concatenation of these steps leads to approximations for longer times 27,37,...,
which are obtained (without additional time integration) by computing corresponding
update coefficients ¢27, ¢37, . ... Since all these coefficients can be expressed analytically,
multidimensional numerical quadrature can be avoided completely, which means that the
total error of the TSTG method is essentially produced by three different sources:

i) the discretisation of the continuous wave packet transform
ii) the thawed Gaussian approximations for the propagation of the basis functions
iii) the numerical integration of the thawed equations of motion

The precise mathematical description and a complete error representation for both the
discretisation of the wave packet transform and the TSTG method is the subject of this
dissertation. Furthermore, we focus on the connection to other state-of-the-art methods
and use our mathematical analysis to show where the original method introduced by
Kong et al. can be further improved.

Remark 2. I will refrain from repeating the basics of quantum mechanics, especially the
statistical interpretation of wave functions due to Born, which does not play a major role
in this thesis anyway. Instead, I refer to the book of Hall, see [Hall3], for a comprehen-
stve introduction to the theory of quantum mechanics from the perspective of a pure math-
ematician, as well as to the book of Lubich, see [Lub08], which gives a general overview
of numerical methods for the time-dependent Schrodinger equation. In addition to these
rich sources and the methods described therein, I would like to explicitly mention some
numerical methods based on Gaussian wave packets. For example, reduced models via
variational approrimations have been investigated, which include the variational multi-
configuration Gaussian wave packet (vMCG) method [WRB04] and the variational Gaus-
sian wave packets [Hel76, [CK90]. Furthermore, semiclassical approaches such as Hage-
dorn wave packets [FGL09, |GH14J, Gaussian beams [LQO09, |Zhel], [ KKR15, |ILRT16],
or the Herman—Kluk propagator [HK84, |[LS17] have been developed to include quantum
effects especially for high-dimensional systems, for which standard grid-based numerical
methods are infeasible.

1.1 Main results

The main contributions in this dissertation have been developed over the past five years
and most of them have already been published. In chronological order, these are:

1. with C. Lasser: “Fourier Series Windowed by a Bump Function”,
appeared in Journal of Fourier Analysis and Applications, 26(4):65, 2020,
e-print at arXiv:1901.04365

2. with C. Lasser: “The Gaussian Wave Packet Transform via Quadrature Rules”,
submitted to IMA Journal of Numerical Analysis on 15/12/2021,
e-print at arXiv:2010.03478
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3. with C. Lasser: “An Error Representation for the Time-Sliced Thawed Gaussian
Propagation Method”,
submitted to Numerische Mathematik on 27/08/2021,
e-print at arXiv:2108.12182

4. with M. B. Soley, A. A. Gorodetsky and V. S. Batista: “Functional Tensor-Train
Chebyshev Method for Multidimensional Quantum Dynamics Simulations”,
appeared in Journal of Chemical Theory and Computation, 18(1):25-36, 01 2022,
e-print at arXiv:2109.08985

While article no. 3 can be seen as a follow-up article to no. 2, at first glance there seems
to be no connection between the other publications. In order to bring the results together
into an overall picture in this thesis, parts of the above-mentioned articles have been
rearranged and connected with the help of new sections that have not been published
anywhere before. In particular, the newly added sections explain connections that have
already been mentioned by other authors but, to the best of my knowledge, have not yet
been stringently presented. For example, in Section [3.3] the relationship between the
Gaussian wave packet transform based on plain Gaussians and compactly supported ba-
sis functions is explained using bump windows, and it is shown that the FBI formula can
be identified as the common origin for the expansions used in the TSTG method and the
fast Gaussian wave packet transform previously introduced by Qian and Ying in [QY10].

The main results of this dissertation are formulated as theorems. Theorem [L7] presents
the approximation errors for the discretisation of the FBI formula for different quadrature
rules in momentum space and shows the superiority of a new variant of the Gaussian
wave packet transform based on Gauss—Hermit quadrature. The proof of Theorem
the preceding results in Section [3.1] the corresponding numerical results in Section [3.1.4
as well as Appendix were taken from the joint preprint [BL20b] with C. Lasser.
Furthermore, the numerical results in Section [3.2.2 and Appendix were taken from
the joint preprint [BL21] with C. Lasser.

Theorem [50] and Theorem |57| present results related to windowed Fourier series. The
first shows that pointwise multiplication by a window with plateau yields smaller recon-
struction errors in the interior of the plateau as compared to those without plateau, while
the second connects the decay rate of windowed Fourier coefficients to a new bound for
the variation of windowed functions. The corresponding Sections [4.114.4f on windowed
Fourier series as well as Appendix [7.3] Appendix [7.4 and Appendix [7.5 were taken from
the joint publication [BL20a] with C. Lasser.

Theorem |78 represents the first rigorous error representation for the TSTG method,
both for the original version introduced by Kong et al. with non-variationally evolving
Gaussian basis functions and for the new variant with variational Gaussians. In addition,
Section provides the first mathematical formulation of the TSTG method, which in
particular allows comparison with other methods and indicates possible approaches for
future research. The proof of Theorem [78] the preceding results in Sections 5.1H5.3] the
corresponding numerical results in Section as well as Appendix were taken from
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the joint preprint [BL21] with C. Lasser. Furthermore, the results on the Tensor-Train
Chebyshev (TTC) Method show how tensor trains can be used to perform multidimen-
sional quantum dynamics simulations, motivating a promising approach to make the
TSTG method applicable to high-dimensional systems. The description of the TTC
method in Section [6.2] including the numerical experiments, as well as Appendix
were taken from the joint publication [SBGB22] with M. B. Soley, A. A. Gorodetsky
and V. S. Batista.

1.2 OQutline

The thesis is organised as follows: In the next chapter we focus on the essential “tool” of
this dissertation, which is of course the Gaussian wave packet transform. The aim is to
recall some important properties of Gaussian wave packets that will be used repeatedly
in the subsequent chapters. Chapter [3| deals with the discretisation of the continuous
wave packet transform, working our way step by step to the different discrete variants.
First we derive a semi-discrete representation in which the integral over position space
is replaced by a Gaussian summation curve. We then focus on the discretisation of the
remaining integral over momentum space via different quadrature rules and summarise
the underlying approximation errors in the main result Theorem The remainder of
the chapter is divided into two sections. In Section we study the direct discretisation
of the phase space integral, whereas in Section we present the connection to the
variants of the Gaussian wave packet transform used by other authors. Chapter 4] is
dedicated to windowed Fourier series. Here we will follow up on some results on bump
windows that have already been briefly discussed in Chapter |3 in the context of win-
dowed Gaussian wave packets. In Chapter 5| we then analyse the TSTG method. The
mathematical description will reveal that the underlying approximation of wave packets
is an application of the Gaussian wave packet transform, and the main result Theorem
provides the first error representation of the TSTG method. Finally, in Chapter [6] we
will look at tensor-train approximations and show how they can be used to overcome
the curse of dimensionality that we usually face in grid-based methods for simulating
high-dimensional quantum dynamics.
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2 The Gaussian wave packet transform

Gaussian functions are used in many models today and occur in almost all fields of
study. For example, in numerical analysis, where Gaussians are used in the form of
radial basis function interpolations to construct solutions to partial differential equations,
see e.g. [LF03], in widely used applications of statistics, in which probability densities
are approximated by Gaussian mixtures, see e.g. [TSMS85], or in seismology, where
Gaussian functions appear in connection with the famous Gabor transform and are used
for the decomposition of seismic waves, see e.g. [MLO1]. In this chapter we recall some
important properties of Gaussian wave packets, which we will refer to several times
later in the thesis. After introducing a precise definition of Gaussian wave packets,
we present Hagedorn’s parametrisation in preparation of a favourable representation of
the semiclassical equations of motion for the propagation of Gaussian wave packets.
Furthermore, we introduce an approximation manifold that is used for the variational
propagation based on the Dirac—Frenkel time-dependent variational principle and present
a useful formula for inner products. Section deals with the FBI formula and
establishes the connection with the inversion formula of the short-time Fourier transform.

2.1 Gaussian wave packets and their properties

In the following we work with d-dimensional complex Gaussians whose width matrix is
contained in a special subset of matrices that goes back to Siegel, see [Sie39).

Definition 3. The Siegel upper half-space of degree d > 1, denoted by S*(d), is the set
of complex symmetric d X d matrices with positive definite imaginary part, i.e.,

St (d) :={C e C™ : C=C", Im(C) is positive definite}.

We will also use the common shorthand notation “Im(C') > 0” to express that the
matrix Im(C') is positive definite.

Now, for a given matrix C' € &7 (d), consider the complex-valued Gaussian
g(z) == 7= ¥* det(Im C)/* exp (%ZETCI) , x€R. (2.1)

First, we note that it follows from the construction of the prefactor that g is normalised
with respect to the L? norm, i.e.,

ol = ([ ateas) =1
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Furthermore, with this choice, the wave packet g, defined in ((1.3)) has the form

g-(x) = g% (x) := (me) "4 det(Im C)/* - ..

1 (1 (2.2)

e |£ (G- 0 Cl -0+ -]

which is typically referred to as Gaussian wave packet in this dissertation, and from
now on, whenever we use the notation g¢°, we assume that the amplitude function
g corresponds exactly to the Gaussian function defined in (2.1)). In particular, the
dependence on the matrix C' and the semiclassical parameter ¢ is always implicitly
assumed in the shorthand notation g., and in the one-dimensional case we always write
v = 7, + 17; instead of C.

Remark 4. The Gaussian wave packets introduced above with an arbitrary width matriz
C € &7(d) generalise the ground states of the harmonic oscillator. To understand this
statement better, let us consider the one-dimensional annihilation operator given by

— i+ ip)
\/% q T 1p
where § is the position operator, i.e., (Gp)(z) := zp(x), and p the momentum operator,

i.e., (pp)(x) == —ieLp(x), for all Schwartz functions ¢ € S(R). Then, every element
of the kernel of the annihilation operator, i.e., every element of

{p e SR) : ap =0},

a =

is of the form p(z) = c- e~**/2 where ¢ € C is a complex constant, see [Tro17, Chap-

ter 3.2]. Therefore, the ground state of the harmonic oscillator Hamiltonian

g2 d? 1 1 1
Hy = ———— + —a2 = — (g + p*) = Ata T
h 2dx2+2x 2(q+p) 5aa+2

is given by the Gaussian function @o(x) = (mwe)~4=**/2 which in the context of quan-
tum dynamics is usually called the “coherent ground state of the harmonic oscillator”,
see e.g. [CR12, Chapter 1]. Accordingly, some authors refer to the function g, in (2.2))
as coherent states, although in Glauber’s original use of the term, see [Gla63[, “wave
function of a coherent state” would be the correct description.

2.1.1 Hagedorn’s parametrisation

We will see later in Section @ that the time-dependent Schrodinger equation
leaves the class of Gaussian wave packets invariant for quadratic potentials and the
equations of motion for the width matrix C result in a form comparable to those for the
phase space parameters ¢ and p if we use a special factorisation C' = PQ~!, which goes
back to the work of Hagedorn, see [Hag80, Hag98].
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The following lemma was taken from [LL20, Lemma 3.16] and provides a useful con-
nection between the Siegel upper half-space and symplectic matrices. It also guarantees
the existence of Hagedorn’s parametrisation for elements in &% (d).

Lemma 5. Let () and P be complex d X d matrices such that the real matrix

_ (Re@ ImQ@ 2dx2d
Y= (ReP ImP) €k

15 symplectic, i.e.,

T v . (0 —Idg
Y=Y"JY =J wth J—(Idd 0 )

or equivalently (in the following, Q* = @T denotes the Hermitian adjoint of @),

QTP-PT'Q =0 (2.3)

Q*P—P'Q=2ild,. (2.4)
Then, Q and P are invertible, and

C =PQ!
is an element of the Siegel upper half-space & (d) with imaginary part
Im(C) = (QQ") ™. (2.5)

Conversely, every C € &1(d) can be written as C = PQ™' with matrices Q and P

satisfying (23), @) and @3).
For the proof of Lemma [5| we refer to [LL20, Lemma 3.16]. O

The factorisation C' = PQ~! provides an alternative way of representing Gaussian
wave packets, namely

g:(z) = gZZ’E(x) = (7rg)—d/4| det(Q)|_1/2 o
(L - (2.6)
P {E (5(96 —q)"PQ™ (x —q) +p" (- q))} ;
where we introduced the matrix Z = (Q, P) € C?*™*? and used that
det(Im C)/* = det(QQ")™/* = | det(Q)| >,

The complex normalisation factor det(Q))~'/? without the absolute value is usually used
for numerical implementations where the branch of the square root must be chosen ap-
propriately, see e.g. [Lub08, Chapter V.1].

Gaussian wave packets, parameterised as in , were originally developed by Hage-
dorn to construct an orthonormal basis of L?(R?) that generalises Hermite functions.
We note that Hagedorn wave packets have a wide range of applications. For example,
Hagedorn wave packets with complex phase space centres have recently been considered
for non-self-adjoint evolution problems, see [LST18].
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2.1.2 Gaussian approximation manifold

For the variational propagation of Gaussian wave packets, we will exploit the so-called
“Dirac—Frenkel time-dependent variational approximation principle” later in Section
We therefore identify the approximation space

M = {u € L*(RY) : u(z) = ¢%(x)e’5, e R*, C € 67 (d), S € R}, (2.7)
consisting of Gaussian wave packets multiplied by a phase factor e**/¢, as a manifold.
We will use variationally evolving Gaussians to approximate the time evolution of the
basis functions in the TSTG method and in Section [5.2.1 we will give a more precise

meaning to the phase factor ¢*¥/¢, but for the time being we consider the parameter
S € R only as an additional degree of freedom of the Gaussian function u.

Since the Dirac—Frenkel variational principle works with the orthogonal projection
onto the tangent spaces of M, let us give an exact characterisation of tangent vectors.
The following lemma was taken from |LL20, Lemma 3.1].

Lemma 6. At every Gaussian function u € M, the tangent space equals
ToM = {cpu . 18 a complex d-variate polynomial of degree at most 2.}

In particular, the tangent space is a complex-linear subspace of L*(R%), in the sense that
v € T,M implies iv € T,M. Moreover, for all differential operators A of order < 2
with constant coefficients we have Au € T,M.

For the proof of Lemma [f] we refer to [LL20, Lemma 3.1]. ]

The fact that the tangent spaces of M arise from multiplication by polynomials of
degree < 2 is used to prove the exactness of variational approximations for quadratic
potentials, see Proposition

2.1.3 Inner products

The discretisation of the FBI formula leads to representation coefficients that sample
weighted inner products of Gaussians. The next lemma was taken from the joint preprint
[BL21] (see Lemma 3.2) and presents an analytical expression for these inner products,
which shows that the inner products can be written as Gaussians in phase space.

Lemma 7. For Cy,Cy € &7 (d) and 21, 2o € R*!, we have

)
<gff’€ | gch’€> = B(z) exp (2—6(22 — Zl)TM(Z2 — Zl)) ) (2.8)
where the matrix

— ~—1\—1
M = (< 2 =G 0 _1) € C2dx2d (2.9)
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is an element of the Siegel upper half-space S71(2d) of 2d x 2d matrices, and for B =
Cy — Cy the complex constant B(z) € C is given by

d/2d 1/4 .
Be) = TR D ) e (ol + ) (0= )
exp (%(pz —p1)"BHCy + C1) (g2 — Q1)) :

Moreover, if the eigenvalues of the positive definite matrices ITm(Cy) and Im(—Cy'),
k = 1,2, are bounded from below by a constant 6 > 0, then the absolute value of the
inner product s bounded by

. b |2 0
(9577 [ 952°)|” < Cexp <_E||22_21Hg)7 (2.10)

where the positive constant ( > 0 depends on 6 and an upper bound on the eigenvalues
of the matrices Im(Cy,) and Im(—C, "), but is independent of e.

The crucial ingredient for the proof uses a formula for integrals of complex-valued
Gaussians and is presented in Appendix We also find that the bound in (2.10) can
be easily improved if the lower bound for the eigenvalues of Im(Cy) and Im(—C} ') is
not chosen uniformly. We also refer to the proof for the dependence of the constant ¢
on the spectral parameters.

2.2 Continuous superpositions of Gaussian wave packets

In the previous section we introduced Gaussian wave packets and presented properties
that are important for the next chapters. This section deals with the FBI formula ,
which we will discretise in Chapter |3[to approximate wave functions by discrete superpo-
sitions of Gaussian basis functions. Let us start by proving the following representation,
which was taken from [LL20, Proposition 5.1].

Proposition 8. For every Schwartz function 1 € S(RY) we have

P(z) = (27?5)d/ (9. | V) g-(x)dz, x€R%

R2d
We present the proof of Lasser and Lubich based on the Fourier inversion theorem.

Proof. We use the inversion formula for the Fourier transform: a Schwartz function f is
reconstructed from its scaled Fourier transform

Fof(&) = (2me) ¥ | fx)e " da
Rd
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by the inversion formula
fla) = (2me)~ 2 [ Fof(€)e/ de.
R4
For a Schwartz function v and for z € R, this yields

e [ o |9 gu(o) s

= erey e [ g (U)o (T) vt
=g ? /R d(27T6)‘d/ 2 /R R (? (.\;gq) ¢) (p)e™*/*dpg (z\;gq) dg

— 2 /Rd g (xkq) ‘21#(9:) dg = (),

since the normalisation of the function g implies
x—q 2
_ - 2
6d/2/ g< )‘ dg= | |g(y)|" dy=1.
R4 R4

Ve
Since we have already referred to ([1.2)) as “FBI formula” several times, let us catch
up with the exact reference to the FBI transform. The following definition was taken
from [LS17, Definition 1].

]

Definition 9. For a point z = (q,p) € R?*? in phase space and C = ildy, consider the
Gaussian wave packet g, = g&. Then, the mapping

T S(RY) = S(RY), (T°9) (=) = (2me) " (g. | ) (2.11)

is called the FBI (Fourier-Bros-lagolnitzer) transform.

We note that the transform can be extended to an isometry from L?*(R?) to L?(R*?),
see e.g. [Mar02, Proposition 3.1.1], and the formula in Proposition [§ extends directly to
functions ¢ € L*(RY) by density.

The above definition shows that the FBI transform works with Gaussian wave pack-
ets of unit width (i.e., C' = ildy) and can be seen as a natural generalisation of the
plain Fourier transform using a Gaussian window. Although in this dissertation we use
Gaussian functions equipped with an arbitrary width matrix C' € &% (d) and this does
not correspond to the classical definition, we follow the convention and continue to use
the name “FBI formula” or “FBI inversion formula” for . We also note that the
FBI transform for matrices of arbitrary width is sometimes called “Fourier-Bargmann
transform”, see e.g. [CR12, Chapter 1.2.3].
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2.2.1 Connection to the short-time Fourier transform

We realise that the FBI transform in can be seen as a windowed Fourier transform
using a Gaussian window, which is known in time-frequency analysis as Gabor transform,
see e.g. [FS98]. Moreover, the Gabor transform is itself a special variant of the so-called
“short-time Fourier transform” (STFT), and thus we can use the inversion formula of
the STFT to obtain a more general representation than in Proposition Since the
semiclassical parameter is typically not considered in the definition of the STF'T, let us
introduce a rescaled version:

Definition 10. Let e > 0 and g # 0 be a function in L*(R?) (window). For ¢ € L*(R?)
we define the g-rescaled short-time Fourier transform by

STFT; (¢)(2) := (2me) ™ » Y(z)g (x\;gq) e~ P dy, 2 € R¥M,

We note that STFT; (1) is uniformly continuous on R*?, see e.g. [Gro01, Lemma 3.1.1],
and by introducing the rescaled translation and modulation operators

Tio0) =g (") wnd Migla) = gla)er

we can write
STFT;(4)(2) = (2me) UM T g | ).

It is easy to see that if the window is localised in a neighbourhood of ¢, the same is
true for the windowed function and therefore the spectrum of the (rescaled) STFT is
associated with the windowed domain.

For the rescaled STFT we have the following inversion formula, which generalises the
FBI formula in Proposition The following result is an extension (inclusion of the
semiclassical parameter) of [Gr601, Corollary 3.2.3].

Proposition 11. Suppose that g,h € L*(R?) and (g | h) # 0. Then, for all ¢ € L*(R?),

1
= (2me)™'——— [ STFT; M:T:hdpdq.
0= @re) s | STRT, )00V T hdpds
For the proof we refer to [Gré01, Corollary 3.2.3]. O

Based on the representation in Proposition [I1] the choice h = ¢ for a normalised
window ¢ implies that

v = ey [ (Mg 10 MiTs 0 dpds

which gives us the FBI formula (1.2)) for

1
o) =7 exp (~lal ).
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Remark 12. We would like to note that the inversion formula does not imply that the
STFET is invertible, see [Gré01, Corollary 3.2.3 (Remarks)]: Let Ay,: L?(R*?) — L2(RY)
be the bounded linear operator defined by

Ap(F) = (27&5)_d/ F(q,p)M;T;hdpdg.

R2d

Since for all h € L*(RY) and F' € L?*(R*) we have
(h | Ap(F)) = (STFTj(h) | F) = (h | (STFT})" F),
it follows that Ay, is the adjoint operator of STF'T; and the inversion formula is

1 £\ * e
D) (STFT;)"STFT: = 1d.

We also note that the concept of windowed Fourier atoms was introduced by Gabor,
see [Gab46], who studied Gaussian windows in terms of the uncertainty principle to
obtain “optimal” windows. In many applications, windows are discussed in terms of data
weighting and spectral leakage, and numerous windows have been developed depending on
the type of signal, see for example [Har78, Section IV (Table 1)]. In particular, we will
elaborate further on the discussion of windows and their properties in Chapter [/
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2.3 Summary of this chapter

We have presented some important properties of Gaussian wave packets and proved that
the Gaussian wave packet g, defined in (2.2)) can be used to represent arbitrary wave
functions via the FBI formula ((1.2)), which itself is as a special variant of the inversion
formula of the short-time Fourier transform based on Gaussian windows. In particular,
there seems to be no uniform definition of the term

“Gaussian wave packet transform”

but in this dissertation we associate the term with decompositions of a given wave
function ¢ € L?(R?) into (not necessarily continuous) superpositions of Gaussian wave
packets (or at least wave packets with a similar profile) according to the FBI formula.
Finally, let us summarise in a small table the various names for representations that
appear in the literature in connection with the FBI formula, see also [LL20, 5.9 Notes]:

Semiclassical Analysis | Time-Frequency Analysis

Short-Time Fourier
arbitrary windows Fourier—Bargmann Windowed Fourier
(Continuous) Wavelet

Gaussian windows FBI (unit width) (Continuous) Gabor

Table 2.1: Different names for the FBI formula.
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3 The Gaussian wave packet transform
via quadrature rules

In this chapter we investigate different approaches to discretise the FBI formula ([1.2)).
Using a uniform grid {gx}xrer, in position space, we start by deriving a semi-discrete
representation of the form

() = (2me)”

Z/ qkp)|¢ qk,p)( r)dp|, fEERd,

k:eF

where the function

= 5 lgo(x — a0l (3.1)
kel
is a summation curve in position space and go := g(o,0). Afterwards, by discretising the
remaining integral over momentum space via dlfferent quadrature rules, we obtain a
rescaled superposition of the Gaussian basis functions g;x := g(q, »,), as follows

Z S i g@), (3.2)

kqu Gl—\(rule>

where the representation coefficients r;rlil ) are complex numbers depending on 1 and the

underlying quadrature rule in momentum space. This discretisation of the wave packet
transform based on uniform Riemann sums in both position and momentum space was
used in particular by Kong et al. for the TSTG method, who used sufficiently dense
grids to approximate the Gaussian summation curve S(z) by a constant value S > 0,
since this has the consequence that the wave function ¢/ can be approximated by a pure
superposition of Gaussians as follows:

(rule) rule 1 rule
Z Z Jk gjx(z), where Cﬁ,k ):§r§.’k ). (3.3)

kqu jel—‘;)rule)

We present a rigorous error analysis and numerical experiments for the approximations
described above and extend the results of Kong et al. by a new representation based
on Gauss-Hermite quadrature, which significantly reduces the number of grid points.
Furthermore, we show that corresponds to a direct discretisation of the phase
space integral in the FBI formula. Finally, we use bump windows and windowed Fourier
series to relate our results to the work of Qian and Ying on the fast Gaussian wave
packet transform, see [QY10], who derived a similar representation based on compactly
supported basis functions.
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Ag

Figure 3.1: Gaussians |go(z — ¢x)|* and summation curve on a uniform grid for d = 1.

According to Lemma S(z) can be approximated by 1/Agq.

3.1 Semi-discrete approximations

As described in detail in Section , parts of the present section (Sec. overlap
to a large extent with the joint preprint “The Gaussian Wave Packet Transform via
Quadrature Rules” with C. Lasser submitted to IMA Journal of Numerical Analysis on
15/12/2021, e-print available at arXiv:2010.03478.

For a non-empty index set I'; C Z¢ and a uniform grid {@k}ker, in position space,
recall the definition of the summation curve in . A quick look at the one-dimensional
situation in Figure 3.1 makes it plausible that for a sufficiently small grid spacing Ag > 0
the summation curve can be approximated by a constant value. The next lemma tells
us that this constant is equal to 1/Aq.

Lemma 13. For d = 1 consider the Gaussian g defined in (2.1)) with width parameter
v="%+1 € C, v > 0. Then, for I'y = Z and the uniform grid points q, = kAq with
distance Aq > 0, the one-dimensional summation curve has the expansion

1 2 — 2mnw m*n’e
-5t a2 (5 e () e o

n=1

where the convergence is uniform in x. In particular, we obtain spectral convergence of
the summation curve to 1/Aq as Aq — 0, i.e., for all s € N, there exists a positive
constant Cs > 0, depending on s,e and vy, such that

'S(a:) L

Ag < Oy(Ag)*™ 1 for all v € R,

where the constant Cs can be chosen as

_ 2sly?

s m2sgs’

Moreover, the summation curve is Aq-periodic and infinitely differentiable.
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Proof. Using a convolution of an unshifted Gaussian with a Dirac comb, it is proven in
IMLO1, Appendix A] that for Ag > 0,7 > 0 and all x € R we have

Aq (x — kAq) ™mT\>
=142 — — ) )
ZT\/TTGXP( e > + ZCOS( ) p( <Aq) (3.5)
Hence, using (3.5 for T'= /e/v;, we obtain

keZ
( z( T —q )2> _ 1 1+2icos<2mw> exp(——ﬂang )
€ g Aq e Aq Vi(Ag)?) |’

which establishes (3.4). For the following calculations let us introduce the parameter
n = exp(—n2e/7:(Aq)?) < 1. Then we get

cos <27mx) . < m2n2e ) ‘
[ X _——
Aq ) TP\ (A2

7rn5
— ex ,
q p( ) qun

1 2 —
\S@*zm—q;
2 o0

<3 2;

7i(Aq)

and since eV — 1 > y*/s! for all y > 0 and all s € N, we finally conclude that

n 1 sly,
n — — < 3 A S.
2 1—n  exp(n?e/7:(Aq)?) — 1 s (84
Moreover, a short calculation proves that the summation curve is Ag-periodic,
S(x+Aq) =) lgo(x — (k= DAg)) = S(x), z€R,
keZ

and by the Weierstrass test, see for example [WW96, Chapter 3.34], the infinite sum
converges absolutely and uniformly on any set. It therefore follows from periodicity that
S e C*(R). O

Provided that the position grid is aligned with the eigenvectors of the symmetric and
positive definite matrix Im C' > 0, multidimensional summation curves can be written
as the product of one-dimensional summation curves, which itself can be expanded
according to . More precisely, if InC' = UDU7T is an eigendecomposition with
corresponding eigenvalues Ay, ..., A\q > 0 and I'; can be decomposed as

—TM ... (d)
Ly=T7"x---xT",
then the multidimensional summation curve can be decomposed for all x € R? as

d d

S@) =[] %@ =]]| D gnla"tn—knlrg)* |, (3.6)

n=1 n=1 knel“fln)
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where u,, € R? is the nth column of U and the one-dimensional functions g, are

_ An
gn(y) == (me) 1/4/\711/4 exp (—2—6y2) , yeR. (3.7)

Remark 14. The reason why we restrict ourselves to uniform grids in position space is
that the variants of the wave packet transform, which we derive later in Section[3.1.2, de-
pend only on the grid in momentum space. However, the following results and estimates
do not depend on this specific choice unless we indicate otherwise.

The definition of the summation curve S(z) > 0 in (3.1) allows to construct the
functions xx(x) := |go(x — qi)|*/S(z) for all k € T, that satisfy the two conditions

0<xk(x) <1 and Z xk(r) =1 forall 2 € R (3.8)

The family {x}rer, thus forms a so-called “partition of unity”. Partitions of unity
typically occur in the theory of manifolds, see e.g. [Tull, Chapter 13.1], but also in
numerical applications, for example to construct solutions of differential equations, see
[GS00, Section 4.1.2]. In the next step, we combine the partition {x}xer, from above
with the Fourier inversion formula in momentum space to obtain a semi-discrete decom-
position of square-integrable functions.

Proposition 15. Let ¢p € S(RY). For C € &%(d) and z = (q,p) € R*, recall the
definition of the Gaussian wave packet g, in (2.2) and let us introduce the map

o3 Zfa) = (202) [ (0. |0 .o dp.
R
Then, for all x € R?, we have

¥(z) = ﬁ S T,() and (3.9)

b(z) = / () dg (3.10)

For convenience we have taken ¢ € S(R?), but just as with the FBI formula, the
above representations apply directly to L?(R%). With respect to the approximation of
Schrodinger dynamics, we would also like to point out that semi-discrete representations
with a summation in position space such as in (3.9)) are also used in the construction of
higher-order Gaussian beam approximations, see e.g. |[LRT13, Section 2.1].

Proof. We start by proving (3.9). Let v € S(R?) and gp(z) := go(r — qi), where the
Gaussian amplitude g is defined in (2.1). According to the properties of the partition
{Xk}rer, in (3.8), the function ¢ can be decomposed as follows:

o= =5l | =5 3 (v (3.11)

kel kel
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In particular, since g € S(RY) for all k € T, we conclude that g, € S(R?) and
therefore, using the Fourier inversion theorem, we obtain

(Wgr)(x) = (27r5)_d/2 » F. [Yar] (p) e=P/edp, for all x € R, (3.12)

where the e-rescaled Fourier transform is given by
T[] (p) = (2me) = ) U(x)gr(z)e P/ da.
R

Furthermore, for all p € R?, we get

F [0gx] (p) €7 gy ()

= (2me)™ 7 [ W(y)gily)e "W dy gy (x)e? e (3.13)
Rd

= (2me) ™ (9w | V) (g ().

Consequently, by inserting (3.12)) and (3.13)) into (3.11)), we conclude that
1
U(r) = 5@ > Lyla).
kel

For proving (3.10) we use the fact that g is of unit norm. Hence, for all x € R? we get
ve) = 00) [ oot =) da = [ (60l — ) )ante — a) do
R R

and thus, again by the Fourier inversion formula, we obtain

o) = [ (me o [ Fliale=al6) e an) ato - 0 da

— /Rd ((2%6)—61 /Rd(gz | V) g:(x) dp) dg = /Rd 7,(z)dq,

which makes the proof complete. O]

The representation in can be seen as a semi-discrete version of the FBI formula.
In particular, we emphasise that this is an exact representation and not an approxima-
tion, as we would obtain, for example, by a direct discretisation. Indeed, starting from
in the one-dimensional setting and discretising the integral over Z,(z) using a
uniform grid of size Ag, we obtain the approximation (not an exact representation)

Y(x) ~ Ay T, (). (3.14)

kEZ

The relation between (3.9) and (3.14)) is then obtained via Lemmal[13] according to which
Agq =~ 1/S(z) for a sufficiently small grid spacing Agq.
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3.1.1 A new representation for Gaussian wave packets

In the next step we focus on the special case that the wave function of interest ¢ is
a Gaussian wave packet and therefore the inner products (g, | ¢) as well as Z,(x) can
be expressed analytically. These representations are of particular interest for the TSTG
method, where we need to approximate the time-evolved Gaussian basis functions g; 5 (7)
in terms of the original Gaussian basis functions g; .

Lemma 16. For C,Cy € 6*(d) and z,zy € R* let g, = g5 and ¢y := g5°=. Moreover,
let us introduce the parameters

A=i(Co—C)", blz):=2—q—iACo(q—qo), and
_ det(Im C'Im Cy)*/*
(me)?y/29 det(A-T)

1 — 7
exp (—%(q — QO)TCACO(C] —qo) + ngT(x - C]o)) .

c(x) :

Then, for all x € RY, we have

Z,(2) = gl — g)e() /

R4

1 1
exp <—%pTAp + Eb(xfp) dp. (3.15)

In particular, the integral in (3.15)) exists because Re(A) > 0.

Proof. Using the formula for inner products in Lemma [7| we obtain

(0. 10) = 8(:)exp (522 = M = 20)) (3,10

where the matrix

0 —(Cy—C

M ((001 o ) C i
)1

is an element of the Siegel upper half-space of 2d x 2d matrices and the complex constant
B(z) € C is given by

4/2 det(Im C Tm Cy ) /4 ; .
8z = 21 t(ietg_l)c I exp (%(pﬂoo) (g - qo))
exp (520~ T ACH+ O)la ) ).

Moreover, according to Proposition the function Z, is given for all z € R? by

T,(z) = (2me) / (2 | o) g:(z) dp.

R4
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Consequently, the formula for the inner product in (3.16)) yields
(2me)~g- | to) g: ()

= (27e) ™B(2) go(x — q) exp (2%(2 —20)" M(z — 2) + épT(f’f - q)) (3.17)

1

= e = ela)exp (-l ) A~ ) + L0 (0~ ))

where we rearranged terms only by simple algebraic manipulations and we used the fact
that (C;* — C')! = iC AC,. The representation in (3.15) therefore follows from a
linear transformation of the integral. Finally, since Z € &*(d) implies —Z~! € &1(d),

see e.g. [Fol89, Theorem 4.64], we conclude that Re(A) > 0. O

The combination of Proposition [15 with Lemma [16] gives the exact representation

Yo(z) = % > (go k) (@ / Jra(P dp) (3.18)

kel

where we introduced the Gaussian function
1 7
frz(p) == exp (—2—€pTAp + gbk(x)Tp> . peRY (3.19)

and we write by and ¢, to indicate that we have replaced the variable ¢ with g in the
definition of b and c. At first glance, the representation in may seem unfinished,
since it still contains a Gaussian integral that could be solved by hand. Let us briefly
discuss how ([3.18)) can be used for quadrature: Consider the one-dimensional situation
for a moment. Since fj, is a Gaussian centred at p = 0 and therefore decays rapidly
relative to its width matrix, we can use a uniform grid {p;}7_; on a given finite interval
[po — Ly, po + L] (where L, > 0 depends on the width matrix) to discretise

] po+Lp J
| featnrap= / fonp—p0)dp~ S fialpy —po) Dp (3.20)
—00 po—Lyp j=1
and therefore, by inserting (3.20)) into - the formula in - 3.17)) yields
1
Yo(x) ~ zﬂgzzgﬂc\% gix(T).

kel'g =1

This reveals that discretisations of the multidimensional momentum integral

» frz(p)dp (3.21)

lead to discrete variants of the FBI formula which can be used to approximate Gaussian
wave packets by rescaled (prefactor 1/S(x)) Gaussian superpositions.

The next section deals with the discretisation of the integral in (3.21]), where the aim

is to find a quadrature rule to keep the number of grid points small. We will see that
Gauss-Hermite quadrature is a good candidate because fj, has a Gaussian envelope.
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3.1.2 Discretisation of the momentum integral

In the following we derive error bounds for discretisations based on
e truncations of the integral combined with the (composite) midpoint rule (TcM)
e infinite Riemann sums on uniform grids (RS)
e Gauss—Hermite quadrature (GH)

The rules (TcM) and (RS) were chosen because they can be used for the analysis of the
TSTG method later in Chapter 5l To show that the approach of Kong et al. can be
further improved by using more efficient rules, we investigate (GH), and to the best of
my knowledge this is the first time that Gauss-Hermite quadrature is used to derive a
new variant of the Gaussian wave packet transform.

Depending on the underlying quadrature rule, we choose for

(TcM) the finite uniform grid defined by

2j, —1 ,
Din = Pom — Ly + =2 T—Ap, e = {1 g} (3.22)

with grid size Ap = 2L, /J, which discretises the box

d
= H[pﬂ,n - Lp:p[),n + Lp] C Rd (323)
n=1

in momentum space of length 2L, in each coordinate direction.

(RS) the infinite uniform grid of size Ap > 0 defined by
Pim = Pon + julp, jETFY =77 (3.24)
(GH) the finite (non-uniform) grid
Pim = Do+ $5,V28, ] GF W={1,...,7

depending on the zeros s;, of the Jth Hermite polynomial, see Section |3.1.2.

As discussed in the previous subsection, the different discretisations then lead to rescaled
superpositions of the form

P& (o Z S gine (3.25)

kerq El—~.(rulc)

where the corresponding coefficients can be calculated analytically as follows:
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(TcM) and (RS)

TeM RS (Ap)?
%(;k ! = Tj(',k = (2m)d<gj,k | o). (3.26)

(GH) Depending on the weights w;, of the Gauss-Hermite rule, see Section 3.1.2, as

(GH) _ Wy, =" Wig
rj,k (27T€)d <g],k | 77ZJ0>

The difference between the representation coefficients based on Riemann sums and
Gauss—Hermite quadrature lies, on the one hand, in the spacing of the grid points
p; and, on the other hand, in the different weighting of the inner product (g;x | o).
Furthermore, it should be noted that for (TcM) a suitable truncation constant L, > 0
must be chosen, while for (GH) the grid points are in a sense “optimally” distributed
even without an additional truncation constant.

Equipped with the different grids in momentum space, we are left with the choice of
the grid in position space. Since the wave function of interest ¢y = gZCOO’E is a Gaussian,
it is plausible to assume that we are only interested in an approximation for values x in

a certain neighbourhood of the centre ¢g, e.g. the box

d
Ay = H[qom — Lg, qon + Lq] CR?
n=1

of length 2L, in each coordinate direction (where L, > 0 depends on the width of ).
For a multi-index k € T, = {1, ..., K}% we consider the uniform grid

2%k, — 1
2

Qe = GQon — Lg + Agq, (3.27)
where Ag = 2L,/K. As mentioned earlier, for simplicity, in position space we focus on
uniform grids aligned with the eigenvectors of the width matrix of the basis functions.
More precisely, again using the eigendecomposition Im C' = UDU”,| we work on UA,
with corresponding grid points Ugq;. However, to keep the notation simple, we write A,
and g and implicitly assume the action of the matrix U.

We are now ready to present the different approximation errors:

Theorem 17 (Gaussian wave packet transform via quadrature rules).
Recall the definition of ¢§£gle) € L*(RY) in (3.25) and assume that the grid points in
position space are chosen according to (3.27). The approzimation errors

E(rule) = sup ‘wo(.l?) - wggle)(x)‘

€N,
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for the rules (TeM), (RS) and (GH) satisfy the following bounds:

Truncation and composite midpoint rule (TcM)
There exist positive constants C™ > 0 and O™ > 0 such that

E(TCM) < O(T) + C(CM)J_Q.

Infinite Riemann sums (RS)

For all s > 1, there exists a positive constant C™) > 0 such that
E(RS) < CéRS) (Ap)QSH.

Gauss—Hermite quadrature (GH)

For all s > 1, there exists a positive constant C’S(GH) > 0 such that

E(GH) < CS(GH)J_S/2.

In particular, the constants CT, CM) P and ¢ can be chosen independently of
the number K of grid points in position space.

Remark 18. The total number of grid points in momentum space for fully tensorised
quadrature rules is given by J; = J% and thus we have J~2 = Jd_Q/d and J~°/? = J;° 2,

The proof is presented later in Section|3.1.3 and is based on the error estimates for the
individual rules. For a detailed analysis of the constants C'(T), C(M) C®) and ¢
and their dependence on the semiclassical parameter € we also refer to the proof.

As we can see, approximations based on infinite Riemann sums and Gauss—Hermite
quadrature lead to spectral convergence, while the composite midpoint rule only gives
order O(J2). However, since the midpoint rule achieves spectral accuracy for smooth
and periodic integrands, see e.g. [SI88, Theorem 8|, and f . is a Gaussian which can be
viewed as a periodic function vanishing at infinity, faster convergence is to be expected
in practical applications, as confirmed by our numerical examples in Section [3.1.4.

We now go on to analyse the different discretisation errors.

Truncation error

Recall the definition of the Gaussian integrand fy, in ([3.19). First, we note that if the
matrices C' and Cj are purely imaginary, then both the matrix A = i(Cy — C)~" and the
vector by(x) are real-valued. In this case, using the Cholesky decomposition A = LLT,
where L € R%¥? is a lower triangular matrix with positive diagonal entries, yields

_ 1 i,
) dp = den(A) 7 [ exp (=g lu + 20 )
Rd Rd g g
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In the general case where C,Cy € &1(d) and A and b, are complex-valued, a linear
transformation of the momentum integral leads to a similar result, but with additional
transformations for Im A and Im by (x). However, to keep the calculations simple, in the
following we assume that the integrand has the form

fra(p) = exp (—2—1€|p|2 + ébk(x)Tp) , (3.28)

with a real-valued vector by(z) € R%. All of the following estimates can be extended to
the general case and lead to similar, albeit technically more involved, calculations.

From a numerical point of view, the Gaussian decay of the integrand in (3.28)) allows
the approximation of the improper integral (3.21)) by the truncated integral over A, C R
The next lemma provides the corresponding truncation error.

Lemma 19. Let A, C R? be the box in ([3.23). Then, for all k € T, we have

< (2me)¥? exp (—iLg) : (3.29)

sup %

zcRd | J R4

fre(p) dp — /A Jra(p)dp

Proof. Let k € T'y. The triangle inequality for integrals gives us

1
S/ exp (—2—!p|2> dp.
RI\A, 19

Hence, the symmetry of the integral and Fubini’s theorem yields

d
1, 0 1,
—— dp=]2 ——22) da.
/Rdmpe’(p( 2e'p'> r=1 / eXp( 2az) ’

Using the exponential-type bound erfc(y) < eV’ y > 0, for the complementary error
function, see e.g. [CDS03|, Equation 5], we conclude that

> 1 1
2/ exp (—2—22) dz = V2reerfc (Lp/\/ 25) < V27meexp (—2—L§> ,
L, € €

sup

xER’i d

() dp — L(n)d
Rfk, (p) dp /Apfk, (p) dp

which finally yields the following upper bound:

d
* 1 d
H Q/Lp exp (_2_522) dz < (2me)¥? exp (—2—€L12)> .

n=1
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Error bounds for fully tensorised quadrature rules

Error bounds for fully tensorised quadrature rules can be derived from one-dimensional
theory by applying a given quadrature formula to each variable individually:

Lemma 20. Consider the one-dimensional quadrature formula
J 1
Qif =Y wif(p;) %/ f(p)dp
=1 0

using the non-negative weights w; > 0, Z;.Izl wj = 1, and abscissas p; € [0, 1]. Moreover,
consider the corresponding “Cartesian product” formula

J J
%f: (QJ®"'®QJ)f = Z"'ijl"'wjdf(pl,jn""pd,jd)
J1=1

Ja=1

and assume that for alln € {1,...,d} there exists a constant E, > 0 such that

1
/ f(p1a7pd)dpn_QJ(f7pn) SE’R
0
for all values of p,, € [0,1], m # n. Then,
d
‘ o fp)dp—Q5f| <D En. (3.30)
0,1 n=1

We have formulated Lemma [20] as a special variant of a more general result that can
be found in [Hab70, Section 3|. In the next step we will apply the estimate in (3.30)) to
the different discretisation schemes (TcM), (RS) and (GH).

Composite midpoint rule

Since the error bounds F,, of the one-dimensional quadrature rules depend crucially on
the smoothness of the integrand (in our case fj ), it will be useful to have a formula for
the bounds of the higher-order derivatives:

Lemma 21. For all k € T, and (x,p) € Ay x A, C R*, the second-order partial
derivatives of the Gaussian integrand fi , are bounded as follows:

|02 fro(p)| <4d (L, + L)’ e 2 +e!, n=1,...,d (3.31)

Moreover, for all s > 1, there exists a constant Cs > 0, depending on s, L, and €, such
that for all k € T'y and x € Ay we have

/ 9 o (p)] dpn < C, (3:32)

for all values of p,, € R, m # n.
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Proof. For k € I'y,z € A, and n € {1,...,d}, let us introduce the complex-valued
univariate functions

fk,x,n(g) ‘= €xXp <_2_];€£2 + ébk,n(x)g) 9 £ € ]Rv

where by, () denotes the nth component of the real-valued vector by (z). Since

d
fk,x(p) - H fk,x,n(pn)a
n=1

we conclude that for all s > 1 the derivatives of f; , can be bounded as follows

102 fra ()| < £, (00)], P € RY,

and therefore it suffices to find an upper bound for the derivatives of the Gaussian f, 5,
uniformly in &,z and n. As presented in [DLCS00, Equation 13], for a, 8 € C, # 0,
the sth derivative of the exponential function

g(§) = exp (a&® + B¢)

can be expressed in terms of the second order Kampé de Fériét polynomial as

[s/2] _
i am<2a§+5)s 2m
976 =@ D e

Hence, by choosing o = —1/2¢ and 8 = iby,(z)/e, we conclude that g(§) = firun(§)
and thus we get

s—2m

Ls/2] (15\ 4 qu\/@
@ < ey
m=0

2mes=mm! (s — 2m)!
where we used that

1
sup |bgn(z)| = 5 Sup (|2 — qo)| + |z — qi]) < 2L Vd. (3.33)

€A, €A

Consequently, the estimate in (3.31]) follows for s = 2 and therefore it remains to prove
the bound in (3.32)). Using the binomial theorem, we further obtain

0o |s/2] m  S—2m (2L \/E>
| q
) (¢yde < = °
/_OO [ fan(€)1dE < g3 Z 2mml e rl(s —2m —r)!

m=0

s—2m—r

| reerag
where the last integral can be transformed as

oo 0o
/ |§|r6_§2/25 df _ €(T+1)/2/ |t|7‘6—t2/2 dt.
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In particular, using a formula for moments of the normal distribution, see e.g. [PP02,
Equation 5-73], we conclude that

. /°° et ds {\/%(r DN, i r = 2k,

kL if r =2k + 1.

Note that M, is an increasing function in r and M, /r! < 2 for all » > 1. Hence, for all
values of p,, € R, m # n, we finally get

s—2m—r
- TS (2L,v4)
S < —
/Oo| nfie (P) p”_gsz 2mml = rl(s = 2m —r)!

m=0 r=

M,

of W sz g

es 2mm! (s —2m)!
m=0
 Ls/2] cm+1/2
<55 <\/’ oL,V )
85 m—
m=0

]

In the next step, we approximate the truncated integral over A, in Lemma [19| using
the Cartesian product formula for the one-dimensional composite midpoint rule.

Lemma 22. Consider the uniform grid on A, C R¢ defined in (3.22) and let QSCM)

denote the one-dimensional quadrature formula

J Ly
QY =2ap> fpj—po)~ [ flp)dp
j=1

There exists a positive constant C™ > 0, depending on Ly, L, and e, such that for all
kel, and x € A, we have

/Ap fk,gc(p>dp_( (CM) Jra

Proof. Let k € I'; and € A,. As it can be found e.g. in [DRO7, Chapter 2.1], the error
of the one-dimensional composite midpoint rule is bounded by

< M g2, (3.34)

Ly 3
Fra(P) dpn = Q5™ (fiwi pa)| < =25 sup |0} e ()]
L, 3J? pea,
n=1,...,d, and therefore, using the bound in (3.31)), we conclude that

3

L 3 2 —2 -1 cM
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Hence, Lemma [20] implies that

d
S Z ET(LCM) — C(CM)J_Q,
n=1

/Ap fk,m(p) dp — <Q§M))d T

where the constant C®™ is given by

L3
CM =4 < (4d(Ly+ Ly)e?+el).

Infinite Riemann sums

In addition to approximating the truncated integral with the midpoint rule as presented
in Lemma [22] we can also use infinite Riemann sums to directly approximate the im-
proper integral . As we will see, the error estimate for this approximation is based
on the Euler-Maclaurin formula:

Lemma 23. Consider the uniform momentum grid defined in (3.24) and let QB denote
the one-dimensional quadrature formula

Q=8> fo -~ [ T

JET

For all s > 1, there exists a positive constant CﬂgRS) > 0, depending on s, L, and €, such
that for all k € Ty, and x € A, we have

< C(RS) (Ap)28+1.

— S

/R Jralp)dp — QPN fra

Proof. Let k € I'y,x € Ay and s > 1. Since the integrand f , is a smooth function that
vanishes at infinity, we use the Euler-Maclaurin formula, see e.g. [KU98, Theorem 7.2.1],
to obtain

(Ap)2s+1
(27T)28+1 )

< / 1021 fo o ()] dp -

for all values of p,, € R, m # n. Furthermore, the bound in (3.32) yields

OO 2541 (Ap)28+1 Czs+1(AP)2S+1 _ . (RS)
/oo ‘an fk,x(p)‘ dpn - (2m)2s+1 < (2m)2s+l B,
and thus the claim follows again by Lemma @ for C) = d- Cyyrq /(2m) 21, O

In the last step we use Gauss—Hermite quadrature, which is a special form of Gaussian
quadrature on the real line for a Gaussian weight function, see e.g. [DR07, Chapter 1.12].
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Gauss—Hermite quadrature
Consider the one-dimensional formula
J o
_m2
> wih(s;) %/ e " h(p) dp,
j=1 —oo
where the nodes si,...,s; are chosen as the zeros of the Jth Hermite polynomial and

the positive numbers w; > 0 are the corresponding quadrature weights. In particular,
the Jth Hermite polynomial and the weights are given by

o d! 27+
* " and w; = —\/%2
[HJ+1(SJ)]

—e
dx’

Note that both the weights and the nodes depend on J, although we do not express this

dependence in our notation. We obtain the following error bound:

Hy(z) = (=1)"e

Lemma 24. Consider the transformed Gauss—Hermite formula defined by
J )
GH
QY= "w;f(p; — p) %/ f(p)dp,
=1 —o°

where the transformed nodes and weights are defined by
pj i=po+s;V2e and w;:= esiwj\/Qa

For all s > 1, there exists a positive constant (J§GH) > 0, depending on s, L, and €, such
that for all k € T'y and x € A, we have

S CgGH) J—s/2 )

RECUEICHNE

Proof. Let k € I'; and = € A,. A linear transformation of the integral yields

fra(p)dp = (25)d/2/ 6_|p|2hk,r<p) dp,
Rd Rd
where the complex-valued function hy,: R* — C is given for all p € R? by

hia(p) = exp (ibe()py/2/2)

In particular, the partial derivatives of order s > 1 are bounded for all p € R? by

Oihia®) < (V2Ielbi@)) < (2v2dfeL,) , n=1,...d
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where we used the estimate in (3.33). In [MM94, Theorem 2], the authors prove that
if the (s — 1)th derivative of a function h: R — C is locally absolutely continuous and
h) (p)e=(1-0r* ¢ [1(R) for some 0 < § < 1, then

‘/ eph )dp — Zw] s5)

where C' > 0 is a constant that is independent of J and h. Since for all 0 < § < 1 and
n € {1,...,d} we have

/ 02 s (p) e~ 107

< CT PR (p)e |1,

dp, < <2 Qd/»qu)S s

we thus obtain the following bound

‘/ e pnhkx dpn ij hkx pla'"?p?’Lfl?Sj?anrl?"wpd)

<CJ? (2 2d/sLQ) VT =: ECH

for all values of p,, € R, m # n, and therefore the claim follows again by Lemma 20| for
the constant

C§GH) _ Cﬁ . 2(35+d)/2ds/2+1€(d75)/2Lg.
[

Now that we have derived the corresponding discretisation errors, we can catch up
with the proof of Theorem

3.1.3 Proof (Gaussian wave packet transform via quadrature rules)

Proof. Using the representation in . ) for the Gaussian wave packet ¢y = gc0 . the
triangle inequality yields

1
(rule) rule
B <y LS 0- X

TEA, kel EFprule)
In the following, let us consider rule = TcM. Combining the representation of Z,(z)
according to Lemma [16] with the truncation and the composite midpoint rule, we obtain

7

dk

( ) ' 90(35 - C]k)Ck(OC) e fk,x(]?) dp

(3-29) ‘
~ go(x — qi)ck(T) frz(p)dp (truncation)
AP
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J J
B3a
Z Z (TeM) g] K (composite midpoint rule),

where the representation coefficients r( ) € C are given by (cf. Equation (3
k

A .
TJ(';CM) - ((27Tp)) (9jn | tho) = (Ap)de(x)fk,z(pj —Po)e_zpj'(x_qk)/e'

Hence, for all j € {1,... J}d and k € T, ={1,..., K}?, we get

2{: 2{:7ATCM g]k

Jji=1 Ja=1

=wawu%@—qwﬂ4;namdp_(<m>.ﬁx

and by definition of the numbers ci(z) in Lemma [16|it follows that

1
sup ()] = (2n2)exp (o =l ) < (2r)

xEAg

Y

Moreover, by Lemma [19] (truncation) and Lemma [22] (composite midpoint rule), we
conclude that there are positive constants C™ > 0 and C®™ > 0 such that

» i (p) dp — ( f;M)>d Jra

Consequently, since there exists a constant Cp, > 0 (see Appendix , depending on
the width matrix of the basis functions, € and L,, but independent of K (number of grid
points in position space), such that

1 K K
) j{: j{: hk)17—'Qk ‘<:(7F7

xZ
k1=1 kqg=1

sup < M 4 M) =2,

xEAq

TEN,

we finally conclude that

Z Z rg(ll::CM 9jk ()

kel jergTem

sup

1
xGAq‘S(w)

K K
~ ~ 1

< (2 —d(C(T) OrleM) J_2> _

< (2me) + Sup s > (e — )
k=1 kg=1

<M M g2,

where the positive constants C™, C(M) > 0 are given by
CM = (27e) *CMCE and  CM = (272) ACMCE
q

The corresponding estimates for infinite Riemann sums and Gauss—Hermite quadrature
follow the same arguments as presented for (TcM), but using Lemma [23| and Lemma
m
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M =32, v=2i M =32, v=8i
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Figure 3.2: Gaussian wave packet 1y (black), four basis functions around the centre
¢ = 0 (grey) and summation curve (blue) for two choices of the width
parameter . The larger width (left) leads to a better approximation to the
summation curve, which is a consequence of the larger overlap and can be
derived in particular from the analytical representation in Lemma

3.1.4 Numerical experiments

We present experiments for the reconstruction of one-dimensional Gaussian wave packets
according to Theorem which illustrate the superiority of our new representation by
Gauss—Hermite quadrature. Two examples are used to visualise the dependence of the
errors on the various parameters involved. The first example deals with the interplay of
v (width of the basis functions) and K (number of grid points in position space), while
the second investigates the dependence on the semiclassical parameter €, which controls
the oscillations of the wave packets.

Example 1

We consider the wave packet

Yo(z) =7 Y exp (—%$2> ; [5 =1, 7% =1, (¢,p0) = (070)]7

on A, = [-8,8]. Note that this corresponds to L, = 8. The plots in Figure [3.2] show
the wave packet 1y together with four basis functions around the centre ¢y = 0 (grey)
and the summation curve (blue) for v = 2i (left) and v = 8 (right). In both plots, the
summation curve is built on a uniform grid with K = 32 grid points, giving a distance of
Aq = 0.5 for the basis functions. In particular, smaller values of Im() cause the spread
(and hence the overlap) of the basis functions to increase, giving a faster convergence
of the summation curve. This can also be seen in the plots: For the summation curve
on the right-hand side we see the typical oscillations as we know them from the cosine
function, while on the left-hand side no oscillations can be seen because the summation
curve has approached the predicted value 1/Aq = 2.
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L*-error, v =1, K = 16

10° . 10°

— (GH)

1072 | — (Tem) L, = 8n 1 1072
1075 1 (v 1~ in 110w
10 20 30 40 50

7

100
10-3

100

1076 10-6
109 109
10—12 10—12 - -
10~15 10-15 | - |
1020 30 40 50
J
v =8i,K =64
100 100 | | | y
1073 1073 2
10° 1076 |- 1
109 1079 | \\ 8
10—12 10—12 [ -
10—15 10—15 - =
1020 30 40 50 1020 30 40 50
J J

Figure 3.3: Reconstruction error for different combinations of v and K. The approxima-
tions based on (TcM) show a fast initial decay. For (GH), all plots initially
show an exponential decay (green lines).
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The plots in Figure show the reconstruction errors in the supremum norm on A,
for different combinations of 7 and K. For each of the three rows (v is fixed here)
we compare K = 16 (left) and K = 64 (right) and three choices for the truncation
parameter in momentum space (L, = 4, 67, 871). For (TcM), we observe that larger
values of L, lead to a worse decay of the errors, which is consistent with our theoretical
result in Lemma Furthermore, fast initial decay is observed for (TcM), which can
be explained by the fact that the composite midpoint rule achieves spectral accuracy.
The plots also show, for example, that for the smallest box (yellow) the truncation error
is reached at about 10 grid points (plateau for v = 8, K = 16). A comparison of the
two columns in Figure shows that the error is only slightly affected by the number
of grid points in position space (left: K = 16, right: K = 64), which can be explained
by the fact that all error constants are independent of K (cf. in Theorem . In the
reconstructions based on Gauss-Hermite quadrature (green lines), the errors initially
show an exponential decay (Lemma predicts spectral convergence). In particular, all
plots show the superiority of (GH) for small values of J. As we will see in the next
example, the discrepancy between (TcM) and (GH) becomes even more pronounced if
the underlying wave packet is oscillating.

Example 2

For ¢ € {0.1, 0.05} we consider the wave packet

1 21 )
li) = (r2) rexp (~p e = 12+ 2@ 1)) o= () = (1,2,
on A, = [—8,8]. For small values of ¢, it follows from the presence of the complex

phase factor that the wave packet is oscillatory, see Figure [3.4 For all computations we
used K = 128, which corresponds to a uniform spacing of Ag = 1/8, and two values
for the width of the basis functions (y = 16i and v = 32i). For ¢ = 0.1, a plot of
four basis functions and the summation curve can be found in Figure [3.5] As we have
already discussed in the previous example, the smaller value of Im(~) (left) gives a better
approximation to the constant value 1/Aqg = 8. The errors in the reconstruction of the
wave packets can be seen in Figure . All plots underline the superiority of (GH) for
wave packets with high oscillations, independent of the width of the basis functions.
The experiment clearly shows that with the new rule the number of grid points can be
significantly reduced.
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Re(thg) for e = 0.1 Im(¢pg) for e = 0.1

0 1 2 0 1 2
Re(1pg) for € = 0.05 Im(¢g) for e = 0.05
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Figure 3.4: Real (left) and imaginary part (right) of the wave packet 1, for different
values of . Smaller values result in higher oscillations.

e=0.1, K =128, v = 16i e=0.1, K =128, v = 32

10 |- - 10

0 1 2 0 1 2

Figure 3.5: Plot of four basis functions (gray) and the summation curve (blue). For the
larger value of Im(7) (right), the summation curve shows larger oscillations.
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L*-error, e = 0.1, v = 167, K = 128

e=0.1,~v=32i, K =128

T T T T
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Figure 3.6: Reconstruction errors for different values of v and €. The approximations
based on Gauss—Hermite quadrature (green) show the best decay. Compared
to the midpoint rule, the number of grid points can be significantly reduced,
especially for smaller values of ¢ (higher oscillations in the wave packet).
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3.2 Full discretisation of the phase space integral

As described in detail in Section , parts of the present section (Sec. overlap
to a large extent with the joint preprint “An Error Representation for the Time-Sliced
Thawed Gaussian Propagation Method” with C. Lasser submitted to Numerische Math-
ematik on 27/08/2021, e-print available at arXiv:2108.12182.

In the previous section we derived the semi-discrete representation (3.18) and showed
that discretisations of the momentum integral lead to approximations of the form

)~ Y (x Z S i gn(a). (3.35)

kEFq El"(“ﬂe

In particular, using uniform Riemann sums in both position and momentum space, the
formula for the corresponding coefficients rﬁs) in (3.26) and the approximation of the
summation curve S(z) according to Lemma |13| yields the approximation

0@~ (322)' S 3 a1 9) o)

k€T jep(RS)

which can be seen as a direct discretisation of the phase space integral. Regarding the
approximation of solutions of the time-dependent Schrodinger equation, we recognise
that the latter approximation is advantageous since it allows the propagation of the
wave packet 1 to be directly transferred to the Gaussian basis functions by linearity,
whereas this is not possible in due to the additional prefactor 1/5(zx).

It is of course well known that fully tensorised quadrature rules are impractical from
a numerical point of view because the number of grid points increases exponentially
with dimension, but since uniform Riemann sums in each coordinate direction have
been used in moderate dimensions without error estimates by Kong et al., we extend
our error representations from Section to include direct discretisations of the phase
space integral. We therefore adjust our notation as follows: For a given finite multi-index
set ' C N?*? e.g. a cube {n € N** : n; < N} or a simplex {n € N*¢ : Z?il n; < N},
the bold multi-index n € I' is used to specify grid points z, in phase space, where the
first d components correspond to the position space and the last d components to the
momentum space. With the previously used indices £ € I'; and j € I', we could also
write n = (k, j). Accordingly, we write the discretised FBI formula as

(O Z cn(w> gn = an<gn ’ ¢> In (3'36)

nel nel’

with basis functions g, = ¢., and complex-valued representation coefficients

Cn(¢) = wn<gn ’ ¢>,
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which result from weighted point evaluations of the integrand and depend on v and the
positive weights w, > 0. For example, the weights for uniform Riemann sums based on
grid sizes Ag; > 0 and Ap; > 0 in each coordinate direction j = 1,...,d are given by

d
wy = (27e) ™ H Ag;Ap;.
j=1
Furthermore, we introduce the following quadrature-based pair of operators.

Definition 25. For a given finite multi-index set ' C N?@| let {zy bner be a grid in phase
space and wy > 0 positive weights. The operator

Ar: L*(RY) = CV, (Aptp)n := {gn | ¥) forallmeTl, (3.37)

15 called the analysis operator. Moreover, the operator

Sr: CM = LQ(Rd), (Sn) > Yr = ansn Jns

nel’

which maps a given coefficient tensor (sy) to the weighted Gaussian superposition Vr, is
called the (weighted) synthesis operator.

The next lemma shows that the operators Ar and Sr are formally adjoint with respect
to weighted inner products and therefore we can write Sp = Aj.

Lemma 26. Let I' C N%¢ be q finite multi-index set. Moreover, for alln € T, let wy > 0
be positive weights. For x,y € C' we define the weighted inner product

<$, y>w = anx_nyn'

nel

Then, for all v € L*(RY) and s € C', we have

(Srs [ 9) = (s, Arp)u.

Proof. Let ¢ € L}*(RY) and s € CI'. By definition of the operators Ar and Sp we have

(S5 10) = [ 3 s a)de = 3 wnsalgn | ) = (5 Art

nel’ nel’
]

Let us assume again that we are interested in the representation of a Gaussian wave
packet 1y = gZCOO’E for some zy € R?? and Cy € &7 (d). Similar to the discretisation of
the momentum integral based on (TcM) in the previous section, the total error in the
discretisation of the phase space integral based on fully tensorised Riemann sums consists
of two different sources: In the first step, the improper integral must be truncated with

95



respect to a compact phase space box A C R??, which should of course be located at
the centre zy and be aligned with the width matrix of the Gaussian wave packet .
This produces a truncation error. In the second step, the truncated integral must then
be approximated by a multidimensional Riemann sum, which produces a discretisation
error. In particular, the total error can be written using the above analysis and synthesis
operators as follows

Ewp = Ewp(wm Aa F) = ||77Z}0 - AFAF¢O||L°°(A¢Z)7 (338)

where A, C R? now denotes the projection of the phase space box A onto position space,
which is the domain of v and its approximation AfArtyg € L?(R?). In the next step
we analyse this error in more detail.

Truncation error

Recall that the formula for inner products of Gaussians in Lemma [7| shows that the
FBI transform of 1y has a Gaussian envelope in phase space. Similar to Lemma we
therefore expect good approximations if we truncate the phase space integral using a
sufficiently large hypercube.

Lemma 27. For a given phase space centre zy € R?*? and a positive parameter L > 0,
consider the phase space box

2d
A = []lz0, = L, 205 + L] C R*. (3.39)

j=1

Moreover, for C,Cy € &1 (d) let g. = g and 1y = gg)o’a and assume that the eigenvalues
of the matrices Im(C),Im(Cy) and Im(—C~1), Im(—Cy*') are bounded from below by
9 > 0 and from above by © > 0. Then, there exists a positive constant C™ > 0,
depending on € and the spectral parameters, such that

sup
zERY

bolz) — (2me) / (62 | o) g2(z) dz

< W exp (—@LQ) : (3.40)

Proof. Using the bound for the inner product of Gaussian wave packets in Lemma [7] and
for the constant ¢ in (7.4]), we obtain the following estimate for all z € R%:

dolz) — (2me) / (2 | o) g2(z) dz

< (27r5)ngzHoo/de\A (9= | ¥o)| dz

0
< (27T6)_d(77'€)_d/40_d/2@3d/4 /RM\A exp (—gnz — ZOH%) dz.

Furthermore, the symmetry of the integral and Fubini’s theorem yields that
0 >0 0 2
/ exp <——||z — z0||§> dz = 4¢ </ exp <——y2) dy) :
R24\ A 8e L 8e
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Hence, using again the exponential-type bound erfe(y) < e v’ y > 0, for the comple-
mentary error function (cf. Lemma [19), we conclude that

> 0 , V2me V2me 0 5
- dy = fc ( L+/0 < —=L
/L exp < Y ) Yy 75 erfc < /85) <7 exp ( ” ,

and therefore we finally get

0 _ 0d
/RM\A exp (—gHz - ong) dz < 4%(2me) 0% exp (_ELQ) :

This proves that the constant C™ in (3.40)) can be chosen as
3/4 d
o™ — &
(me)i/ag32 )

Lemma [27] shows that the truncation error decreases exponentially with the length
of the hypercube. Furthermore, the proof shows that the error bound could be further
improved by using separate boxes A, C R? and A, C R? in position and momentum
space which are aligned with the eigenvectors of the width matrix of .

O

Fully tensorised uniform Riemann sums revisited

In Lemma we have already shown how to derive error bounds for fully tensorised
quadrature rules from the one-dimensional theory. As a special case, we obtain the
following result if uniform grids are used in each coordinate direction.

Lemma 28. Let f € C°(R?*?). There exists a positive constant C; > 0, depending only
on the function f, such that

nel

SOf-dm]V*l,

where T = {1,2,..., N}**. In particular, C; can be chosen as the total variation of the
function f in the sense of Hardy and Krause.

We have formulated Lemma 28] as a special variant of a more general result that can
be found in [DRO7, Chapter 5.5.5]. The proof uses the same techniques we used for the
discretisation of the momentum integral in Section |3.1.2 and is therefore omitted.
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3.2.1 Error for the full phase space discretisation

The total error for the full discretisation of the FBI formula based on uniform Riemann
sums is now obtained by combining the estimates in Lemma [27] and Lemma

Proposition 29. Let Cy € &1(d) and 2y € R?*L. For the discretisation of

(2W6)_d]£mi<gz|9§?ﬁ> g.dz,

using the phase space box A C R** in (3.39) and uniform Riemann sums with N > 1
grid points in each coordinate direction, there exist positive constants C™ C®S) > 0

such that the total reconstruction error defined in (3.38) is bounded by
B, <CM 4 CRINL

This result is not surprising, since we have already seen in Theorem that the
discretisation of the momentum integral via (TcM) leads to an error of order O(J?),
where J is the number of grid points in momentum space. In fact, the estimate in
Lemma [28| can be improved to a bound of order O(N~2) if the composite midpoint rule
is used instead of the composite rectangle rule. Nevertheless, we recognise the advantage
of the semi-discrete representation ([3.18)), which allows the separation of position and
momentum space via the summation curve and thus the more efficient Gauss—Hermite
quadrature can be used for the discretisation of the momentum integral.

3.2.2 Numerical experiments

We present numerical experiments for the approximation of a Gaussian wave packet
according to Proposition 29 based on uniform Riemann sums for

Yo(x) = (me) Y exp (—2—18(35 + \/%)2> . m=1.3544, (3.41)

which is later used in Section [5.4] as the initial wave function for the TSTG method.
Figure shows the reconstruction errors in the supremum norm as a function of grid
points for different truncation boxes A = [—L,, L,| x [—L,, L,], where we used the same
number of grid points for both intervals. For each column (the width « of the basis
functions is fixed here) we compare € = 1 (top) and € = 0.1 (bottom). All panels show
that larger boxes lead to a worse decay of the errors, which is consistent with Lemma [27}
In particular, the two upper plots show that for the smallest box (yellow) the truncation
error is reached after about 64 grid points (plateaus). Moreover, we see that the number
of grid points needed to achieve a certain accuracy increases with decreasing e.
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Figure 3.7: The four panels show the reconstruction errors for different combinations of
v (width of the basis functions) and . The number of grid points used to
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achieve a certain accuracy depends on € and the truncation box.
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3.2.3 A note on sparse grids and Monte Carlo integration

In Section @ we have seen that the grid points ¢, and p; resulting from the dis-
cretisation of the FBI formula depend on the centre of the Gaussian wave packet we
want to represent. This is of course a problem if many different functions have to be
represented at the same time, because this means that many different grids are needed.
In the TSTG method, for example, every individual time-evolved basis function must
be represented in the original basis. To avoid the dependence for each individual basis
function, Kong et al. choose sufficiently dense uniform grids in phase space, although
other “function-independent” grids would also be possible. The question therefore arises
whether there are alternatives to fully tensorised quadrature rules. In the following we
address two possibilities that have been adopted from [LL20, Section 8§].

In moderate dimensions, so-called “sparse-grid methods” offer an alternative, as they
can overcome the curse of dimensionality to a certain extent. The idea of sparse grids
is to rewrite the tensorised quadrature rule

N N
Quf=@Qn@ - @QN)f =D > waWof (T1ys - Tny)

ni=1 ng=1

for N = 2L grid points in each coordinate direction as follows

L L
QVf =D D (A, @A,)f,

11=0 1q=0
where the one-dimensional difference formulas A, are given for N; := 2l by

Ay =0Qn;, —Qn,_,, Do:i=Q1.

By using only terms with [y + ... + 1l < L, we then obtain the sparse grid formula

Szf:: Z (Al1®”'®Ald)f'

li+..+14<L

These variants require less than N(log N)?~! quadrature nodes, while N are required
for the full tensor grid. Sparse grids have been used for the midpoint rule, see [BD93],
as well as for Gauss—Hermite quadrature, see [LL20, Section 8.1]. In particular, an error
bound for approximations based on sparse-grid Gauss-Hermite quadrature can be found
in [LL20, Theorem 8.2]. We also refer to [GGI8] for a comprehensive presentation of
sparse grids and further developments.

If no fixed grid structure is needed, e.g. for the decomposition of the initial state

in the TSTG method, (quasi-) Monte Carlo methods provide a useful alternative and
have already been used for the discretisation of the FBI formula in connection with the
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discretisation of the Herman-Kluk propagator, see [LS17]. To recall the basic idea of
Monte Carlo methods, consider the integral

) [ 0.1 90) g5

for a Gaussian wave packet of unit width, i.e., C' = Cy = iId, where as usual C' denotes
the width matrix of the basis function g, and Cj the width of g,,. Using the formula for
the inner products of Gaussians from Lemma [7} we write

(27) 792 | 920) = 0(2)10(2)
with
1

ro(2) = 2%exp <2€

0+ 7o) (a — qo>)

and
po(2) = (dme) Texp (2 — 2
O . 46 0 .

Thus, assuming that pg defines a Gaussian probability density in phase space, we can
use independent samples 21, ..., zy € R?? of it to approximate the FBI formula by the
Monte Carlo estimator

N
1
Yon = N nz:lfo(zn) € LZ(Rd), fo(2) = 710(2)g-, (3.42)
which converges almost surely to the expected value

B = [ oo dal) = (27) [ (o 920 9.2 = g,

Remark 30. We note that Markov chain Monte Carlo methods can be used to obtain
samples z1, ..., zy € R?? for the representation of non-Gaussian functions for which it
18 generally not known how to draw independent identically distributed samples.

A measure of accuracy is the mean squared error, which is of order O(N~!) and does
not depend on the dimension d. The following result was taken from [LL20, Theorem 8.4].

Lemma 31. Let ¢y = g, and let 1o ny be the Monte Carlo estimator defined in (3.42)).
Then, the mean squared error is given by

V(o)
N

E ([lvon — tol?) <

where the variance of fy is given by

V(fo) = / o rl)0.0) = g P () = 4 1.

In particular, the error does not depend on the semiclassical parameter.
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For the proof we refer to [LL20, Theorem 8.4] and [LS17, Examples 2]. O

Since classical Monte Carlo simulations based on random or pseudo-random numbers
are faced with the problem that the samples are not uniformly distributed over the in-
tegration domain, Quasi-Monte Carlo quadrature can be used to speed up convergence.
This approach uses so-called “low discrepancy sequences” and corresponding error es-
timates for the discretisation of the FBI formula can be found in [LL20, Theorem 8.3].
Furthermore, we refer to [LS17, Example 6], where the authors present numerical exam-
ples for the reconstruction of a Gaussian wave packet.

3.3 The Gaussian wave packet transform in other works

We have already mentioned several times that the representations that follow from the
discretisation of the FBI formula have been used by other authors. The approximation
of Gaussian wave packets based on uniform Riemann sums can be found in the TSTG
method [KMB16], but unlike us, the authors work with non-normalised basis functions.
More precisely, Kong et al. use the one-dimensional basis functions

A A 2
Pjn(x) = (v — qr)ePiEm ) p(x) = %% exp (—UZ:BQ) ., = €R, (3.43)

where o > 0 is chosen such that 0/2 = Ap in order to minimise the oscillations of
the summation curve, which Kong et al. define in momentum space (we defined it in
position space). For the basis functions in , the discretised FBI formula according
to Theorem (17| then takes the equivalent form (cf. [KMB16, Equation 10])

%_ZZ bin | Vo) ().

k=1 j=1

Kong et al. do not use the FBI formula to derive their representation of wave packets,
nor do they present an error analysis. However, they refer to the fast Gaussian wave
packet transform introduced by Qian and Ying [QY10], who used compactly supported
basis functions instead of simple Gaussian functions and prove a similar representation
via frame theory. Let us therefore take a closer look at the definition of frames.

Remark 32. To show that our error analysis for the discretisation of the FBI formula is
directly related to approximations resulting from frame representations, we focus only on
the description of the fast Gaussian wave packet transform by Qian and Ying. However,
it 1s important to note that frame representations related to the Schrodinger equation
have also been studied by other authors and we refer the interested reader to [BBCN17]
and [CNRO9] and the references given therein.
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3.3.1 Overcomplete sets and frames

Recall that discretisations of the FBI formula based on weighted point evaluations of
the integrand can be written as (cf. (3.36))

(DR ch(w) gn = an<gn | %) Gn,

nel’ nel’

which, at second glance, shows a certain similarity to a decomposition of the wave
function ¢ € L?(R?) according to an orthonormal basis. Although the functions g,
obviously do not form an orthonormal basis (we have (g, | gn) # 0 for n # n’), we
will see in a moment that with a suitable choice of the phase space grid we obtain an
overcomplete set. This means that every function ¢ € L?(R?) can be represented as

Y= Z dn(¥) gn,

nel’

where the corresponding coefficients d, (1)) € C are no longer given by the weighted
inner products wy(gn | ¥). Our investigations will show how the coefficients d,(1)) can
be calculated using frames.

The following definition was taken from [Mal09, Definition 5.1].

Definition 33. Let H be a Hilbert space over the complex numbers and I' an index set
that might be finite or infinite. The sequence {¢n}ner s a frame of H, if there exist
positive constants B > A > 0 such that

Vo eM, AW <D [{dn)ul® < Bl (3.44)

nel’

When A = B the frame is said to be tight.

Remark 34. FEvery frame spans the Hilbert space H and if the vectors ¢y are linearly
independent, the frame is called a “Riesz basis”. Moreover, every orthonormal basis
of the Hilbert space is a tight frame with A = B = 1. The concept of frames is of
great importance in the field of signal processing and goes back to Duffin and Schaeffer
[DS52]. For a general introduction to this topic, we refer to [Mal09]. We also note that
frames have been generalised to the continuous domain, which allows, for example, an
alternative description of different function spaces, see [FR05].

If the frame condition is satisfied, then the operator
O:H — (1), (PY)n = (¢n, )y foralln €T,

is called a “frame analysis operator”, where

(T := {s eCh : Z |sal? < oo},

nel’
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and the adjoint ®* is given by the synthesis operator

O AT) = H, D*s = Sudn

nel’

For the choice H = L*(RY) and ¢, = g, we see that the frame analysis operator ® is
equal to our analysis operator Ar defined in , and therefore the question arises
under which conditions the sequence {gn tner is a frame. Without going into too much
detail, it should be noted that it can be proven that the sequence { gy }nezea is a frame
for sufficiently dense uniform phase space grids, which is then called a “Gabor frame”
or*“ Weyl-Heisenberg frame”, see |Gro0l, Chapter 5.2 and Chapter 6.5]. This reflects
in particular the fact that the completeness of the basis set depends crucially on the
density of the grid points. For example, in the one-dimensional case, it is known that
{9jx}jrez is overcomplete if and only if AgAp < 2me, see e.g. [MAOQL, Section III]. More
precisely, the completeness of the basis set depends on the sampling density

2me

= = 4
Ao (3.45)

where D < 1 implies undercompleteness and D > 1 implies overcompleteness.

Remark 35. We note that “completeness” means that (g;i | ¥) = 0 for all j,k € Z
implies 1» = 0. The proof that we get a complete set for D =1 can be found in [BGZ75],
which generalises the results of Bargmann et al. [BBGK71] and Perelomov [Per71].
However, it should be noted that not every ¢ € L*(R) has an L*-convergent expansion
in terms of the Gaussian wave packets g;, see [Fol89, Chapter 3.4].

In the case of an orthonormal basis, one can use the analysis coefficients (®1), to
reconstruct any element 1 of the Hilbert space. The next proposition was taken from
[Mal09; Theorem 5.4 and Theorem 5.5] and shows that frames have a similar property.

Proposition 36. Let {¢n}ner be a frame with bounds B > A > 0. Then, the operator
O*® is invertible and the sequence {¢ntner defined by

P = (@*Cb)_l ¢n forallnmel

1s a frame, the dual frame, that can be used to reconstruct every ¢ € H as follows:

(0 ::§£:<¢n7¢0?i$n ::2£:<énv¢07{¢n

nel’ nel’

In particular, the dual frame satisfies

1 ~ 1
veH,  ZlvlE <Y [nw)ul® < vl

nel’

and if the frame is tight, then ¢n = A .
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For the proof we refer to [Mal09, Theorem 5.4 and Theorem 5.5]. ]

Unless the frame is tight, we see that the computation of the dual frame requires
the inversion of the operator ®*®, whose supremum and infimum of the spectrum are
the same as of the Gram matrix G = ((¢n, On')#)nneer), see [Mal09, Theorem 5.1],
which is known to become ill-conditioned if the basis functions have a large overlap. This
problem has been studied extensively, see e.g. [FF15, Section 3|, and several stabilisation
algorithms have been proposed, see e.g. [FLE11,[KLY19]. In addition, various algorithms
have been proposed for the computation of the dual frame and the inversion of the Gram
matrix, including, for example, the Richardson iteration (aka “frame algorithm”, see
[Dau92]), the acceleration methods proposed by Grochenig, see [Gré93], as well as the
iterative refinement method proposed by Andersson, see [MAQ1].

Remark 37. The reciprocal of a real number a # 0 can be computed by Newton’s method
using that 1/a is the root of the function f: R\ {0} = R, f(x) = 27! —a. The corre-
sponding iteration is given by

200 _ g _ SE) o (gm)?,
fr(x)

The same algorithm can be used to compute the inverse of a given invertible matrix G,
which is known as Newton—Schulz iteration and reads

Xt — ox () _ x () x(n)

In particular, it can easily be shown that this method converges quadratically if the initial
datum is chosen such that | Id —GXO|| < 1 for a given submultiplicative matriz norm.
Using the Newton—Schulz iteration for the inversion of the Gram matriz, we get exactly
the iterative refinement method introduced by Andersson, see [MAQIL, Equation 23/, and
it seems that this connection has remained undiscovered until now.

In the next step, we show that compactly supported basis functions that approximate
a Gaussian profile form a frame whose dual can be explicitly specified. To transform our
original Gaussian basis into a basis with compact support, we use bump windows.

3.3.2 Bump windows and windowed basis functions
As described in detail in Section [1.1] parts of the present section (Sec. overlap to

a large extent with

1. the joint publication “Fourier Series Windowed by a Bump Function” with C.
Lasser appeared in Journal of Fourier Analysis and Applications, 26(4):65, 2020;

2. the joint preprint “The Gaussian Wave Packet Transform via Quadrature Rules”
with C. Lasser submitted to IMA Journal of Numerical Analysis on 15/12/2021,
e-print available at arXiv:2010.03478.
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There seems to be no general definition of window functions, but most authors tend
to think of a real function w # 0 that vanishes outside a certain interval. We now in-
troduce C*-bump windows by singling out two additional properties: On the one hand,
we require that bump windows fall off smoothly at the boundary of their support, and
on the other hand, to receive a faithful windowed shape of the original function, bump
windows have to equal 1 on a closed subinterval of their support. The plots in Figure|3.8
show three different bump windows (left) and their action on ¢ (x) = x (right).

Let us summarise these properties in a definition:

Definition 38. Let A > 0 and 0 < p < A. For some s > 1 we say that the function
wyx € C4(R) is a C°-bump window, if the following properties are satisfied:

(1)0 <wpa(z) <1, forx e (—A,N)
(2)wor(x) =0, forz € R\ (=, \)
(3) wpale) = 1, for z € [~p,p]

If p = 0, we say that the bump is degenerate. Moreover, whenever w,, € C°(R), we
say that w, » is a smooth bump.

Remark 39. We note that the class of bump windows include the famous Hann and
Tukey windows, see Section[4.3. In particular, compactly supported windows can obtain
at most root exponential accuracy, see [Tad8G], while smooth windows without compact
support can be used for pointwise reconstructions of exponential accuracy. For exam-
ples of non-compactly supported windows we refer to the work of Boyd in [Boy96] and
subsequent papers, who pioneered the concept of adaptive filters.

Smooth bump windows typically occur when working with partitions of unity and have
previously been used for data analysis of gravitational waves, see [DIS00, Equation 3.35]
and [MRS10, Section 2 (Equation 7)]. An example is given by the even function

1 if 0 < |z| < p,
1
_ if p<|z| <A, 346
RE (2 +2m) +1 .
0 if |z] > A

As we can see in the bottom two plots of Figure the product of a non-degenerate
bump w,  and a given function ¢ produces a (smooth) windowed shape, matching with
the original function ¢ in [—p, p|] and tending to zero at the boundaries of (—\, \).

For a given bump window w, y we now consider the windowed basis functions

95 (@) = gik(L)wpn(r — qr), (3.47)
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Figure 3.8: Three different bump windows (left) and their action on (z) = z (right).
The Hann window (top) can be viewed as a degenerate C''-bump, whereas
for 0 < a < 1 the Tukey window (middle) is a non-degenerate C'-bump.
In general, the C*-bump w,, (bottom) is s-times, but not (s + 1)-times
continuously differentiable.
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which approximate our original Gaussian basis functions g;; with centre ¢, and are
compactly supported in [gx — A, gx + A]. Furthermore, analogous to the definition of the
Gaussian summation curve S(z) in (3.1]), we define the windowed summation curve

SU(x) = gz —q)’, z€ER, (3.48)

kEZ

where gy’ := gow, . In particular, S¥ is strictly positive if consecutive bump windows
are sufficiently overlapping, that is, if the window parameter p satisfies

p > % (3.49)

2

Since on the one hand the original basis functions g;; form an overcomplete set if the
phase space density D defined in (3.45) satisfies D > 1, and on the other hand we have
p < A by the definition of bump windows, we expect that for A = me/Ap the windowed
basis functions g¥} also form an overcomplete set. The next lemma shows that we even
get a frame. Furthermore, the lemma shows how the windowed summation curve can
be used to construct a second frame.

Lemma 40. Recall the definition of the windowed basis functions in (3.47) and the
windowed summation curve in (3.48)) for a bump that satisfies (3.49) and A = we/Ap.
Moreover, let Q* := 1/S™. Then, the following sequences are frames of L*(R):

1 1
—g¥ and {—Q“’gw } (3.50)
{ V2A J’k}j,kez V2A - jkez

The crucial ingredient for the proof is the fact that inner products with the windowed
basis functions g¥} can be viewed as windowed Fourier coefficients and therefore the
frame condition follows via Parseval’s equation from bounds on the windowed
summation curve, see also [QY10, Lemma 3.1].

Proof. Like Qian and Ying, we only present the proof for the second family, because the
proof for the first follows the same arguments. Let £ € Z and consider the functions

hi(z) == Q" (x)gy (x), where gy == g5 (v —qr), 7 €R.

Moreover, for 1 € L?(R) let us introduce the functions

Yy = Yy,
as well as the windowed Fourier coefficients
G = [ e
Cy, (J ::—/ Yr(x)e” P* do
k 2X J g

:%/ P(z)Q” (x)gy (x) e i dy for all j € Z.
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To verify the frame condition (3.44)), note that

1 w w ?
‘<\/—2—>\Q 9k | ¢>

Hence, since Parseval’s equation (see e.g. [Edw82) Chapter 8.2]) yields

1
= 55 1(Q g% 10" = 2\Jew, ()

[e.9]

1 qr+A 1
Slenf =5 [ Wt de= o [l il a

JEZ
the monotone convergence theorem gives us

DU ETEIAN]

k€Z jEZ

=3 [ P ) de

kEZ

:/ D) S ()2 da.

keZ

Consequently, it suffices to prove the existence of positive numbers B > A > 0 such that

A<D (2)P < B forall z €R,
keZ

which then yields the frame condition

1
Al < 3 <¢—2_AQw9;‘:k|¢>

jkez
Since the windowed summation curve is Ag-periodic (cf. Lemma and, due to the
condition in ([3.49)), also strictly positive, S¥(z) is bounded for all x € R, where the
lower and upper bounds are given by

2
< Blly||*.

Sp = min SY(z) and Sy:= max SY(z).

z€[0,Aq] z€[0,Aq]
Consequently, the frame bounds A and B can be chosen as follows:

S S
S el = 31 @IPlok (1) > o S lai () = S§$)>S—§::A and
U

keZ kez U keZ

S )P < 20 v _

S2 S2
keZ L L

O

Remark 41. The above proof shows that the frame constants A and B can be expressed
in terms of the bounds Sy, and Sy of the windowed summation curve, and a comparison
must be made with [Gro01, Theorem 6.4.1], which extends Lemma to a larger class
of compactly supported basis functions.
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We are now ready to formulate the wave packet representation used by Qian and
Ying for the fast Gaussian wave packet transform. As shown in Proposition [36] the
reconstruction of any square-integrable function ¢ can be performed using dual frames.
Given our results so far, it seems reasonable to expect that the sequences in form
dual frames. Indeed, we get the following result:

Proposition 42. For any ¢ € L*(R), we have
w Z < g]k | ¢> ]k w Z ],kg] k> (351)
JkEL V2 S k€L

where the complez-valued representation coefficients 3} € C are given by

w _ Ap
r]: Qe <g] k | ’QZ)>
Recall that according to Theorem (RS) a wave packet 1) can be approximated as
A
S D
e rrny S( Z Ty,k ngm where r](fl: ) = o 8(9]k | ). (3.52)
k€T

The relationship between and thus puts Theorem |17|in a new light, namely
as an error representation for the reconstruction of wave packets based on dual frames.
In addition to the proof presented by Qian and Ying, see [QY10, Lemma 3.2|, we present
a new proof based on windowed Fourier series.

Proof (of Proposition |49 via windowed Fourier series).
Let ¢ € L*(R). For k € Z we introduce the windowed function

Ui =gy € L*(R).

In particular, ¥} is compactly supported in [gx — A, gx + A]. We represent 1}’ almost
everywhere in [qr — A, ¢x + A] via its windowed Fourier series (cf. Proposition as

=" (et
JEZ

where the grid points p; are given by p; = jme/X and the windowed Fourier coefficients
cy. (j) are given for all j € Z by

] 1 qr+A
=gy [ e rras= oo [ sigEme e
qr—A

In particular, for all j, k € Z we conclude that

_Ap
C"Z}k( eep](Ik = / QID g]k

27T€ <gj/€ | 77/}> = T],ka

70



which yields that
Y (j)eiti® = rueipi@=®)  for all w € R, (3.53)

Consequently, using that g}’ is compactly supported, we obtain (almost everywhere)

b(@) = () (ﬁ 3 |g;:<x>|2> = s;m S g (@)gl ()

kEZ kEZ
1 w o[\ ipix w 1 w W
- (S )i - s 3
kEZ JEZ J,k€EZ

The proof of Proposition 42| shows that the coeflicients 77 are given by

ri =i (e, Gk EL
where ¢ (j) is the jth Fourier coefficients of the windowed function ¢}’. Consequently,
using the fast Fourier transform (FFT) for the computation of the coefficients 7}, and its
fast inverse (IFFT) for the synthesis, we obtain a fast algorithm for the reconstruction
of arbitrary wave functions (not necessarily Gaussians). This explains why Qian and
Ying use the prefix “fast”. In particular, a detailed description of how the FFT can be
used to compute windowed Fourier coefficients can be found in Appendix [7.3]

Remark 43. Qian and Ying use the fast computation of the representation coefficients
for a reinitialisation algorithm and introduce a Gaussian beam method to solve the time-
dependent Schrodinger equation, see [QY10, Algorithm 4.1]. Although the FFT was used
for the first time in this context, we would like to point out that the fast computation of
frame coefficients was already used before, see e.g. [Mal09, Chapter 5.4.1].

Decay of the representation coefficients

For the original Gaussian basis functions g;; we have already seen that the norms of
the representation coefficients decrease exponentially, see Lemma and therefore we
expect the coefficients to decrease very fast also for compactly supported basis functions.
Indeed, Qian and Ying write (JQY10, Page 7857]): “For a typical initial function [...],
most of the coefficients [...] have small norms.”, but give no rigorous explanation for
this statement. Before we close this chapter, let us justify this statement in more detail:
Since it follows that

|r;”k| = |cfp"k(])| for all j,k € Z,

the decay of r}; with respect to j is given by the decay rate of the Fourier coefficients of
the compactly supported function ¢}’, which is known to be at most root exponential,
cf. Remark On the other hand, we can prove spectral convergence for the decay rate
of \r;"k| with respect to k, provided that ¢ is a Schwartz function and the bump is even:
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Lemma 44. Let ¢ € S(R) and assume that the bump window w, 5 is an even function.
Then, for all s > 1, there exists a positive constant Cs > 0, depending on s,v,w, and
the width v of the basis functions, such that, uniformly in j € Z,

Cs
il < T for all k # 0.

Proof. The relation in (3.53)) yields for all j, k € Z:

1 oo
il < o5 [ W@ e - a0 d.

—00

Using that the window is an even function, we conclude that

o0 —1/4,1/4
Iobhee [ oo tuatan — o) = T 0] ) a0

and by [Fol99, Proposition 8.11] it follows that || % w, ) is a real and non-negative

Schwartz function. Consequently, there exists a positive constant C'(s, v, w, ) > 0 such
that, for all s > 1 and all z € R\ {0}, we have

C(s, ¥, w,,
(6] ) (a) £ S,

Hence, the claim follows for the constant

(wg)*l/‘* 1/4

]

Cs = C(S, w, U)p,)\)W,

where we used that ¢, = k. O

Our analysis shows that the representation coefficients r¥) decrease rapidly, but we
do not obtain a Gaussian decay. However, depending on the choice of bump window,
the estimate in can be used for practical applications, because it is not possible
to distinguish Gaussian functions from windowed Gaussian functions due to machine
precision (provided that the window parameter p is sufficiently large).
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3.4 Summary of this chapter

Discretisations of the FBI formula lead to discrete representations of wave functions and
the separation of position and momentum space can be used to apply efficient rules that
go beyond simple Riemann sums. If the separation is accomplished via the Gaussian
summation curve in position space, we obtain a rescaled superposition of Gaussian wave
packets, where each basis function is rescaled by S(z). In particular, since for suffi-
ciently dense grids the summation curve can be approximated by a constant depending
on the grid size, the resulting approximations lead to pure Gaussian superpositions and
correspond to a direct discretisation of the phase space integral. The rescaled basis
functions g;x(x)/S(x) can be understood as an approximation to the dual frame formed
by the basis functions. Furthermore, for the representation of Gaussian wave packets,
the representation coefficients resulting from the discretisation of the FBI transform can
be calculated analytically, without high-dimensional numerical integration or the inver-
sion of overlap matrices. Bump windows can be used to construct a basis of compactly
supported wave packets approximating a Gaussian profile and the corresponding rep-
resentation coefficients are then given by windowed Fourier coefficients. The variants
and of the discrete Gaussian wave packet transform based on uniform grids
in both position and momentum space can be derived in three closely related ways:

1. via the discretisation of the phase space integral in the FBI formula.

2. via the decomposition of the wave packet using the frame that is formed by the
(windowed) Gaussian basis functions.

3. via the approximation of the wave packet by windowed Fourier series.
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4 Excursus: Windowed Fourier series

As described in detail in Section parts of the present chapter overlap to a large
extent with the joint publication “Fourier Series Windowed by a Bump Function” with
C. Lasser appeared in Journal of Fourier Analysis and Applications, 26(4):65, 2020.

In this chapter we study windowed Fourier transforms and transfer Jackson’s clas-
sical results on the convergence of Fourier series to windowed series of not necessarily
periodic functions. We start by recalling basic properties of Fourier series for functions
with bounded variation in Section 4.1} Afterwards, in Section we present windowed
transforms and estimate the corresponding reconstruction errors. In Section the re-
sults are then applied to bump windows, which we have already used in Section [3.3.2
for the construction of compactly supported basis functions. Finally, in Section we
present numerical experiments that underline our theoretical results and illustrate the
advantages of bump windows.

The theory of Fourier series plays an essential role in numerous applications of contem-
porary mathematics. It allows us to represent a periodic function in terms of complex
exponentials. Indeed, any square-integrable function f: R — C of period 27 has a
norm-convergent Fourier series such that (see e.g. [BN71l, Proposition 4.2.3])

flz) = Z f(k)e““ almost everywhere,

k=—oc0

where the Fourier coefficients are defined according to
fit) =5 [ st dn, kez
27 ), ’

By the classical results of Jackson in 1930, see [Jac94], the decay rate of the Fourier
coefficients and therefore the convergence speed of the Fourier series depend on the reg-
ularity of the function. If f has a jump discontinuity, then the order of magnitude of
the coefficients is O(1/|k|), as |k| — oco. Moreover, if f is a smooth function of period
27, say f € C*TY(R) for some s > 1, then the order improves to O(1/|k[*1).

In the following we focus on the reconstruction of a not necessarily periodic function
with respect to a finite interval (—A, ). For this purpose let us think of a smooth,
non-periodic real function : R — R, which we want to represent by a Fourier series.
Therefore, we will examine its 2\-periodic extension, see Figure 1.1 As we can see,
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Figure 4.1: Effect of the periodisation: If 1)(—AT) # (A7), then the 2\-periodic exten-
sion produces jump discontinuities at +X. Consequently, the order of the
Fourier coefficients is O(1/|k|).

whenever 1)(—AT) # (A7), the periodisation has a jump discontinuity at A, and thus
the Fourier coefficients are O(1/|k|). An easy way to eliminate these discontinuities
at the boundary, is to multiply the original function by a smooth window, compactly
supported in [—A, A]. The resulting periodisation has no jumps. Consequently, one
expects faster convergence of the windowed Fourier sums. Therefore, we investigate the
convergence speed of Fourier series windowed by compactly supported bump functions
with a plateau. The properties of these bump windows will allow an effortless transfer of
Jackson’s classical results on the convergence of the Fourier series for smooth functions.

4.1 Functions of bounded variation and their
Fourier series

Let us start by recalling basic properties of the Fourier series for functions of bounded
variation. We denote by BV),. the set of functions f: R — R, which are locally of
bounded variation, that is of bounded variation on every finite interval. In particular,
we assume that such functions are normalised for any x in the interior of the interval of
definition, see [BN71, Chapter 0.6], by

1) =5 (1) + 56) = 5 (Jim flo o)+ fim fla =)

2 2 \t—0+
We recall that a function of bounded variation is bounded, has at most a countable set

of jump discontinuities, and that the pointwise evaluation is well-defined.

4.1.1 The classical Fourier representation

Recall that any 27-periodic function f € BV, has a pointwise converging Fourier series,
see e.g. [BNT1, Proposition 4.1.5]. Let us transfer this representation to an arbitrary
interval of length 2\:
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Lemma 45. Suppose that 1) € BV, as well as X > 0 and t € R. Then,

2) =Y cy(k)e*3T, me(t—M\t+ ),

kEZ

where the coefficients ¢, (k) are given by

1 [ 5
cy(k) = —/ Y(x)e ™M *de, k€.
2X Ji-x

For the proof of Lemma 45| and our subsequent analysis, we will use a translation, a
scaling and a periodisation operator. For the centre t € R and a scaling factor a > 0,
we introduce:

T;: BViee = BVio, (Ti))(x) :=¢(z + 1),
Sa: BViee = BViee, (Sa®0)(x) := ¢ (ax).

For the period half length A\ > 0, we set

P/\: B\/loc — BV1007

D(x), if 2 € (=\\),
(Pav)(@) == ¢ 1

E(w(—m + 1/)(/\‘)), if x = \.

Proof. Consider the 2m-periodic function f = P,Sy,T;%. Then, it follows from Lemma
that f € BV, and therefore

Y fker, aeR

k=—o00

The Fourier coefficients of f are given by

k) = ;ﬂ @) e = % / (Sa/n T (z)e ™ da
1 t+/\ -

_ —i —t)
=55 | @

Consequently, for all z € (t — A\, t + \) we obtain

P(z) = ( tSﬂ-/)\f Z% zkﬁ‘r-

kEZ
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4.1.2 The classical result of Jackson

In general, even if v is a smooth function, the periodic extension f = PS,/, Ty € BV,
has jump discontinuities at £m. Let V(f) < oo denote the total variation of f. Then,
the decay of the Fourier coefficients can be bounded (see e.g. [Edw82, Chapter 2.3.6])
as follows:

~ 1
|k -cy(k)] =1k f(k)] < Q—V(f), for all k € Z.
T
Hence, the coefficients are O(1/|k|). As we will see in a moment, the rate of the coeffi-
cients transfers to an estimate for the reconstruction errors. For an arbitrary function

f € BV, of period 27 let us introduce the partial Fourier sum

Spf(x) = Z f(k)eik”, n>1zeR.

k=—n

Our analysis relies on the following classical result by Jackson on the convergence of the
Fourier sum, see [Jac94, Chapter 1.3 (Theorem IV)]:

Proposition 46. If f: R — R is a function of period 2w, which has a sth derivative
with limited variation, s > 1, and if V is the total variation of ) over a period, then,
forn >0,
2V
[f(2) = Suf(@)] < —, weR

smns’

4.2 The windowed transform

In Section [3.3.2 we have introduced bump windows. Since the following results on
windowed Fourier series hold for a larger class, let us define general window functions.

Definition 47. Let A > 0. We say that a function w € BV, is a window function on
the interval (—\, \), if the following properties are satisfied:

(D)0 <w(z) <1, forx e (=\N)
(2)w(x) =0, forx € R\ (=A,\)

In particular, we obtain the rectangular window, if w(z) =1 for all z € (=A, \), and
for simplicity we just write w = 1 in this case. For 1) € BV}, a fixed parameter t € R
and a window w on (—\, \), we introduce the windowed periodisation

d}w = P7TS>\/7T [U) : Ttw] .
Note that 1, is 27w-periodic. Moreover, the next lemma shows that 1, € BV,..

Lemma 48. Let w be a window on (—\, X). Moreover, let 1) € BV, andt € R. Then,
the windowed periodisation 1, is of bounded variation.
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Proof. Since the window w is of bounded variation, it is a bounded function and so it is
easy to see that w- Ty is also of bounded variation. Furthermore, since the variation of
w- Ty on a finite interval [a, b] is equal to the variation of Sy [w - Tyt)] on [am /A, b/
it suffices to show that the periodisation operator maps BV, to BVy,.. For a function
f:[a,b] — R and a partition P of some finite interval [a,b] we denote by V(f, P) the
variation of f with respect to P, and by V(f) the total variation of f on [a,b]. Now, for
Y € BV and A > 0 consider f := Py¢. It remains to show that V(f|_y ) is a finite
number. Therefore, let

P={-X=ux¢,x1,..., 051,21 = \}

be a partition of [—A, A]. Then,

k

V(f, P) = Z |f(33z) - f($i71)|
k

<D ) = i)+ [B(=A) = FN)]+ F) =D (V)]

=V (@, P) + [0(=A) = f(=N] + [f(A) —p(N)].

Thus, taking the supremum among such partitions, we conclude that

V(flioan) = V(@lan) + 10(=A) = F(=N)]+ [f(A) = ¥(N)] < oo

4.2.1 The windowed representation

According to the classical Fourier series of the periodisation presented in Lemma[45] the
windowed series allows an alternative representation with potentially faster convergence.

Proposition 49. Let ¢ € BV, and A > 0 and t € R. If w € BV, is a window on
(—=A,\), then,

Y@yw(r —t) =Y ch(k)e™", ze(t—At+N),

kEZ

where the coefficients ci(k) are given by

1 4+ o
cp(k) = X /t_/\ Y(x)w(z —t)e *3dx, k€ Z

The statement in the above Proposition follows as in Lemma [45] but this time for the
Fourier series of the 27-periodic windowed shape 1, € BVj,..
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Suppose that ¢, € C*(R), s > 1, and that 1/){? has bounded variation. Then, as it
follows from [Jac94, Chapter I1.3 (Corollary I)],

V()
m|k[st1’

(k)] = [thu(k)] < k#0,

and thus the decay rate of the windowed coefficients ¢}, improves to O (1/[k[**1).

4.2.2 An error estimate for the representations

Forn>1and z € R let

n n

Ry (x) = Z ch(k)e™3* and  Rpi(z) == RY="p(x) = Z cok)ei*ie.

k=—n k=—n

Note that Ry = T_;S;/\(Spw). We now transfer Jackson’s classical result in Propo-
sition 46| to an estimate for the windowed reconstruction errors in terms of the Lipschitz
constant of wfj ). In order not to overload the notation unnecessarily for the presentation
of the main results, we assume that A = 7 and t = 0, that is, both the function 1 and ,,
are 27-periodic and centred at the origin. However, all results could also be formulated
for an arbitrary choice of A > 0 and ¢t € R by performing an appropriate scaling and
translation.

Theorem 50 (Reconstruction, windowed series, A = 7 and ¢ = 0).

Suppose that 1, € C*T1(R), s > 1 and let Ly > 0 denote the Lipschitz constant of wq(j)
over [—m,m|. Moreover, let 0 < p < w. Then, for n > 1 the error of the reconstruction
RY1) in the interval [—p, p] is given by

4L
2 4.1
sns’ (4.1)

sup [(z) — Ry (x)| — Koo(9h, w, p)

xe[fpvp]

<

where the non-negative constant K. (1, w, p) > 0 is given by

Kalw,p) = swp (j(@)|(1 - w(@)).

IEE[—p,p}

Proof. Let V < oo denote the total variation of w&,s ) over a period. In particular,

V= / D (2)| do < 27 L.

Hence, for all x € R the classical Jackson result in Proposition 46| yields
4L,

sns’

An(7) := [hu() = RyYw ()| = [thw(T) — Sptpw ()] <
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Moreover, for all z € [—p, p] we have 0 < w(z) < 1 and thus, by the reverse triangle
inequality, we obtain

() — R(a {}‘w (1= w(a >){+}An<x>

Taking the supremum proves (4.1)). H

Note that for w = 1 we obtain the convergence of the plain reconstruction R, 1, where
Ko (¥, w, p) = 0. Theorem [50] allows a calculation of the L?-error:

Corollary 51. The L%-error of the reconstruction is given by

16pLy 32pL2
s KOO("?D)w’p) + 2 28’
sn s%n

= B3y — Ko, )| < (4.3)

where the non-negative constant Ky(1, w, p) > 0 is given by

Katw,w.p) = [ 1)1 = w()) dn

In particular, Ko(1p,w, p) =0, if and only if Ko (¢, w,p) = 0.

Proof. For p € {1,2} we introduce Ny := |V — Ryl 1o(_,,)- Then, it follows from

that for all z € [—p, p]:
bl - vy {40

w < +
Hw - RaniQ([fp,p}) {>} KZ(wvva) {_} 2KOO(¢7w7p>N1,n,p + N22,n,p

2

)

IV A

ta) - REw(o) {

and therefore, integration yields

Consequently, (4.3)) follows from

/ 8pL
Nl,n7p S 2p . NQ,n,p S 2p ( sup An(l')> S 14 )

TE [7P7P] Sns
[

In addition to the assumptions in Theorem [50] let us assume that w(z) = 1 for all
x € [—p, p|. Then, it follows that K. (¢, w, p) = 0 and therefore K5(¢, w, p) = 0. Hence,
the reconstruction errors converge to 0 as n — oo. This motivates the investigation of
bump windows.
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4.3 Bump windows revisited

Recall the definition of bump windows in Section [3.3.2. A famous member of this class
is the Hann window, which can be defined as follows, see [Mal09, Chapter 4.2.2]:

Definition 52. Let A > 0. For all x € R the Hann window is given by

hann, (z) = cos? (%x) L (lz]) = % [1 + cos (;:E)] Lo (|z]).

In the sense of Definition the Hann window is a degenerate C*-bump. In particu-
lar, for 0 < p' < A it follows from Theorem 50| and Corollary |51} that the reconstruction
errors for a function ¥ # 0 on the interval [t — p/,t + p] are bounded from below by
positive constants K, (1, w, p'), Ko, w, p’) > 0. This fact can also be observed in our
numerical experiments, see Section 4.4.1 and Section [4.4.2.

The Hann window is a famous representative of windows specially used in signal
processing. As it turns out, the Hann window arises as a special candidate of a more
general class, the Tukey windows, see [Tuk67], often called “cosine-tapered windows”.
These windows can be seen as a cosine lobe convolved with a rectangular window:

Definition 53. The Tukey window with parameter o € (0, 1] is given by

1 T|x T
tukey (o) = Toga-a((e) + 3 [ 1= cos (5 = D] 1iaapnti

Q
The Tukey window is a C'-bump w, , with p = (1 — a)\. In particular,
tukey, , = hanny = wp y,

and for 0 < a < 1 the Tukey window is not degenerate. We note that the sum of
phase-shifted Hann windows creates a Tukey window:

Lemma 54. Let 7 >0 and m > 0. Then, fora=1/(m+1) and A = (m + 1)1,

Z hann, (e — k1) = tukey,, , .

k=—m

Proof. For all x € R we introduce the function

H, p(x) = Z hann, (x — k7).

k=—m
Obviously, H.,, is an even function. Thus, for all z € R we obtain

m

Heop(a ZhannT 2] — k) = %Z [14-cos (Z(lol = k7))] - 1 (la] — b7)

k=0
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4.3.1 The representation for bump windows

The windowed Fourier series in Proposition 49| applies to bump functions and yields the
following representation in the restricted interval [t — p,t + p|:

Corollary 55. Suppose that ) € C*TH(R), s > 1, as well as A > 0 and 0 < p < X and
teR. Ifw,y € C5THR) is a C -bump on (—\, ), satisfying the three conditions in
Definition [38, then,

ch e*xT welt—pt+pl,
keZ

where the coefficients ci(k) are given by

1 .
cy(k) = ﬁ/ V(@) wpr(r — t)e *3"dz, k€ Z.
=2

In particular, if Ly > 0 denotes the Lipschitz constant of wff) over |—m, 7|, then,

w V(s ) L,
|cw(k:)\§7rlk| - |k|5+1’ k0. (4.4)

We note that for w = hann, the representation in Corollary [55|shrinks to a pointwise
representation at x = ¢. Furthermore, the bound in depends on the choice of the
bump w, », and for p =~ A the windowed transform does not lead to an improvement of
the decay for low frequencies k, because in this case the action of the bump is comparable
to a truncation of 1, such that the Lipschitz constant L, dominates. We will illustrate
this fact with numerical experiments in Section [£.4.2. Moreover, we note that for a
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smooth bump w, » € C°(R) the coefficients ¢jf (k) do not decay exponentially fast, since
the window is compactly supported and thus not analytic, see [Tad86]. Nevertheless,
the coefficients of a smooth bump have an exponential rate of fractional order and the
actual rate can be classified by analysing their so-called “Gevrey regularity”, see [Tad(7,
Equation 2.4].

Remark 56. In [Boy06] a smooth bump is designed such that the order of the windowed
Fourier coefficients is root-exponential (at least for the saw wave function), wheres in
[Tan06] we find a non-compactly supported window, for which we obtain true exponential
decay. We note that Boyd and Tanner focus on an optimal choice of window parameters
i order to obtain the best possible approximation results.

4.3.2 A bound for the Lipschitz constant

We now investigate the Lipschitz constant L in Corollary [55] Using the work of Ore in
[Ore38], we crucially use an estimate on the higher-order derivatives of the product of
two functions, which is developed in Section [4.3.3.

For a function f: R — R, that is (s + 1)-times differentiable, s > 1, with a (s + 1)th
derivative bounded on a finite interval (a, b), let us introduce the non-negative constant

Cs 5= sup |f(x)|—f—(b_—a)SJrl sup |f¢)(z)] >0 (4.5)
’ z€(a,b) (S + 1)‘ z€(a,b) a

Theorem 57 (Bound for the Lipschitz constant, A = 7 and ¢ = 0).
Let 0 < p < 7 and suppose that ¢ € C*™1(R) and w,, € C:TH(R) for some s > 1.
Assume the ewxistence of two non-negative constants My, My, ., > 0, such that

[Y(x)] < My and |1/1(s+1)(x)| < My,,, foralze (—mm).

Then, the Lipschitz constant Ls in Corollary[55 is bounded by

s Cs,wcs,w
Ly < My, + My|w§H]|o + et K,

where the non-negative constants Cs y, Cs,, > 0 are given by

(2m)°H! (2m)
Csyp = My + mesﬂ and  Cyp =1+ m!lw&ﬁ!lw

and the constant K, > 0 is given by

22s+182(38)!

K, =
(25 4+1)!

(4.6)
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Proof. According to Proposition in the next section, we use the bound for the (s+1)th
derivative of the product fg for f = w,, and g = 1. This results in

ds+1 C..C
= — (s+1) Zspsw
LS - xGS(ETIiW) dIS'H (wﬂﬂ(x)w(x))‘ S M¢s+1 + M"prp,ﬂ' HOO + (27T>5+1 S
Moreover, for the formula of the constant K in (4.6) we refer to Lemma . O]

Remark 58. Stirling’s formula yields the following approzimation of K:

25 2%°5(3s)!  4°sy/6ms(3s)*e™* /3 <27s)s

s = =S
2s+1 (29)! VAams(2s)?se=2s 2

e

The sign ~ means that the ratio of the quantities tends to 1 as s — o0.

In |[GT85, Lemma 3.2], Gottlieb and Tadmor present a bound for the largest maximum
norm of a windowed Dirichlet kernel (regularisation kernel) and its first s derivatives.
This bound is used to derive an error estimate for the reconstruction of a function by
a discretisation of the convolution integral with an appropriate trapezoidal sum (cf.
[GT85, Proposition 4.1]). Instead of working with the largest maximum norm of the
first s derivatives, we are now presenting a new bound for the (s + 1)th derivative of a
product of two functions. We therefore combine the Leibniz product rule with individual
bounds for intermediate derivatives, and to the best of my knowledge, this is the first
time that an explicit bound has been revealed this way.

4.3.3 Estimating higher-order derivatives of a product

If fis (s + 1)-times differentiable, and if its (s + 1)th derivative is bounded on a finite
interval (a, b), then, it follows from [Ore38, Theorem 2| that all intermediate derivatives

are bounded. In particular, for all i = 1,...,s and all = € (a,b),
- C
(@) < K(i.s) - sf 4.
9] < Klis) - = (4.7
where the combinatorial constant K (i, s) > 0 is defined according to
2i_2 2_12_“ 2_'_12
Kis)= 2t =) 20217 gy (4.8)

1-3-5--- (20— 1) ’

We now use the general Leibniz rule to lift this result to an explicit bound for the
(s 4+ 1)th derivative of the product of two functions.

Proposition 59. Let s > 1 and f,g: R — R, both (s+ 1)-times differentiable in a finite
interval (a,b). Assume the existence of four non-negative constants

My, My, My, ., M

gs+1 Z 0

Y
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such that for all x € (a,b):
|f(:L‘)| < My, |g(x)| <M, and |f(s+1)(x)| < My, |g(8+1)( )| < My,,,.

Then, for all x € (a,b) we have

Os,f Cs,g

’(fg)(sﬂ)(f” < MyM,,, + My, My + m SEAT)

where the constants Cs 5, Cs ; > 0 are defined according to (4.5)) and the constant Ky > 0,
which only depends on s, is given by

K, — ; (3 Z 1)}((3 1k s)K (K, s). (4.9)

Proof. By the general Leibniz rule the (s 4 1)th derivative of fg is given by

s+1 s + 1
(fg)(erl) _ Z ( i )f(erlk)g(k).

k=0
We therefore obtain the following estimate for all x € (a, b):

s+1

|(fg)*) ()] < Z ( o 1)|f(5+1 ()| ()|

L /s+1 sl
< MyMy.,, + My My + Y ( \ )|f< 0 (a9 ().

k=1

Using (4.7) for 1 < k < s, we conclude that

C
s+1—k s,f
F @) < K(s 1= k) sy
199(2)] < K (k,s) - 22
- ’ (b—a)k’
and thus
s Cs.rCs,
’(fg>( —H)(x)l < MfMgs+1 + Mfs+1Mg + (b—f—a)sil - K.
O]
Remark 60. The bound
i ~ M
@I < Kliys) = € (@b,

for a polynomial f of degree s is due to W. Markoff (1916) and it is known that the
equality sign is attained for the Chebyshev polynomials, see [MG16].
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4.3.4 The combinatorial constant

Next, we will investigate the combinatorial constant K, and derive formula (4.6)) pre-
sented in Theorem [57]

Lemma 61. Let s > 1. The combinatorial constant Ks > 0 in (4.9) satisfies

225+1S2(38)!
Ki=——-- 4.10
(254 1)! (4.10)
Proof. We start by rewriting the constant K (i, s) that has been defined in (4.8)). Let
i€ {l,...,s}. For the numerator we obtain
, ) , + @')l
9. 62 (2 12) (2 — (i —1)2) =9 . " ‘(5
(st (P - ) =2
For the denominator we have
. (26 —1)! (20)!
1-3:5---(20—-1) = = = —.
Ci=D =551~
Hence, we can rewrite K (i, s) as
, s (s+a)! 204 s 9 o S+
K = 92t. . . = .29t gl
(i;5) sti (s—0) @) s+q c "2 )
and the summands that define the number K in (4.9)) can be expressed as
1
(SZ )K(s+ 1=k, s)- K(k,s)
+Ek—1)-(2s—k)!
— 9% (s+ 1)1 (25)2 (s .
(s D8 ) e = s — 26 1 2 (= 1)1
Therefore we conclude that
s—1
+ k) (25 — k — 1) - (25)?
Ky=2%(s+ 1) (s 4.11
(s+1) kzo(21{:—1—2)!-(3—/{—1)!-(25—2k)!-k! (4-11)
s—1

2s — k 25 s+k+1 2s
— 925, I. = . =~
27 (s + 1) K k >2s—k <s—k—1)s+k+1]

k=0
Finally, let us introduce

% — i\ 2
mj(Qs):(Sj j>23jj for j=01,....5—1.

Recognising our constant K as a Vandermonde-type convolution and using the repre-
sentation in [Goub6, Equation 4], we write

s—1
K, =2%(s+1)! Z K (28) ks p_1(28) = 2% (s + 1)k _1(45)
k=0
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92554 1)] (38 + 1> 4s  2%t1s%(3s)!

s—1/)3s+1  (2s+1)!

In Appendix we derive an upper bound for K based on binomial coefficients.

4.4 Numerical experiments

According to our results in Theorem [50| and Corollary [55| we present numerical exper-
iments for three different functions. We investigate reconstructions with the smooth
bump w, » given by , compared to those with the Hann window in Definition
and the Tukey window in Definition [53] Besides the reconstructions we also present the
decay of the coefficients and the reconstruction errors.

In Section [4.4.1 we start with the saw wave function to demonstrate the superiority of
the windowed transform with a smooth bump for a function having a high jump dis-
continuity. Afterwards, the experiments in Section [4.4.2 deal with a parabola function.
The symmetric periodic extension has no discontinuities, and therefore the parabola is
a good candidate to illustrate the limitations of bump windows. Last, in Section [4.4.3
we work with a rapidly decreasing function. As we will see in this example, for low
frequencies all coefficients (plain, tukey, bump) have a rapid initial decrease, implying
excellent reconstructions.

Remark 62. In the following experiments, the dependency of the windows on the pa-
rameters \, p and o are always assumed implicitly and therefore we write

hann = hanny, tukey = tukey, ,, bump = w, .

For the numerical computation of the (windowed) coefficients we used the fast Fourier
transform, see Appendix

4.4.1 Saw wave function

In the first example we consider the function
Y(x)=x, |[A=m, p=097,t=0].
The corresponding periodic extension Py results in a saw wave function.

We note that ¢, (k) and ¢l (k) can be evaluated analytically and are given by

co(l) =i - (_1? ke Z\{0}, (k)= —i- % keZ\{-1,0,1}
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Coefficients (saw wave) Coefficients (bump only, semi-log)
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Figure 4.2: Decay of the coefficients (above) and reconstruction errors (below) for the
saw wave. The plain coefficients (orange) have order O(1/|k|), while the
coefficients for the bump (green) show exponential decay (upper right side).
For the Hann window the errors converge to constant values larger than 1
(red crosses).
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Reconstruction (saw wave) Detail
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31 .
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Figure 4.3: Plot of the reconstructions R1g¢) and R{yi) for the saw wave. For x € [—p, p]
(dotted lines) the bump-windowed reconstruction (green) matches well with
the original function and the typical overshoots (Gibbs phenomenon) of the
Fourier sum (orange) are dampened. The reconstruction with the Hann
window (blue) is accurate only in a small neighborhood of 0.

and cy(0) = ™ (0) = 0,c™(—=1) = —¢}*(1) = 3i/8. Moreover, since ¢ is a real
function, we conclude that

(k) =ci(k), ke
The upper left-hand side of Figure shows |cy(k)[> = 1/k?, as well as |clj(k)|* for
both windows (hann and bump). We observe that the windowed coefficients have a
faster asymptotic decay than the plain Fourier coefficients. The coefficients and the
reconstruction errors for the bump (green) show the best asymptotic decay. As we
observe in the upper right plot of Figure [£.2] the bump-windowed coefficients show
exponential initial decay. In particular, we recognise a trembling for these coefficients,
while the other (plain and hann) have a smooth decay. We provide an explanation of
this phenomenon in Appendix The reconstructions Ry and R{jy are visualised in
Figure [4.3] For the bump we recognise a good convergence to the original function 4 in
[—p, p] (dotted lines), and the typical overshoots of the Fourier sum at the discontinuity
(Gibbs phenomenon, see e.g. [Tad07, Section 3]) are dampened. As expected, the
reconstruction with the Hann window is accurate only in a small neighborhood of the
centre ¢ = 0, and according to Theorem [50] and Corollary [51| the reconstruction errors
converge to K (v, w,p), Ko(,w,p) > 0. For the saw wave these constants can be
calculated analytically in terms of A and p, and their values are given by K., ~ 8.91 and
Ky =~ 2.76. We have marked these values with red crosses and observe a perfect match.

Remark 63. As we have discussed in Section[{.3.1, the coefficients of the bump do not
fall exponentially fast for all k, since the bump is not analytic. However, in [Boy00] the
author presents a smooth bump that is based on the erf-function, such that the Fourier
coefficients for the saw wave fall exponentially fast (exponential of the square Toot of k).
This is achieved by an optimisation of the corresponding window parameters. In view of
the bump used here, this relates to an optimal choice of p.
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Coefficients (parabola, p; = 0.25) Coefficients (p2 = 0.8)
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Figure 4.4: Decay of the representation coefficients for the parabola with p; = 0.25
(left) and po = 0.8 (right). Again, the coefficients for the bump show a fast
asymptotic decay.

4.4.2 Parabola

We consider the symmetric function
P(x) = x2’ [)\ =1, p1 =025, p=0.8,t=0]|.

Note that

(=11 - 3k?)
kQ(kQ _ 1)27'('2 )

eoh) = 2000 ez qoy, demr) =

k2m2

keZ\ {-1,0,1},

as well as
1

27

1 ann ann ann
cp(0) =3, ™(0) =3 - (1) = (1) = — - =5

=

™

The plots in Figure [4.4] show the decay of the coefficients. Especially for low fre-
quencies, the coefficients for the Hann window show the fastest decay. Nevertheless,
we observe once more that the bump coefficients and errors have the best asymptotics,
see Figure [1.5] As for the saw wave, the constants K. (¢, w, p) and K(1,w, p) can be
calculated analytically and are given by

and 9 RS

o~ {9.1 1073, if p = 0.25,

4.7-1075, if p = 0.25,
0.58, if p=0.8,

0.075, if p=0.8.

We have marked these values with red crosses and verify the predicted convergence of
the errors. The reconstructions Rso(¢) and R (1) are visualised in Figure [1.6] For
the first choice p; = 0.25 (left) the bump-windowed series approximates the original
function only in the small interval [—pq, p1] = [—0.25,0.25]. We note that the periodic
extension of the parabola has no discontinuities and therefore the plain reconstruction
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Figure 4.5:

Figure 4.6:
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Reconstruction errors for the parabola with p; = 0.25 (left) and p, = 0.8
(right). For the second choice the smooth bump has a large derivative in the
interval (0.8,1), implying a large Lipschitz constant L,. Consequently, for
low frequencies the errors are worse than for the plain coefficients.

Reconstruction (p; = 0.25) Reconstruction (p2 = 0.8)

Reconstructions of the parabola. For p, = 0.8 (right) the bump-windowed
shape (green) has a large derivative in (0.8,1), implying a slow decay of
the windowed coefficients. For p; = 0.25 (left) the coefficients fall off much
faster, but the reconstruction is faithful only in a small interval, comparable
to the Hann window.
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Figure 4.7: Coefficients (left) and reconstructions Ry and R}t (right) for the rescaled
Hermite function. All coefficients show a rapid decrease for low frequencies
and thus we obtain excellent reconstructions for all series.

gives a good approximation, even with few coefficients.

For a bad choice of the parameter p, the reconstruction with the bump gets worse.
According to Theorem [57], the Lipschitz constant Ly is getting large as p — A, implying a
slow decay for low frequencies, which can particularly be observed for the choice p, = 0.8.
This value leads to a large derivative of the smooth bump wgg; in the interval (0.8, 1).
For low frequencies, the coefficients and the errors for the bump show a slow decay (right
plots in Figure and are even worse than for the plain Fourier series.

4.4.3 A function of rapid decrease

We also applied the windowed reconstructions to

¥(z) = (82° — 2422 + 120 + 4) e~ @72,

A=27m, p=>59t=1].

We note that ¥ (x + 1) is the product of the Hermite polynomial Hs(x) = 823 — 12z
times a Gaussian, i.e., a rescaled Hermite function. For the centre we chose ¢t = 1. In
contrast to the previous examples, we now work with the Tukey window for « = 1—p/A,
see Definition . We recall that this window is a non-degenerate C*-bump. The 2\-
periodic extension of 1 produces discontinuities with very small jumps, which can only
be resolved with high frequencies. Consequently, for low frequencies all coefficients are
almost the same and fall off rapidly, see Figure Nevertheless, the plain coefficients
are O(1/|k|), while the coefficients for the smooth bump again show the best asymptotic
decay. For the reconstructions we used R0 and Rjj. As we observe in the right plot
of Figure the rapid decrease of the coefficients yields excellent reconstructions and
no differences can be determined to the original function.
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4.5 Summary of this chapter

The periodisation of smooth functions usually creates jump discontinuities and therefore
the Fourier coefficients decay slowly. Bump windows can be used to avoid this effect.
The corresponding windowed Fourier coefficients have a faster decay, which implies that
the pointwise reconstruction via the windowed Fourier series converges faster in the
region where the bump has its plateau. In particular, the decay rate of the windowed
Fourier coefficients depends on the Lipschitz constant of the windowed periodisation. In
Theorem |57| we presented a new bound for the Lipschitz constant based on an explicit
bound for derivatives of the product of two functions.
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5 The Time-Sliced Thawed Gaussian
Propagation Method

As described in detail in Section parts of the present chapter overlap to a large
extent with the joint preprint “An Error Representation for the Time-Sliced Thawed
Gaussian Propagation Method” with C. Lasser submitted to Numerische Mathematik
on 27/08/2021, e-print available at arXiv:2108.12182.

In this chapter, we study the time-sliced thawed Gaussian propagation method intro-
duced in 2016 by Kong et al. for solving the time-dependent Schrodinger equation

i58t¢<$7t) = _%2Az¢(x7t) + V(:E)@/)(ZL’, t)? 1/}<$’ 0) =g € L2(Rd)7 (51)

based on the concatenation of thawed Gaussian propagation steps. We present a detailed
mathematical description of all subroutines, which allows a direct comparison with other
state-of-the-art methods and the derivation of a rigorous error representation. Since the
representation of Gaussian wave packets according to the discretisation of the FBI for-
mula is the central tool of the TSTG method, our results from Chapter 3| will play an
important role here.

The chapter is organised as follows: After presenting a detailed description and the
connections to other methods in Section [5.1 we investigate the errors generated by
the individual subroutines and their concatenation, which includes error analysis of
thawed Gaussian approximations and time discretisation for both variationally and non-
variationally evolving basis functions in Section The full error representation of
the method is then discussed in Section [5.3] Finally, the one-dimensional numerical
experiments in Section support our theoretical results and illustrate the applicability
of the method to simulations of quantum dynamics, including tunneling dynamics in a
double-well potential.

5.1 Mathematical description of the method

Let {2 fner be a given grid in phase space and recall that we use the notation g, = g.,, for
a multi-index n € I' € N?? and the Gaussian wave packet g, in . In the following we
work with time-evolved basis functions, and to make clear that we distinguish between
original and time-evolved basis functions, we write gy o for the original and g, () for the
time-evolved basis functions at time ¢ > 0.
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Based on the time-independent linear approximation space
Vr := span {gno € L*(RY) : n € '} C L*(RY),

the TSTG method approximates the solution 1 of the Schrodinger equation (5.1)) with
time-dependent coefficients as follows,

(1) ~ () == 3 enlt) gno (5.2)

nel’

where the coefficients ¢, (t) result from a concatenation of thawed Gaussian propagation
steps for the basis functions gn o with the reinitialisation of the time-evolved basis in
the time-independent approximation space Vr. To formulate the underlying equations
of motion for the coefficients, we extend the quadrature-based pair of operators Ar and
Sr = Af from Definition by the so-called reinitialisation operator, which can be
viewed as a multidimensional version of the matrix-vector product and is defined for a
given tensor C € C'™*I' by

Rr(C): C" = C", (cn) = Y Cowu.
n’el’
Remark 64. Note that the approximation space Vr depends on the underlying phase
space grid {zn}ner. Kong et al. used uniform grids, but other choices are also possible.

With the triplet (Ar, Sr, Rr) in hand, we can now formulate the TSTG method, which
starts to run through the following three subroutines:

(s1) Representation coefficients of the initial wave function:
The first subroutine calculates the inner products

Arthg = ((gnpo | ¥0)) € C',

which can be used to reconstruct a given initial wave function vy as follows:

Yo = ArAry = Z Wn (gn,0 | Vo) Gno = Z n(Y0) gno € Vr

nel’ nel’

(s2) Thawed Gaussian propagation of the basis functions:

Recall the definition of the approximation manifold M in . In the second
subroutine of the TSTG method, each individual basis function gy is propagated
for a short propagation period 7 > 0. More precisely, each time-evolved basis
function g,(7) is approximated by an element u,(7) in the manifold M according
to the thawed Gaussian propagation method, see [Hel75] and Section Based
on a numerical integrator for the corresponding equations of motion, we introduce
the numerical propagator

UT: M = M, guo s ul, (5.3)
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where the superscript indicates that u] € M is the numerical approximation to
un(7) obtained by solving a system of ordinary differential equations (see [KMB16,

Equation 17] and Section [5.2)). Then, for all n € T', the second subroutine produces
the numerical approximations

u:l - urTl gno ~ gn(T)'

Remark 65. [t is known that the thawed Gaussian uy(T) is an accurate approxi-
mation to the true solution go(7) only if the potential V' in the Schrédinger equation
can be approximated as harmonic over the entire “support” of un(T), i.e., as long
as its width is not too wide, see also Lemma|73 for a precise estimate.

Computation of coefficients for the reinitialisation:
The numerical approximations u], € M obtained in subroutine (s2) are now re-
expanded in Vr. For all n € I" we apply the analysis operator Ar to the Gaussian
wave packet u], which gives us the inner products

Arug, = ({guo | up)) € C.

The result of the third subroutine is then a tensor C™ € C'*' containing the
coefficients C, , = cw(u}) = Wn(gnwo | up) for all n,n" € T In particular,
this tensor is obtained without numerical integration, since all coefficients
sample inner products of two Gaussians and can be calculated by hand according
to Lemma [7]

Remark 66. Note that the approzvimation uj r € Vr of uy, is given by

U = ApAruy = Z Wn (gn0 | o) gno = Z Co (Up) Gu0-

nel’ n’el’

Once we run the above subroutines, we are equipped with the tensor Ari, for the
approximation of the initial wave function and the tensor C7 € C'™*I' containing the
coefficients ¢,/ (ul). We therefore obtain an approximation of the solution ¥(7) to the
Schrodinger equation at time 7 as follows,

U(T) (g) U(7)ArArio (jfj) Z (Vo) Ug gno = Z cn(Yo) up

nel’ nel’
(53) - .
~ ¢n(to) ApAruy, = Z cn(Yo)ug, r
nel’ nel’
=) (Z c:,,n,cnwo)) gno = AFRTArtho =: ¢p7,
nell’ \n’el’
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where we have changed the names of the indices n and n’ to get to the third line and
introduced the notation R[. := Rp(C7). Furthermore, using that the unitary propagator
U(t) = e~ "/¢ can be decomposed for n > 1 as

U(nt) =U(r) - U(7)---U(7),

single TSTG propagation steps can be concatenated to approximate the solution at
times 27, 37,..., where for the (n + 1)th iteration the result " of the nth iteration
is used as the new initial datum. This results in the following approximation at larger
times t,, = nT,

U(tn) = AL (Rp)" Artho = ¢,

where we have replaced the operator Ar.Aj in the intermediate steps with the identity,
because the coefficients from a previous step can be kept in memory. In particular,
reinitialising the time-evolved basis functions yields that the coefficients of ¢r" are
given for all n € T" by the following recursion formula:

(en™) = (RE)" (ea(tho)) = Rt ((RT)”_l (¢a(th0)))
= Z e L7 ea(ul)), 7= cn(vo). (5.4)

n’el’

Finally, it should be noted that the coefficients (and hence the approximation) are it-
eratively updated on the discrete time grid 27,37,... and therefore (5.2)) should be
rewritten for a fixed propagation time ¢, as follows:

U(tn) R YRT = 7 gngo

nel’

5.1.1 Comparison with the Galerkin method
Looking at the ansatz in (5.2]), one could determine the corresponding time-dependent

coefficient tensor ¢ = (c¢,) using the standard Galerkin method, which yields a linear
system of ordinary differential equations and is derived from the condition that
Opr(t) € Vr s such that

(¢ | —icdpr(t) + Hyr(t)) =0 for all ¢ € V. (5:5)

With the orthogonal projection P: L*(RY) — Vr onto the approximation space, the
Galerkin condition (5.5]) can also be written as

ie@t@/)p = PH@Z)F

However, in order to achieve a certain accuracy for the discretisation of the wave packet
transform, the grid points z, must be chosen sufficiently dense, which means that the
basis functions have a large overlap and therefore, as discussed in Section [3.3.1, the

98



Gram matrix of the Galerkin method becomes ill-conditioned. One way around this
problem would be to replace the Gaussian basis functions with an orthonormal basis,
which implies that the Gram matrix becomes the identity. A comparison must be
made with the Galerkin method in [Lub08, Chapter III.1.1], where the time-independent
approximation space is spanned by the first N > 1 Hermite functions

1 d" 2
() = e, n=0,1,....N—1,z €R,
#n() V2rnly/m dan

which are known to form an orthonormal set. While this choice of basis functions
solves the ill-conditioned inversion problem of the Gram matrix and provides a simple
representation of the orthogonal projection, namely

N-1

P = (on|t)pn, ¢ €L’(R), (5.6)

which is used in |[Lub08, Chapter III.1.1 (Theorem 1.2)] to derive the approximation
error of the Galerkin method, in practical applications the dimension of Vr must be
chosen large in order to compute the time-evolution of the wave function with sufficient
accuracy. For instance, for simulations of tunnelling in double-well potentials (quartic
potentials with two local minima separated by energy barriers) as presented later in
Section [5.4.2, the Hermite basis is expensive because the functions are localised by a
Gaussian envelope and therefore the degree of the polynomial prefactors must be chosen
large to capture both minima of the potential. Besides the Hermite functions, we would
also like to mention the Galerkin approximation for Hagedorn functions, a generalisation
of the Hermite functions based on a Gaussian amplitude with arbitrary width matrix in
the Siegel upper half-space, see e.g. |[LL20, Section 4.3] and |[GH14, BG20].

Remark 67. Like the Galerkin method, the TSTG method is based on a time-independent
approximation space. We note that time-dependent approximation spaces have also been
studied in the past. For example, linear combinations of time-evolved frozen Gaussians
were proposed by Heller, see [Hel81].

Orthogonal projections: frames revisited

As we have already mentioned above, the projection operator is typically used to esti-
mate the approximation error of the Galerkin method, see e.g. [Lub08, Chapter I11.1.1
(Theorem 1.3)] for the Hermite basis. While there is a simple representation of the
projection operator for orthonormal bases, cf. , the situation is more difficult for
the approximation space Vr, which is based on the non-orthogonal Gaussian functions.
Let us briefly discuss how to calculate the orthogonal projection on Vr.

The first observation is that {gn}ner is a frame of Vr, which obviously follows from
our assumption that I" is a finite index set. Thus, if {gn fner denotes the dual frame, it
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follows from Proposition |36 that any function ¢ € Vi can be represented as
Y= Z(gn | ¢> gn = Z<gn | ¢> 7
nel’ nel’
and therefore it is reasonable to expect that the orthogonal projection can be written as

P= Z(E}n | .> gn = Z(gn | .> Jn-

nel’ nel’

The next proposition was taken from [Mal09, Theorem 5.6] and shows that this repre-
sentation of the projection is indeed valid.

Proposition 68. Let V be a subspace of the Hilbert space H. Moreover, let {¢n}ner
be a frame of V and {¢ntner its dual frame in V. Then, the orthogonal projection of
v eH mV is given by

Py = Z@;na w>7—t On = Z<¢na ¢>H an' (57)

nel’ nel’
The following proof was taken from [Mal09, Theorem 5.6]:

Proof. Since both frames are dual in V, if ¢ € V), then Proposition [36| proves that the
operator P in ((5.7)) satisfies Py = ¢. To prove that it is an orthogonal projection, it is
sufficient to verify that if ¢ € H then (¢pm, 1 — PY)y = 0 for all m € T'. Indeed,

(b, ¥ — Py = (b V) — Y _ (6, )20 (P, Gn)2e = 0,
mel’
because the dual frame property implies that
Z <¢ma $n>H ¢n = Om-
mel’

O

Since we have no analytic expression of the dual frame for a finite number of Gaussian
basis functions, we learn from Proposition [68| that there is no analytic representation of
the orthogonal projection P: L*(R?) — V. Furthermore, we observe that discretisations
of the FBI formula can be understood as approximations to the projection operator,
which in the limit Vr — L?(R?) converge to the identity operator

Myaeey = (22 [ g2} dz = (2m2) 0 [ (g ]#) g4
R

R2d

where we have used the bra-ket notation in the middle of the equation.
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5.2 Gaussian wave packet dynamics

This section deals with the thawed Gaussian propagation of the basis functions g, o € M.
The main result is the error representation for a single TSTG step in Proposition
which combines an estimate for thawed Gaussian approximations with an estimate for
the numerical integration of the underlying equations of motion.

Recall that in subroutine (s2) the individual basis functions are propagated according
to the (non-variational) thawed Gaussian equations for z € R?? C' € &*(d) and S € C,
which combine the Hamiltonian system

{0 =IVhG), b =gl vi, = (LG, ) ere 6y
2 —Id; O

for the motion of the centre z(t) with equations for C'(t) and S(¢) which ensure that we
obtain exact solutions in the presence of a quadratic potential. In addition to the work of
Kong et al., other propagation methods are also possible as long as the approximations
un(7) lie in the Gaussian manifold M so that the coefficients for the re-expansion can be
calculated analytically. An alternative is offered, for example, by variationally evolving
Gaussian wave packets, which are employed in this dissertation and have not yet been
used in connection with the TSTG method.

5.2.1 Variational approximation

Suppose that for a given time interval [0, 7] we want to approximate the solution of the
Schrodinger equation

iedp(z,t) = HY(z,t), ¢(z,0) =10 € M,
by a Gaussian wave packet u(t) = u(e,t) € M. By requiring that

Oyu(t) € TuwyM is chosen such that

5.9
(v | —icdu(t) + Hu(t)) =0 for all v € TypM, (59)

we guarantee that dyu(t) is given by the unique element w in the tangent space Ty M
at u(t) such that

w — —Hul|| is minimal,

1
1€

or, in other words, dyu(t) is the orthogonal projection of %H u onto the tangent space,
which can also be written as

iedu(t) = P,Hu.

The condition (5.9) is called the Dirac—Frenkel time-dependent variational approxima-
tion principle and we refer to [Lub08, Chapter II.1] for further discussion and properties
of variational approximations such as norm and energy conservation.
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Remark 69. Note that the Galerkin condition (5.5)) can be viewed as the time-dependent
variational principle on the linear approximation space Vr, see [Lub08, Chapter II1.1.1].

Recall Lemma [6] which states that for all differential operators A of order < 2 and
u € M it holds that Au € T, M. Consequently, it follows for a quadratic potential that
Hu € T,M and thus the approximation u(t) and the correct solution (t) satisfy the
same differential equation. This proves that the variational approximation for quadratic
potentials is exact. The following result was taken from |LL20, Proposition 3.2].

Proposition 70. If the potential V in the time-dependent Schrédinger equation (5.1)) is
quadratic, then the variational approzimation is exact, that is, u(t) = (t) for all t € R,
provided that the initial wave function is a Gaussian, u(0) = (0) € M.

For the proof of Proposition 70| we refer to |LL20, Proposition 3.2]. O

We will see in a moment that under suitable conditions for the potential and the
spectrum of the time-dependent width matrix C(t), variational Gaussians provide ap-
proximations of order O(y/€). The corresponding equations of motion for the Gaussian
parameters were first derived by Coalson and Karplus, see [CK90]. Using Hagedorn’s
parametrisation C' = PQ~! introduced in Section m, these equations read

q=p and  p =—(VyV)y,

Q=P and P=-—(VV)Q, (5.10)

)= [ (00 - W + 5 1r () (9210000 ) s

where we denote by (W), = (u | Wu), W € {V,V,V,V2V}, the expected values. In
particular, for the propagation of the basis function g, according to subroutine (s2)
the initial conditions are given by

zn(0) = zn, Qn(0) =Im(Cy) ™2, Po(0) = CyQn(0) and S, (0) =0,
where Tm(Cy)'/? is the unique positive definite square root of Im(Cy) > 0.

Remark 71. To obtain the equations of motion for the non-variational thawed Gaus-
sians used by Kong et al., we have to replace the equations in ((5.10)) for the parameters
(q(t),p(t),Q(t), P(t)) by the point evaluations

G=p  and  p=-V(g),
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which are computationally less demanding than the variational equations. In particular,
this implies that the matriz Z(t) = (Q(t), P(t)) is a solution of the linearisation of the
classical equations

Z(t) = JV?h(z(t)Z(t),

where the function h and the matriz J are defined according to . We also note
that the matriz conditions n and ensure the correct normalisation of the
approzimation v € M and that the above equations agree with those in i the
presence of a quadratic potential. Like variational Gaussians, non-variational Gaussians

yield approximations of order O(\/€), see Lemma .

5.3 Error representation

The next lemma presents the accuracy of the thawed Gaussian methods and extends
the results for the L2-error for variational Gaussians in [LL20, Theorem 3.5] to non-
variational Gaussians. We note that the first L2-error for non-variational Gaussians was
proved by Hagedorn, see [Hag98, Theorem 2.9].

Lemma 72. Assume that

e the eigenvalues of the positive definite width matriz Im(C(t)) are bounded from
below by a constant p > 0, for allt € [0, 7].

e the potential function V' is three times continuously differentiable with a polynomi-
ally bounded third derivative.

Moreover, assume that u(t) € M is an approximation to the Schrédinger equation
that results from the variational or non-variational thawed Gaussian propagation method.
Then, there exists a positive constant CY > 0 such that the error between the approzi-
mation u(t) and the solution 1(t) is bounded in the L*-norm by

lu(t) =) <CWtye, 0<t<T, (5.11)
where CY is independent of € and t but depends on p.

The estimate in shows that thawed Gaussian approximations produce errors
that increase linearly in ¢, where a small semiclassical parameter yields an improvement
by a factor /¢ for the constant C'"). Crucial to the proof of Lemma [72|is the fact that
both the variational and non-variational approximations are exact provided the potential
is quadratic, see Proposition Therefore, the estimate results from a bound for the
defect of the cubic part of the potential.

Proof. Let U,: R — R denote the second-order Taylor polynomial of V' at ¢ and let
W,: R — R be the corresponding remainder, i.e.,

V=U,+W,
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Since the approximation u(t) € M is the exact solution to

2

iedu(t) = == Ayu(t) + Uygu(t), u(0) = ¥(0) = v,

we obtain

0w~ ) = Hlu— ) ~ Wy

(29

where

|Wul| = (me)~%* det(Im C) /4 - - -
( y |[Wy(2)[* exp (—é(x —¢)TImC(x — q)> dx) 1/2‘

Moreover, using that W, (z) is the non-quadratic remainder at ¢, an estimate for moments
of Gaussian functions (see [LL20, Lemma 3.8]) yields the existence of a constant C(!) > 0,
depending on p, such that

[|[Wou| < cW g3/2,
Consequently, since u — 9 satisfies the Schrodinger equation up to the defect

(1) = =2 W,yult),

we finally conclude that

Jut) = wio)l < [ ldts)las = [ [Wputs)] s < Oz

]

Remark 73. We note that the equations of motion for the variational and non-variational
thawed Gaussian methods are different and we therefore obtain individual lower bounds

for the eigenvalues of the width matrix, so that, although we have omitted this depen-

dency in our notation of Lemma|74, we obtain individual constants for the two methods.

In particular, the estimate of Lasser and Lubich for Gaussian moments shows that the

constant CY) depends on the third derivative of V and is of order p=>/* with respect to

the spectral parameter p. We also mention that, in contrast to the computation of the

full wave function, the error in the expected value of observables improves to an order

O(e) accuracy, see [LL20, Theorem 3.5b].

For the thawed Gaussian propagation of the basis functions g, o we see that the prop-
agation time 7 must be chosen in such a way that we obtain accurate approximations
for all n € I". With this in mind, it should be noted that small values of 7 lead to
more concatenation steps to approximate the solution for a fixed final time. We present
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numerical experiments for the dependency on 7 in Section [5.4.1. Frozen Gaussian ap-
proximations would also be possible, see [Hel81]. On the one hand, this leads to simpler
equations of motion, since these approximations do not require information about the
second derivative of the potential, on the other hand, the frozen Gaussian method re-
duces the order to O(1) with respect to the parameter .

We now turn to numerical integration for the equations of motion.

5.3.1 Time discretisation

For the integration of the equations of motion we need a suitable numerical integrator.
In (5.3) we have therefore introduced the numerical propagator U] : M — M, which
has not yet been defined in detail, except that it maps a Gaussian basis function g, to
a numerical approximation u], & g, (7). The development of such integrators essentially
uses exponential operator splitting methods such as the first-order Lie splitting or the
second-order Strang splitting, where the integrator is said to have order s > 1, if there
exists a constant C® > 0 such that the error between the approximation u7, obtained
after m > 1 steps of size h, = 7/m and the true solution u,(7) is bounded by

hS
|lul, — un(7)]| < C(Z)T?T. (5.12)

For example, the L*-error of Strang splitting is O(h2/e), which implies that the step size
h, must be sufficiently smaller than /e. We refer to [DT10] for rigorous error bounds
in the semiclassical scaling ¢ < 1.

Equipped with a numerical integrator, we obtain the following error estimate:
Proposition 74. For 7 > 0 and a uniform time grid of step size h, > 0 let
EL = EL(hr) i= |lug —gn(T)[, mel (5.13)

Moreover, assume that U] : M — M is a numerical integrator of order s > 1. Then,
under the hypotheses of Lemma|[73, for alln € T' there exists a positive constant Cp, > 0
such that

EI < Car (% + \/E) . (5.14)

Proof. Let 7 > 0 and h, > 0. For all n € I, we combine the estimate in (5.11)) with the
estimate in (5.12)) to obtain

h
ET < |Jul, = un(7)|| + [Jua(T) = ga(7)|| < CP1r— + CM 1 /e
£

with corresponding positive constants 511), c? > o. Consequently, the bound in ([5.14))
follows for the constant
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A second-order algorithm of the variational splitting was proposed and studied by
Faou and Lubich, see [FL0O6]. In particular, it preserves the norm and the symplecticity
relations of the matrices () and P in and . There are several other higher-
order splittings for the unitary propagator that can also be implemented, and we refer
the interested reader to [MQO02] and [HLWO06, Chapter III]. Furthermore, we note that
the symmetric Zassenhaus splitting, see [BIKS14], is an alternative to splitting methods
that can also be used to increase the order of the time discretisation. In particular, in
[BIKS16] the symmetric Zassenhaus splitting was combined with the Magnus expansion
of the time-dependent Hamiltonian, see e.g. [IN99, IMKNZ00].

We are now equipped with an error estimate for thawed Gaussian approximations
and the numerical integration of the thawed equations of motion. Together with the
error representations for the discretisation of the FBI formula in Chapter [3] we are
therefore able to analyse the total error introduced by a single TSTG step. Afterwards,
in Theorem |78 we lift this error estimate to a global one.

5.3.2 Error after a single TSTG step
Recall that a single TSTG step consists of the following approximations:

e the approximation of the initial wave function vy in the approximation space Vr
according to subroutine (s1)

e the thawed Gaussian approximations for the propagation of the basis functions
and the numerical integration of the thawed equations of motion according to (s2)

e the re-expansion of the time-evolved basis functions in Vr according to (s3)

Let us introduce the following notation for the 1-norm of a tensor (c,) € C':
lealls = lenl-
nel’

The next proposition presents an error bound for a single TSTG step:

Proposition 75. For a given phase space box A C R*¢, q finite multi-index set ' C N2,
grid points z, € R?? and positive weights wy, > 0, n € T, recall the definition of the
spatial discretisation error Ey, defined in . Moreover, for 7 > 0 and h, > 0, recall
the definition of the time discretisation error ET in , produced by a numerical
propagator for the thawed equations of motion of order s > 1. Then, there exists a
positive constant C' > 0 such that

hS
(7)) — ZC#T Inollza,) < CT (?T + \/g) + B, (5.15)

nel’

where BV > 0 denotes the total spatial discretisation error

EYT = Eup(to) + C - max Eyp(uy,).
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Note that the bound in (5.15) depends on the spatial error E,, resulting from the
discretisation of the FBI formula. For example, if we use a direct discretisation of the
phase space integral based on fully tensorised uniform Riemann sums with N > 1 grid

points in each coordinate direction, Proposition 29| guarantees the existence of positive
constants CT), CRS) > 0 such that

By, < CM 4 CRINL

Proof. In the following, let || o || denote the L*mnorm on the projected box A, C R? in
position space. Using that the evolution operator U(7) = e~*#7/¢ is unitary, we get

19(T) = e gnoll = 1U(T)v0 — > _ e gnoll

nel’ nel’
< ||U(T) (o — ApArtho) + AR ArU (7)o — Y e gnoll
nel’
< Eup(tho) + 1) en(¥0) gu(7) = D e gl
nel nel’

Moreover, for the second summand the definition of the coefficients cL™ in ([5.4)) yields

| Z cn(¥o) gn(T) — Z " Ino|

nel’ nel’
<> leno)l (llgn(r) = il + um = 3wl gwoll) (516
nel’ n’el
< 3" len(o) (F7 + Fup()).
nel

Consequently, using the bound for E7 in ([5.14) with the constant Cy, > 0, the estimate
in (5.15)) follows for the choice

C = llea(o)]: - max (1, max cn) |

]

The estimate for the sum in (5.16) combines the 1-norm with the maximum norm.
However, since the spatial errors E,,(u]) increase at the boundary of the grid {zn }ner,
but the coeflicients c,(1)y) decrease exponentially with the distance ||z, — 2ol|2, other
Holder conjugate exponents that reflect this grid-dependent interplay more accurately
could also be chosen.

In the next step, we investigate the error resulting from the concatenation of the
individual TSTG steps.
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5.3.3 Estimate for the update-coefficients

As discussed in Section [5.1] the approximations for larger times 27,37, ... are based on

the update-coefficients ¢27, 27, ... given by the recursion formula in (5.4). Let us take

n ’>n

a closer look at the magnitude of these coefficients. Recall that

RF Cn @ZJO Z Cn/ wO Cn n’)

n’el

where both the factors ¢,y (1) and cy(ul,) are Gaussian wave packets in phase space.
Hence, as a sum of Gaussian wave packets, the update-coefficients c-™ can be bounded by
a Gaussian envelope. Furthermore, by induction on n, Gaussian bounds can be derived
for all update coefficients cjp™, n > 1:

Proposition 76. For zp € R* and Cy € &*(d) let 1y = 5. Moreover, let {zn}ner
be an arbitrary grid in phase space. Then, for all n > 0 and T > 0, there exist positive
constants ¢ and 0], > 0 such that for alln € I' we have

07‘
" < G exp (—8—lezn—20|!§). (5.17)

For the proof of Proposition [76] we first derive an auxiliary result that allows us to
bound the coefficients ¢, (ul,) of ul, by a Gaussian envelope centred at z,.

Lemma 77. Under the assumptions of Proposition|76, for alln’ € T, there exist positive
constants ¢, > 0 and 0], > 0 such that for alln € I' we have

o,
ealu)] < Groxp (~ 1 — awl?) (.18

Proof. Let n" € T" and 7 > 0. The definition of the coefficients cy(ul,) implies
len(ul)| = wa|{gn | ul,)| for alln €T,

where the non-negative weights w, > 0 depend on the underlying quadrature rule.
Therefore, using the bounds for inner products in Lemma/[7}, we find constants 57, 65, > 0
such that

n’»
T T 9:—1’ 2
[en(up)| < Buexp ( = Ellzn — 2w (T)ll2 )

where zy (7) is the centre of the time-evolved Gaussian u7, € M. To bound |c,(ul,)]
by a Gaussian centred at the original grid point z, = 2,,(0), we write the time-evolved
centres in terms of the original grid points as

Zn/(’l') = Zn' + 5n/(7')
and introduce the maximal phase space shift

5(7) += max |3 (7)1
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Using the Cauchy-Schwarz inequality in R?, it then follows that

o, o,
exp (=2l = s (DI = exb (~ &l — 2 = S (1))
= exp (—S—I;Hzn — zn/||g) exp (4—‘;5n/(7)T(zn — zn/)) exp <—§||5n/(7)||3)

o, o,
< oxp (=0 = 2wl exp (0ln e )

Hence, if we denote by Dy > 0 the maximal distance ||z, — zy||2 between two grid
points in phase space and

o7,
- -0 Dryax )
f7 := max exp < 1o (1) )

n’el’
the bound in (5.18) follows for (], = 57,57. H

Proof (of Proposition @ We present a proof by induction on n > 0. For n = 0, the
bound in follows from Lemma (77| by replacing u], by 1. In particular, for this
special case the constants (] and 6] do not depend on either € or 7 and thus we could
also write (y and 5. Now, let n > 1 and assume that the bound in holds for n—1.
The recursion formula yields

<) el M len(up)| forallm €T,

n’el’

where the factor |, 7| can be estimated by the induction hypothesis and the second

factor |en(ul,)| by Lemma [77, This implies that we find constants ¢ ,,6;_, > 0 and
(L, 07, > 0 such that

T

0
71 < Gyesp (5w — al})  and

or,
Tl < ‘r/ _’n/ N — 2o 2 )
a1 = G e (=52 o — 2 ?)

Therefore, we conclude that

07 0"
n—1,7 T T T n—11 = =
S e a3 < 626" 3 exp (=2 w2 exo (— -l — ).

n’el’ n’el’

where we have introduced

"= 132%;(;, >0 and 0" := ﬁr/léllleg/ > 0,
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as well as the shifted grid points z, := z, — 2¢. In Appendix we show that there
exists a positive constant C' > 0, depending on 67 ,, 607, ¢ and the phase space grid, such
that for all components j =1,...,2d we have

o7 ‘ N2
Z exp < ( (])) > exp (—g (ér(f) - 21(3,)) )
n’el’
1 60,607 A\ 2

<C N e S ~1€) )

< con (g2 (')
Consequently, using the definition of the shifted grid z,, = z,, — 29, we finally get
S oo (Pl ) exp (7 — 2wl

n’ |2 e n n’ |2

n’el’
1 6 .07
< CMe B [ S | PN |
< xp( il =l )

n—1»

which proves the bound in (5.17) for

or .07
T _ T T 2d d o = n—1 )
Cn n—lg ¢ an n 9;_1 _’_97

]

The above proposition provides a bound for the magnitude of the coefficients |c7]|.
Together with the error representation for a single TSTG step in Proposition we are

now ready to present the overall error representation for the concatenation.

5.3.4 Global error estimate for the concatenation

From Proposition we learn that the total error of a single TSTG propagation step
can be decomposed into a time and a spatial component. In particular, the time error
consists of the error for the thawed Gaussian approximation of order O(/€) and the error
for the numerical integration of order O(hZ/e), while the spatial error consists of the
error for the approximation of the initial datum 1)y in Vr and the error for re-expansion
of the time-evolved approximation u] in Vr. Our final result generalises this result for
the concatenation of n > 1 TSTG steps:

Theorem 78 (Global error estimate of the TSTG method).

Under the hypotheses of Proposition |75, there exists a positive constant C' > 0 such that
the global error of the TSTG propagation method with n > 1 concatenated steps at time
t, = n1 can be bounded as

hS
"7 gmollz2ay) < Cty (=2 BT 5.19
it = 3 ci” molliray < Ot (% 4 VE) 4 (5.19)

nel’

where E™7 > 0 denotes the total spatial discretisation error

E™ = Eyp(to) + Cn - max Eyp(uy).
ne
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Proof. Again, let || o || denote the L*norm on A,. For n > 1 we define
e = () — AR (RE)" Artll = [9n7) = 477
Using that U(7) is unitary, we obtain the recursion
enitr = [U(ENE(RT) — 017 = [U() () — g7 + 47 — )
< lbtar) — 9 4 (W 7 = e U™ — 417,

where the second summand is the local error of the nth step. Hence, the global error
enr after n steps can be expressed in terms of the local errors as

n—1
€nr = €17 + Z HU(T)@DLT - le,TH'

1=1
We note that e , is the error after a single propagation step in Proposition Further-
more, for 1 <[ < n — 1, the definition of the coefficients c&™ in (5.4)) yields

U =T = 1) e galr) =o'

nel’
< 3171 galr) = vl + llu = 3 e () gwoll)
nel n’el’
< Sl (Ba+ Bup(un)-

nel’

Using once more the bound for E7 in (5.14) and defining

max ,__ max ,__ T
™ = max <1, max cn> as well as  E0" = max Eyp(uy),

we therefore conclude that
hS
et = < e (7 (2 4 8+ B ) 1
€
Consequently, the bound in ([5.19)) follows for the constant

C=c™ max ||ci7
1=0,...,n—1

1-
[l

Theorem 78| proves that the error of the TSTG method increases linearly with the
number n of concatenations, where the corresponding constant depends on the errors
arising from (i) the discretisation of the wave packet transform, (ii) the thawed Gaussian
propagation of the basis functions, and (iii) the integration of the equations of motion.
In the following numerical experiments we employ a practical error bound based on a
direct calculation of

err” = Z || (Efl + Ewp(u;)> (5.20)
nel’
foralll =1,2,...,n—1, using the split-step Fourier method as a reference solver for the

propagation of the basis functions. We present a detailed description of the reference
solver in Appendix [7.7]
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Figure 5.1: Evolution of the L?-error between the TSTG method and the analytical
solution 9. for the harmonic oscillator (¢ = 1). The errors increase linearly
with the number of concatenated steps (logarithmic scaling of the y-axis).
The time range covers about 15 oscillations of the harmonic oscillator.

5.4 Numerical experiments

We demonstrate the capabilities of the TSTG method with two numerical experiments.
First, we test the method by calculating the full wave function of the one-dimensional
harmonic oscillator for different propagation times 7 and step sizes h,. We then repro-
duce the results of Kong et al. for a one-dimensional double-well potential.

Remark 79. So far, only non-variationally evolving Gaussians have been used for the
TSTG method, and the following experiments are the first to compare non-variational
with variational Gaussians. Although we only present one-dimensional experiments to
support our theoretical results for the error representation, we note that the capabilities
of the TSTG method have already been demonstrated for multidimensional systems by
Kong et al., see [KMB16, Results].

5.4.1 One-dimensional harmonic oscillator

We consider the quantum harmonic oscillator corresponding to the quadratic potential
V(xz) = #?/2. As initial data we choose the Gaussian wave packet 1y = ¢2¢ with
20 = (1,0),70 =7 and € € {0.1,1}. In particular, the analytic solution is known to be,
see [Hag98, Theorem 2.5],

1

Ures(t) = (we) ™ exp (_2_5(35 —q(t)* + ép(t)(a: —q(t)) + gs(t) - %t) )
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19(t) = Yrer(t)l L2(a,), Harmonic oscillator (¢ = 0.1)
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Figure 5.2: Evolution of the L2-error between the TSTG method and the analytical
solution for the harmonic oscillator (¢ = 0.1) for different step sizes h,. The
error increases faster for the coarser time grid (red curve).

where ¢(t), p(t) and S(t) are given by

q(t) = qocos(t) + posin(t), p(t) = pocos(t) — qosin(t),
(1) = — sin(t) (a2 — 93) cos(t) + 2aupo sin(t)).

The discretisation of the wave packet transform according to Section was based on
the phase space box A = [—8,8] x [—8m, 87|, where we used 64 uniform grid points in
position space, 32 uniform grid points in momentum space and the width parameter
~v = 41 for the basis functions. The propagation of the basis functions was implemented
with the second-order variational splitting integrator in [LL20, Section 7.5].

Figure shows the L2-error between the TSTG method and the analytical solution
on the spatial interval A, = [—8,8] for ¢ = 1 and two choices of 7 = 0.1 (red) and
7 = 0.01 (black). The step size for the time integration was h, = 1-1072. The dashed
lines indicate the error bound of Theorem [78] based on a direct evaluation of the error
bounds errlF’T in , where we have again used the analytical solution to calculate
the errors E7. Due to the logarithmic scaling of the y-axis, we have added the linear
functions ¢ — 2-107%¢ (dashed red) and ¢ + 2-10~"¢ (dashed black) to check whether the
error actually increases linearly with the number of TSTG steps. Note that for 7 = 0.01
we need 10 times the number of concatenations compared to 7 = 0.1 and therefore
the slopes of the red and black lines differ by a factor of 10. To keep the number of
TSTG steps small, we note that 7 should be chosen as large as possible. Furthermore,
Figure shows the L%-error for ¢ = 0.1. The calculations were based on 128 uniform
grid points in position and momentum space and 7 = 0.01 for two step sizes h, = 1-1073
and h, = 1-107%. For the smaller choice of h, (red curve), we see that the error increases
faster, which is consistent with our theoretical result in Proposition [74]
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Figure 5.3: Comparison between variational (left) and non-variational Gaussians (right)
for the double-well potential. Both variants of the TSTG method show good
agreement as compared to benchmark results based on the Fourier method.
Top: Error for the full wave function; Bottom: Survival amplitude.

5.4.2 One-dimensional double-well potential

In this experiment we follow the presentation of Kong et al. in [KMB16, Results| and
use the one-dimensional double-well potential
x x

together with the initial datum 1y defined in (3.41) for ¢ = 1, which is a model for
quantum tunnelling. A short calculation shows that the total energy is given by

4 2

n = 1.3544,

64n? — 487 — 3
H = — ~ —0.57. 5.21
(tho | Hipo) 61 (5.21)
As for the harmonic oscillator, we used the phase space box A = [—8, 8] x [—8, 87], but

this time with 64 equally spaced grid points in both position and momentum space and
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v = 41 for the width of the basis functions. In addition to the variational Gaussians, we
implemented the non-variational Gaussians based on the Stormer—Verlet method, see
e.g. [HLWO03], which have also been used by Kong et al.. For the reference solution, the
split-step Fourier method was implemented with 256 points in the range A, = [—8, 8] and
the time increment 7 = 0.01. The step size h, = 0.001 was used for both the variational
and the non-variational Gaussian propagation. The top panels of Figure |5.3| show the
L2-error between the TSTG method and the reference solution for the variational (left)
and the non-variational Gaussian (right) together with the error bounds of Theorem
(dashed lines). In the lower panels, the TSTG method is compared with the reference
solution for the so-called “survival amplitude” (overlap between ¢ (x,t) and the mirror
image of the initial state on the opposite side of the double well), which is defined by

G(t) = /_Oo T, 1) da

and is a measure for the tunnelling amplitude. The results in Figure [5.3| show that the
TSTG method accurately reproduced the full wave function and the survival amplitude.
The experiments also show that the L?-error increases linearly (approx. as t — 1075¢
for the variable Gaussians), while for the non-variational Gaussians the rate is larger
(approx. t + 5-107%). Furthermore, in Figure we compare the TSTG method
with the reference solution for the energy expected values (top) and their relative errors
(bottom). For better illustration, we have only plotted the time range of the last 4,000
of a total of 16,000 propagation steps. It can be seen that the expected values of the
reference solution are well approximated even after long running times. In particular,
the slopes of the blue lines in the lower panel show that the error for the non-variational
Gaussians (upper curves) increases faster.
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Figure 5.4: Evolution of energy expected values (top) and relative errors (bottom) for
the variational Gaussians and the non-variational Gaussians between 12,000
and 16,000 TSTG propagation steps.
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5.5 Summary of this chapter

In the previous sections we have derived an error representation for the time-sliced
thawed Gaussian propagation method that combines representations of Gaussian wave
packets based on the discretisation of the FBI formula with thawed Gaussian approxi-
mations for the propagation of the basis functions. To provide a mathematical formu-
lation of the TSTG method, we combined the quadrature-based analysis and synthesis
operators Ar and Sp with the reinitialisation operator Rf, which allow to write the
approximate solution at time ¢,, = n7 as

Y(tn) = p" = Sp (RT)" Arto.

The algorithm was implemented in MATLAB to underline our theoretical results and
to show that the global error of the method increases linearly with the number of time
steps, independent of the thawed Gaussian method (variational or non-variational) and
the order of the underlying time integrator.

5.6 Suggestions for further research

The TSTG method avoids multidimensional numerical quadrature by using an explicit
formula for calculating the representation coefficients of the underlying Gaussian wave
packet transform. So far, only Gaussian basis functions have been considered and the
coefficients have been calculated using the formula for inner products in Lemma
However, other basis functions could also be used. For example, Hagedorn’s wave packets
provide a natural extension. With the additional polynomial prefactor, the accuracy
of the approximation can be further improved, while the inner products can still be
calculated analytically. Moreover, with regard to the numerical implementation of the
method, the further use of the error estimator in ([5.20) could be profitably employed.
Future research could address the derivation of a practical a posteriori error bound that
can be used to implement the TSTG method with adaptive step sizes or adaptive mesh
refinements. To make the TSTG method applicable to high-dimensional systems, the
calculation of the update coefficients given by the tensor-valued matrix-vector product
according to (|5.4]) could be performed using low-rank approximations. We will describe
this idea in more detail in the next chapter.
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6 Multidimensional quantum dynamics
with tensor trains

In the previous chapter we analysed the TSTG method and showed that the underlying
decomposition of Gaussian wave packets rely on discretisations of the FBI formula based
on fully tensorised grids in phase space, which limits the numerical implementation,
because the number of basis functions grows exponentially with the dimension. In
Section [3.2.3 we have already pointed out that sparse grids and Monte Carlo methods
can overcome the curse of dimensionality to some extent, but for the TSTG method these
approaches can only be used for the representation of the initial wave function, since
the re-expansion of the time-evolved Gaussian basis functions is performed on a time-
independent uniform grid (we worked with a time-independent approximation space).
It is important to understand that in the TSTG method we do not face the problem
of high-dimensional quadrature, but that the size of the coefficient tensors to represent
the wave functions grows exponentially. In practical applications, we therefore have to
work with high-dimensional tensors, where it is usually not even possible to store all
elements explicitly. The following sections deal with tensor-train (TT) decompositions,
which are a special variant of low-rank tensor decompositions that can overcome the
curse and are currently used in many different fields, in particular for the computation
of multidimensional quantum dynamics. In Section [6.1| we introduce the T'T format and
recall important results such as storage, existence and arithmetic operations. We then
present results on the tensor-train Chebyshev (TTC) method recently published in the
joint paper [SBGB22] with M. B. Soley, A. A. Gorodetsky and V. S. Batista, showing
that the TT format can be used for high-dimensional quantum dynamics simulations.

6.1 The tensor-train format

For positive integers nq,...,nq, d > 1, we consider a multivariate function
C:[ng] XX [ng = R, (i1,...,1q) — C(iy, ..., iq),
where the sets [ng] C N are defined for all k =1,...,d as
[ne] :={1,...,nx}.

Multivariate functions as defined above on a finite multi-index set T' = [nq] X - -+ X [n4]
occur in many numerical applications. For instance, if f: [0, 1]d — R is a given real-

valued function and for N > 1 we consider the uniform grid points
1

;i =th, i=1,...,N, h=—,
Ti =1 l N
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Figure 6.1: Graphical notation of tensors and tensor operations. Left: Tensor of order d.
Each “arm” corresponds to an input variable; Right: Matrix-vector product.
The summation over the auxiliary variable is visualised by the connecting
arm between C' and v.

one could think of the following natural connection:
Clir, ... iq) = f(ziy,...,m;,) forallig e [N], k=1,...,d.

In particular, for the special case d = 2 we can identify C' with an element of R"™*"2,
where the image of (i1, i2) is given by the matrix element ¢;, ;,. Accordingly, in the general
case d > 2 we can identify C' with an element of R™**"d usually called “tensor of
order d and size ny X --- x ng”. Tensors of order d can be represented in various ways,
e.g. as a single point with d “arms”, see Figure (left). Using the convention that
connected compatible arms represent summation over the corresponding tensor indices,
the graphical notation also allows visualisation of basic tensor operations. For example,
the right-hand side of Figure shows a matrix-vector product

ng
(C’v)il = Z C’ihalval? il S [nl]

a1=1

As a natural generalisation of matrices, the analysis of tensors is not only of great in-
terest from a theoretical point of view, but also for practical algorithms. However, it
is known that tensors in high dimensions such as d = 100 or d = 1000 cannot be used
explicitly on computers, which leads to the question of whether and how it is possible to
represent multidimensional tensors by a much smaller number of parameters. Low rank
tensor decompositions, which can be seen as a generalisation of the truncated singular
value decomposition (SVD) for matrices, are an efficient tool for reducing the number
of parameters. Many different techniques have been developed in the last decades and
we refer to [GKT13] for an overview of the existing methods.

In the following, we focus on the approximation of tensors by tensors in tensor-train
format, which are also called “matrix-product states” and represent a special form of the
so-called “hierarchical tensor format”. A detailed mathematical introduction to tensor
methods, describing in particular the relationship between the various formats and their
origins, can be found in [Hacl4]. Let us now introduce the TT format:
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Figure 6.2: Graphical notation of a tensor in tensor-train format

Definition 80. For positive integers nq,...,ng, let C € R™M>**" be q order-d-tensor.
A decomposition of the form

C(il, Ce ,id) = Cl[ll]CQ[Zg] tee Cdfl[’l'dfl]cd[id] fOT all ’lk € [nk}, k= 1, RN ,d,

where C1lir] € RM™™ is a row vector, Cylix] € R k =2,...,d—1 are matrices and
Calia] € R™=1 is column vector, is called tensor-train (TT) decomposition. In particular,
the numbers r,...,rq_1 > 1 are called the compression ranks.

By identifying vectors and matrices as order-2 and order-3 tensors, respectively, we see
that tensor-train decompositions can also be written as follows, see [HRS12, Equation 4]:

1 Td—1 d—1
Clin, ... 1q) = Z e Z C1 (i1, 0q) (H Cr(ag—1, ik, 0%)) Ca(ag—1,1q)-
k=2

a1=1 ag_1=1

Since the corresponding graph representation resembles a train structure, see Figure
Oseledets introduced the name “tensor train”, see |Osell], which seems to be the best
known description for this type of decomposition today. However, this type of tensor
decomposition was introduced earlier in the quantum-physics community, but under the
name “matrix product format”, see e.g. [Hacl4, Section 9]. Indeed, the individual tensor
elements C(iy,...,1q) are obtained by products of matrices, and if each component is
represented as a fibre of matrices of the same dimension, we obtain an alternative picture
of the T'T decomposition:

n2
Nd—1
ng
n g 2 ' 2
‘T 9
. 1 1
: 1
2
]

o —
(@) [7,1} e R1xm CQ['L'Q] € R71xr2 Cd—l[id—l] € R7a-2X7a-1 Cd[id} € Rra-1x1

Figure 6.3: Alternative visualisation of the T'T format. Each entry of the original tensor
corresponds to a product of matrices.

121



The advantages of TT decompositions can be easily illustrated with a short example,
which is a special case of Example 4.2 in [KK18|. Let us consider the tensor C' € R3*4x?
of size 3-4 -5 = 60 defined by

O(il,ig,’ig) :i1+i2+i3, il € [3],22 - [4],23 € [5]

Since we have

i1+ s+ i3 = (i1 1)-(i2ii3>=(i1 1)'<¢12 ?)(213)

we can define the matrices

Cl[il] = (21 1) € RIXQ, CQ[ZQ] = <1 (1)) & szz, Cg[@g] = <Zl> S ]R2><1,
3

(2]
to obtain the following T'T decomposition:
C(i1, 12, 13) = C1[i1]Caiz] Cslis).

Note that ny = 3,ns = 4,n3 =5 and r; = ro = 2. The total number of elements to store
the matrices C[i1], Ca[is] and Cslis] is given by 32, while the size of C' is almost twice
as large! This simple example illustrates very clearly that the TT decomposition can be
used to reduce memory requirements. If we set 7o = ry = 1, R := max{ry,...,rq_1} and
N := max{ny,...,nq}, the total number M of matrix entries for the TT decomposition
in Definition [80]is bounded as follows,

ng - (Tk—l : T’k) S d-N - R27 (61)

M=

M=
k=1

which has to be compared with the size of the tensor given by n; x --- X ng. Since the
upper bound in depends only linearly on the dimension d, TT decompositions are
often said to break the curse of dimensionality. Indeed, various numerical experiments
show that a large class of tensors encountered in practical applications can be handled
efficiently in TT format, allowing high-dimensional computations that could not be
performed on computers if tensors were implemented directly as high-dimensional arrays.

Remark 81. We already mentioned that tensors are closely related to grid functions.
In the one-dimensional case, for example, the function values on a grid can be stored
i a row-vector. It has proven advantageous to convert such vectors into tensors with a
special shape and then decompose the resulting tensors in T'T format. One way to reshape
vectors is “q-adic unfolding”, where the indices of the resulting tensor correspond to the
q-adic representation of the original indices. More precisely, a vector v € RN of length
N = ¢* is transformed into an order-L tensor in R?**4 where the jth element of v is

represented by the index (i, ..., iq) of the reshaped tensor via
L
J=1=> (ix—1)g"".
k=1
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Such representations are called “Quantics Tensor Trains” (QTTs) and it has been shown
that in many applications the ranks of the components are small, making QTTs a power-
ful tool for high-dimensional problems, see [KK18, Chapter 4.2] and references therein.
In particular, we would like to mention that QTTs have been successfully applied to global
optimisation problems in the joint paper [SBB21|] with M. B. Soley and V. S. Batista,
essentially by implementing the power iteration known from numerical linear algebra
with QTTs for ¢ = 2. The corresponding algorithm is known as the “Iterative Power
Algorithm” (IPA), and it has been shown that IPA can be used to approximate solutions
to high-dimensional optimisation problems such as those encountered in molecular and
electronic structure calculations.

Before presenting numerical results related to quantum dynamics, let us recall some
important results of tensor trains.

6.1.1 Existence and uniqueness of TT decompositions

The decomposition of a given tensor in T'T format depends crucially on the compression
ranks r1,...,74-1. One of the first questions is therefore for which choice of ranks we
can guarantee the existence of a TT decomposition. To answer this question, we need
the following definition (see also [HRS12, Section 2.5)):

Definition 82. Let C' € R™* %" be q tensor of order d and let
k d
Uy, ::1_[71S and py, = H ne, k=1,...,d—1. (6.2)
s=1 s=k+1

The kth canonical matrix Cy € R"*#e of C' is defined by

Cr((iy - ik); (it - - -y 4a)) == Clin, ..., 1), 15 € [ng), s=1,....d,

where the indices (i1, . .., i) enumerate the rows and the indices (ixy1, ..., 1q) the columns
of the matrixz Cy in colexicographical order, i.e. in column-major order. Moreover,
the rank of the kth unfolding matriz, in the following denoted by sy, is called the
kth separation rank of C'.

A short example will illustrate the definition of unfolding matrices. Therefore, let us
consider the following order-3 tensor C' € R?*2*2_ defined by

O(i17i27i3) = Z.1 : 102 + Z.2 -10 + 7:37 i172‘27i3 € [2]

Then, the unfolding matrices C; € R*** and Cy € R**? are given by

111 112

111 121 112 122 211 212
Cl—(zn 221 212 222) and €2 = o1 129
221 222
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In particular, in MATLAB the unfolding matrix C}, can be generated with the command
reshape(C, vy, ),

where the positive integers v and puy, are defined according to (6.2]).

We are now ready to prove the existence of T'T decompositions. The following result
was taken from |Oselll Theorem 2.1].

Proposition 83. Let C' be an arbitrary tensor of order d with separation ranks s, > 1.
There exists a TT decomposition with compression ranks ri not higher than sy, that is,
re < s, forallk=1,...,d—1.

For the proof we refer to [Osell, Theorem 2.1]. O

Oseledets’ proof not only shows that a T'T decomposition exists, but also allows the
construction of a practical algorithm for its computation. Since the resulting algorithm
relies on successive SVDs of auxiliary matrices to compute the tensor-train components,
this algorithm is called the “T'T-SVD algorithm”. It should be noted that the separation
ranks of a tensor are not invariant under permutations of the indices, which has the
consequence that the ranks (and thus the storage) increase if an unfavourable order is
chosen. However, it is possible to approximate a given tensor by a tensor train with fixed
ranks by replacing the SVDs in the TT-SVD algorithm with best-rank approximations;
a result for the corresponding error can be found in [Oselll Theorem 2.2].

Remark 84. In many situations it happens that a tensor is in TT format but the
ranks of the components are too large (see Section @ for examples). Of course,
the ranks can be reduced with the variant of the SVD algorithm described above, but
as it turns out, this is not the best way. Instead, there is a method that directly uses
the TT format. This procedure is called “rounding”, which is important for numerical
applications because without rounding the ranks would explode after repeated calculations.
In [Osell, Section 3], Oseledets presents an algorithm that requires O(dN R®) operations.

The next question that arises is whether the TT decompositions are unique. Since
the T'T format is based on matrix products, it is easy to see that the TT components
cannot be uniquely determined, since, for example, for an invertible matrix G € R"™*"*
it follows that

Ch i) Crglins1] = Crlin] GG Crpa lins],
which implies that the components Cylix] and Ck1[igs1] can be replaced by
ék [@k] - Ck [Zk]G and C’k+1 [ik+1] - G_ICk+1 [ik—l-l]‘

Hence, it makes sense to use further conditions that uniquely determine the components.
The next definition introduces special unfolding matrices that can be used to standardise
TT decompositions (see also [HRS12, Section 2.4]):
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Definition 85. The left unfolding of a TT component C), € R =1X"XTk fo =2 d—1,
is denoted by CL € R+1")*"k and defined by

Cé(ap_1,i1); k) = Crlap_1, ix, ag),

where the indices (ax_1,1,) enumerate the rows and the index oy the columns of the
matriz CE in colezicographical order. The rank rE of the left unfolding is called the
left rank of the component Cy. The right unfolding CF € R™1X(7%) and the corre-
sponding right rank rf* are defined analogously. Furthermore, a TT decomposition is
called minimal if rF = ry and rff =r_;.

We are now ready to prove the uniqueness of TT decompositions. The following result
was taken from [HRS12| Theorem 1].

Proposition 86. There is exactly one rank vector r = (ry,...,rq4_1) such that a given
order-d tensor C admits for a minimal TT decomposition and if s = (S1,...,584-1)
denotes the (unique) separation rank of C, there holds r = s. In particular, a minimal
decomposition can be chosen such that the components are left-orthogonal, that is,

(CH"CE=1d e R™™  forallk=1,...,d—1.

Under this condition, the decomposition is unique up to insertion of orthogonal matrices:
For any two left-orthogonal minimal decompositions of C' for which

Clir, ... iq) = Ci[i1)Calia] - - - Cg-1lia—1]Calia] = D1lir])Dalia] - - - Dg_1[iq—1]Dalid]
holds for all iy, € [ng], there exist orthogonal Q1, ..., Q4_1,Qr € R™*" such that

Ci[i1)Q1 = Diliy], Q% Cylia) = Dalia), Qi_,Ci(ix)Qr = Dy(ir).

For the proof we refer to [HRS12, Theorem 1]. ]

The TT-SVD algorithm can be used to compute TT decompositions. Now that we
have specified these decompositions with left-orthogonal unfolding matrices, we should
add the fact that Oseledets’ TT-SVD algorithm produces (in exact arithmetic) mini-
mal TT decompositions with left-orthogonal components. As it can be advantageous
in some applications, we also note that the algorithm can also be adapted to compute
right-orthogonal or mixed (left- and right-orthogonal) components.

The TT format has many other interesting properties that are of particular interest
for the development of numerical methods. For example, it can be shown that tensors in
TT format of fixed rank locally form an embedded manifold in R™**" see [HRS12].
Moreover, we refer the interested reader to |[GH21, Section 4], where the authors analyse
TT approximation schemes for continuous functions.
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6.1.2 Operations in TT format

In the previous section we saw that the TT format can be used to efficiently represent
high-dimensional tensors, and once the tensors are in T'T format, arithmetic operations
usually have to be performed. In the following, we describe how these operations are
implemented using the examples of addition, elementwise multiplication and inner prod-
ucts. In doing so, we summarise the description of Oseledets in [Osell, Section 4].

Let us consider two tensors A, B € R™**" of the same dimension, which are in
tensor-train format, i.e., A(i1,...,iq) = Aqli1] - -+ Aglia], B(i1, ... iq) = Bili1] - - - Balia]-
The sum C'= A+ B is given by

Clir,. .. ia) = Alin, ... ia) + Blir, ... iq)
= Aylir] -+ Aglia] + Bulia] - - - Balid],

and a simple calculation shows that the components of C' in T'T format are given by

Culiv] = (Ak(gik] B,Eik])

for all iy, € [ng], k=1,...,d—1, and

Ad[ld]) , 11 € [nl], iq € [nd]

d[ld]

Cilin] = (Aifin] Bilia]),  Calig] = (

On the one hand, this shows that no arithmetic operations are necessary to build the
TT format of the sum, since the components of C' simply result from “connecting” the
components of A and B in a common matrix. On the other hand, it can be seen that
the size of the resulting components increases (the ranks are summed). Rounding in
TT format (cf. Remark can be used to avoid the rank increasing too much due to
successive additions. In particular, if Oseledets’ rounding algorithm is used after each
addition, the total number of operations grows as O(dN R?), where now R denotes the
maximum rank of the components of A and B.

Another important operation is the elementwise product of tensors, also known as the
“Hadamard product”, denoted by C'= Ao B. It is given by

Clir, ... iq) = A(ir, ..., ia)Bli, . .. i)
= Aulia] - - Aglia] Ba[ia] - - - Ba[ia],
and a simple calculation (see e.g. |[Oselll Section 4.2]) shows that the components of C'
are given by

(4) (B) I(CA) (B)

Ck[Zk] = Ak[lk] & Bk[Zk] € Re=1"k=1%Tk Tk TS [nk], k= 1,... ,d,

where ® denotes the Kronecker product of matrices and the superscripts (A) and (B)
indicate that the ranks correspond to either the tensor A or B. In particular, it follows

126



that the ranks of the components of C' are given by the products of the ranks. We also
note that in the special case B(iy,...,i;) = b only one (freely chosen) component of A
has to be multiplied by the scalar b and the others remain unchanged.

The Hadamard product C' = A o B is needed, for example, to calculate the inner
product of A and B, defined by

A|B Z ZA’ll,..., ’ll,..., Z ZC’ll,...,d. (63)

i1=1 ig=1 i1=1 ig=1

The computation of the sum in (6.3)) is called a “multidimensional contraction”. Due to
the special structure of the matrices Ay [ix]® By[ix], the inner product can be implemented
with a total of O(dN R?) operations. Furthermore, the inner product algorithm can be
used to calculate the Frobenius norm of a tensor, which is defined as follows:

[AllF = V(AT A)

In addition to the basic arithmetic operations mentioned above, advanced operations can
also be performed in the TT format. For instance, with regard to algorithms for solving
the Schrodinger equation, the Fourier transform of tensor trains is of particular interest,
which makes it possible to transfer the Laplace operator into the frequency domain,
where it can then be executed as a multiplication operator. Since this operation is also
used in the TT Chebyshev method below, we refer interested readers to |[GB17], where
the authors introduce an extension of the split-step Fourier method in TT format, the
so-called “tensor-train split-operator Fourier transform (TT-SOFT)” method.

Remark 87. Like many other authors, we have treated only real-valued tensors for the
sake of simplicity. However, we point out that the above results can also be extended to
complex-valued tensors.

6.2 Tensor-train Chebyshev method

As described in detail in Section , parts of the present section (Sec. overlap to a
large extent with the joint publication “Functional Tensor-Train Chebyshev Method for
Multidimensional Quantum Dynamics Simulations” with M. B. Soley, A. A. Gorodetsky
and V. S. Batista appeared in Journal of Chemical Theory and Computation, 18(1):25-36,
01 2022.

We now present the tensor-train Chebyshev (TTC) method, which is essentially a
tensor-train implementation of the celebrated Chebyshev propagation scheme introduced
by Tal-Ezer and Kosloff in [TK84]. This method approximates the unitary propagator
U(t) = e"*H¥/= of the time-dependent Schrodinger equation for a fixed time ¢ by a
linear combination of Chebyshev polynomials of the Hamiltonian. In contrast to meth-
ods based on the concatenation of short-time propagators, the Chebyshev method has
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Figure 6.4: Plot of the first four Chebyshev polynomials.

the advantage that it can be implemented without error accumulation, since it allows the
computation of the time-evolved state U (), directly at the final time without having
to compute intermediate states at earlier times. The original method has been success-
fully applied to molecular systems with low dimensionality, see e.g. [GG02, (CA13], but
applications to high-dimensional systems have been hindered by the exponential scaling
of memory and computational costs, as the method relies on full grid representations.
In the following, we present a viable solution to the exponential scaling by applying the
tensor-train format.

The section is structured as follows: Section [6.2.1 introduces Chebyshev polynomials,
Section [6.2.2 describes how to generate Chebyshev expansions of complex-valued func-
tions, and Section [6.2.3 describes Chebyshev propagation based on discrete space rep-
resentations. Finally, after discussing the tensor-train implementation in Section [6.2.4,
numerical experiments of the TTC method are presented in Section [6.2.5.

6.2.1 Chebyshev polynomials
For all integers k > 0, the kth Chebyshev polynomial is defined as follows:

Ty: [=1,1] = [=1,1], Ti(x) := cos (k arccos(z))
We note that the Chebyshev polynomials satisfy the following recurrence relation
Tyi1(x) = 22T (z) — Th—1(2), (6.4)
and the first four polynomials are given by (see also Figure
To(z) =1, Ti(z)==2, Th(z)=2x*—-1 Ts(z)=42>— 3.

Chebyshev polynomials have a number of remarkable properties and are therefore an im-
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portant tool in approximation theory, see e.g. [Trel9, Chapter 10] and [FP68, Chapter 1].
For instance, they satisfy the following orthogonality relation for all j,k > 1, 7 # k,

| T = = S (©5)

showing that the Chebyshev polynomials are orthogonal with respect to the weighted
inner product defined by the left-hand side of (6.5)).

6.2.2 Chebyshev expansion of complex-valued functions

Chebyshev polynomials can be used to approximate a given complex-valued function
f:[=1,1] — C via its Fourier series, see e.g. [FP68, Chapter 2.6]. To show how, we
introduce the 27-periodic function

g(x) = f(cos(z)),
which can be represented in (—m, ) in terms of its Fourier series as follows:

g(x) = 2(2 — Opo)agcos(kx), ap = ! /Oﬂg(x) cos(kz) dx

™
k=0

Therefore, the original function f(y) = g(arccos(y)) can be represented for all y € (—1, 1)
in terms of the Chebyshev polynomials as

dy
Vg

Equation is called the “Chebyshev expansion” of f. It can be used to approximate
f as the linear combination of the first N > 1 Chebyshev polynomials as follows:

o) = > =dn)aTiw). o=~ [ f)T)

™
k=0

(6.6)

=

fy) = Snfly) =) (2= dro) crTi(y) (6.7)

iy

The coefficients ¢; defined by are essentially the Fourier coefficients of g, which
for analytic functions decay exponentially with &, see e.g. [Tad(07, Section 2|, and thus
provide fast convergence of the partial sums Sy f. In particular, the resulting Chebyshev
approximation is a polynomial of degree /N, which is known to be close to the polynomial
of the same degree with minimal error in the interval [—1, 1], see [TE89, Section 2].
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6.2.3 Chebyshev propagation in discrete representations

We obtain an approximation of the operator U(t) = e~"*/¢ at a given time ¢ > 0 by
considering the function f(y) = e~™"/¢ for which the coefficients ¢; defined according to
can be expressed in terms of the Bessel functions Jj (of the first kind) as follows,
see e.g. [AS64, Chapter 9],

cp = (—i)ka(t/s),

yielding the following approximation for all y € (—1,1):

e WE (2 — Or0) (i) T (t/e)Ti(y) (6.8)

=

i

Using a linear transformation of the argument y, we can restate for an arbitrary
Hermitian matrix H € C¥? with eigenvalues contained in a finite interval [a, b] as

N-1

e~ Ht/E =it Z (2 — Oro) (—0)* T (t7) T (Hy), (6.9)

k=0

where we have introduced the rescaled variables t~, ¢t € R and the matrix H, € C%*?
with eigenvalues in [—1, 1] defined by

2
= i(bj:a) and Hjy:= ; (H — b—;ald) , (6.10)

2e —a

where Id is the d x d identity matrix. In particular, since e=®*/¢ is an analytic function,
we obtain fast convergence of the approximation in . However, the number of
required polynomials increases with ¢ since e~%!/¢ is oscillatory and thus a sufficiently
large number N of Chebyshev polynomials is needed to resolve the oscillations. In fact,
it has been shown that the error falls like the Nth order in [¢t~|/(2N) for sufficiently
large N, see [Lub08, Chapter 111.2.1, Theorem 2.4].

Remark 88. It is important to note that can be used more generally than in the
current implementation to approzimate the solution to any linear system of the form
1w = Hu. Such linear systems typically arise in space discretisation methods, including
the Fourier collocation method, the Fourier—Galerkin method, or the Hermite—Galerkin
method, see [Lub08, Chapter I1I]. Hence, we anticipate that the TTC method should also
be valuable for solving high-dimensional linear systems in a wide range of applications
beyond the solution of the time-dependent Schrodinger equation.
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6.2.4 Tensor-train implementation

Discrete tensor-train approximations of the propagator U(t) = e~/¢ are obtained by

discretising the d-dimensional space in each coordinate direction in the range z;min to
Zjmax With n; > 1 points and the grid size Az; > 0. Point evaluations ¢ (zy) of the
wave function v, which are represented as a tensor W & C™>**"d are approximated
for fixed compression ranks ry,...,7r;_1 by complex-valued low-rank tensor trains with
components W;[k;] € C7-1*" as follows,

W(kla R kd) ~ Wl[kl] T Wd[kd]7

where k = (k1, ..., kq) is the index corresponding to the gird point xy = (T14,, .-, Tak,)-
The action of the Hamiltonian

2
H:T+V:—%AI+V

is represented by a Hermitian operator H = T 4V on the tensor space. By this we mean
that if tensors in C™"1**"d are identified with row vectors of length D = ny - --ny, the
discretised Hamiltonian can be represented as a Hermitian matrix in CP*P. As usual,
the potential energy operator )V is given by the elementwise multiplication operator
(Hadamard product), i.e.,

(VW)(k?l, ey k‘d) = ‘/1[161] cee ‘/d[kd]Wl[kl] ce Wd[k’d],

where the matrices V}[k;| are the cores of the potential in TT format. Furthermore, the
kinetic energy operator

2

(TW)(hr.- o ha) =~ =5 D),

is defined by the Laplacian that acts as a multiplication operator in momentum space.
Therefore, we apply the kinetic energy operator in momentum space by exploiting the
implementation of multidimensional discrete Fourier transforms of tensor trains to switch
between position and momentum space. With the help of the FFT we obtain a very
efficient and accurate implementation of the discretised kinetic energy operator.

Recall that for the approximation of the propagator the discrete Hamiltonian must be
rescaled according to (6.10]) as follows,

2
HD B Emax - Emin (H a

where now Id denotes the identity on the tensor space. The bounds for the eigenvalues
FEin and Fy . depend on the extension of the position grid and are given by

Emax + Emin
—Id
;).

E inV(z), E Sl (USRI S V()
min — 111111 Tk), max — & | A o T N 9 max Zk),
k k 2 \Az? Ax? k ¥

131



where we used Ap; = 27/(%max — Tjmin) for the grid spacing in momentum space of
the jth coordinate, giving the maximum kinetic energy

2 2
e 4, e

Gl = 3 A

2

E,max -

Consequently, the solution ¢ (t) of the time-dependent Schrodinger equation (|1.1]) is
approximated with NV > 1 Chebyshev polynomials as follows,

N-1

Y(t) = e g m e (2= Bro) (=) Tk () Tk (Ho) W, (6.11)

k=0
where t* = tE* /2e, E* = Eya £ Enin, and W, samples the initial wave function 1.
We implement (6.11)) as a one-step propagator to compute t(t) directly from the initial

data by using the Clenshaw algorithm, see Appendix[7.8] Alternatively, one could obtain
the time-dependent states Ty (Ho)Wy according to the recurrence relation (6.4]) as

To(Ho)Wo = Wo, Ti(Ho)Wo = HoWo,
Tk+1(HO)WO == 2H0Tk(H0)W0 - Tk_l(Ho)Wo, for k Z 1.
We note that the Chebyshev propagation scheme can be alternatively implemented by

using the continuous analogue functional tensor-train decomposition of wave functions

as described in [SBGB22l Section 3].

6.2.5 Numerical experiments

We present numerical experiments for two systems. To demonstrate the dependence
of the error on the number of Chebyshev polynomials and the propagation time, we
first test the TTC method for a Gaussian wave packet in a two-dimensional harmonic
oscillator potential. We then present results for simulating the dynamics of protons in
a b0-dimensional model of hydrogen-bonded DNA.

Remark 89. In the following experiments, the construction of the tensor trains and
the operations in TT format were performed using Oseledets’ TT-Toolbox, see [Ose20)].
Moreover, all operations were followed by rounding (cf. Remark to avoid an artificial
growth of the ranks.

Two-dimensional harmonic oscillator

We consider the two-dimensional quantum harmonic oscillator potential
L, 2
V(l’l, .1’2) = 5(1'1 + iL'Q).
The discretisation in position space was based on a 32 x 32 grid on A, = [—6,6]* and

the maximum rank for rounding as described in Remark [89] was chosen as 7.« = 3.
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Figure 6.5: Left: Evolution of the L2-error between the TTC method and the analytical
solution for the two-dimensional harmonic oscillator (¢ = 1). TTC provides
more accurate approximations than the TT-SOFT method for longer times.
Right: L2-error for different numbers of polynomials. The number of poly-
nomials required for accurate simulation increases with larger times.

The left-hand side of Figure shows the L?-error between the TTC method and the
analytical solution (green line). For comparison, the L?-error produced by the TT-SOFT
method is plotted (black line), which is essentially the split-step Fourier method in
tensor-train format, see |[GB17]. The number of Chebyshev polynomials was N = 750
and the initial wave function was chosen as the Gaussian wave packet 1y = gZC;O’E with
e =1,q = (1,0), pp = (0,0) and Cy = ¢Id. While the errors for short time steps
cannot be distinguished, TTC produces the complete wave function with an error several
orders of magnitude smaller for longer time steps given the sufficient large number of
Chebyshev polynomials. In addition, the right-hand side of the Figure [6.5( shows the
L2-error for different numbers of polynomials, but this time for the initial Gaussian wave
packet centred at gy = (0,0). We observe that the TTC method requires less than 200
polynomials to accurately approximate the full wave function for the final times t = 1
and t = 2. As expected, the number of polynomials required for accurate simulation
increases with larger times. In particular, the errors converge for all final times up to
t = 6 for fewer than 500 polynomials, demonstrating the robustness of the T'TC method
for the simulation of long-time dynamics.

50-dimensional model of hydrogen-bonded DNA

To demonstrate the capabilities of the TTC method for high-dimensional systems, we
simulated the dynamics of protons in a 50-dimensional model of hydrogen-bonded DNA
adenine-thymine base pairs, which is described by the potential

50 50
V(zy,...,w50) = »_ o (0.429z), — 11267 — 0.1433 + 0.5632%) — Y afaprss,
k=1 k=2
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Probability density dynamics, uncoupled (8 = 0)
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Figure 6.6: Comparison of two-dimensional slices of the 50-dimensional time-dependent
wave packet obtained from TTC (green) as compared to TT-SOFT (black)
for uncoupled DNA base pairs.

Probability density dynamics, coupled (8 = 2)

0 fs 0.024 fs 0.048 fs
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g of 1 of 1o} .
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Figure 6.7: Comparison of two-dimensional slices of the 50-dimensional time-dependent
wave packet obtained from TTC (green) as compared to TT-SOFT (black)
for coupled DNA base pairs.
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Survival Amplitude

Real part, uncoupled (8 = 0)
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Real part, coupled (8 = 2)
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Imaginary part, uncoupled (8 = 0)

1F T T ]

0.5 -

I
0.12

time ¢ [femtoseconds]

|
0 0.06

Imaginary part, coupled (5 = 2)

1 N | | ]

0.5 -

—-0.5 =

I I
0.06 0.12

time ¢ [femtoseconds]

Figure 6.8: Comparison of survival amplitudes for the dynamics of uncoupled (top) and
coupled (bottom) DNA base pairs, including the real (left) and imaginary
(right) parts, obtained with TTC (green) and benchmark TT-SOFT (black).
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where @ = 0.1 determines the energy scaling of the potential and 5 > 0 is the coupling
parameter of the hydrogen bonds, see [GAKS15]. Due to the strongly anharmonic modes
in the potential, this model is a challenging test case for tensor-train-based methods,
especially for coupled DNA pairs (5 # 0), which is beyond the reach of the original
grid-based Chebyshev approach or other methods based on full grid representations.
The discretisation in position space was based on a uniform grid with 32 grid points
in the range z;, € [—5,5] for each coordinate direction. The number of Chebyshev
polynomials was N = 50 and the initial wave function was chosen as ¥, = gg)o’a with
e=1,qu%=1, por =0 and Cy = ¢1d. For both TTC and TT-SOFT, the solution was
calculated at intermediate times with a time step of 7 = 0.01 by defining each interme-
diate time as an end point. Figure shows the comparison of two-dimensional slices
in the xjx9-plane of the 50-dimensional wave packet obtained with the TTC method
(green line) and the benchmark method TT-SOFT (black) for the uncoupled system
(B8 = 0) at six different times. The maximum rank for rounding was chosen as rp.x = 3.
Figure shows the corresponding simulations for the coupled system (5 = 2) with the
maximum rank 7., = 10. In addition to computing the full wave function, the method
was analysed by computing survival amplitudes, which can be seen in Figure for the
uncoupled system (top) and the coupled system (bottom). The results for the full wave
function and the survival amplitudes show excellent agreement between the methods and
efficient performance, even without relying on high-performance computing facilities.

6.3 Summary of this chapter

Numerical methods based on naive space discretisations are not applicable to high-
dimensional systems, since the size of the tensors resulting e.g. from function evaluations
increases exponentially with increasing dimension. Both the storage and processing of
operations is therefore only possible, if at all, with the use of high-performance com-
puters. In this chapter we introduced the tensor-train decomposition, which allows the
storage of tensors that usually require O(N9) data points for a d-dimensional grid with
N points to be reduced to O(dN R?) data points, where R denotes the maximum rank.
It was also discussed how basic operations such as addition, multiplication and rounding
can be implemented in TT format. The presented numerical results on the tensor-train
implementation of the Chebyshev propagation method have shown that the TT format
can potentially be used for other grid-based methods, e.g. the TSTG method.
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7 Appendix

7.1 Inner products of Gaussian wave packets

Proof (of Lemma [71) The product of the functions gff’a and ¢2¢ is again a Gaussian,

z2
and to obtain an explicit representation, we rewrite the sum of the exponents

—é (%(m —q)"Ci(z — @) +pi (2 — ql)> + é (%(w —q2)" Ca(r — q2) +py (2 — 92)>

as a quadratic function

: (%(x — @) Bz — go) + (x — g2)Th + c) ,

where a short calculation shows that B € C™? b € C? and ¢ € C are given by

B:=0,—C,, b:= (p2 — 1) —01((&—(]1) and
1 ~ (7.1)
ci= —5(612 - Ch)TCl(Ch —q1) — p1T(Q2 —q).

In particular, since Im(—C;) = Im(C}) is positive definite and the sum of two real
positive definite matrices is again positive definite, we conclude that B is an element of
the Siegel space &1 (d). This yields the following representation for all z € R%:

@) =aep | (5o -0 Bl - @) + - e |

where the positive constant a > 0 is given by
o = (me)~Y? det(Im Cy Im Cy) /2.

Therefore, we conclude that

1 (1
(9o | 952%) = /Rd aexp [g (5@ — @) Bl — g2) + (x — g2)"b + C)} dz

(1
= a/ exp [Z (—yTBy +ylb+ C)] dy.
Rd g 2

In particular, since the last integral can be solved analytically by using a formula for
multivariate Gaussian integrals, see e.g. [Fol89, Appendix A (Theorem 1)], we get

i (1 . )] (2me)¥/? ( iy, )
exp|-|(=zy By+y'b+c||dy= ———exp|(—=—b"B b+ -],
/Rd p L (23/ y+y V= e o e .
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where the branch of the square root is determined by the requirement
det(—iB)™"* >0

if —iB is real and positive definite. Moreover, using the formulas in equation ([7.1)), we
obtain the following representation:

QL exp (—ibTB_lb + 3c)
det(—iB) 2e £

24/2 det(Im O Im Cy) /4 )
= (Im G, 2) p (—(p1 +p2) (¢ — Q2)>

det(—iB) 2¢e
P (2%@2 —p1)"(Ca = C1)H(Co + Cr) (g — q1>) o

exp <2i€(p2 —p)" (=B7)(p2 — pl)) exp <2%(Q2 —q)" (=Ci = C1B7'C) (g2 — ql))

In the last line we have two Gaussians: One with respect to the difference p; — p; with
width matrix —B~! and one for ¢, —¢; with width matrix —C; —C;B~'C,. In particular,
the Woodbury matrix identity, see e.g. [Hig02, Page 258], yields

~1

G~ OBC = (5 - O

Hence, since Z € &7 (d) implies —Z~! € &7(d), see e.g. [Fol89 Theorem 4.64], we
conclude that both width matrices

~B™' and (Cy'— Cfl)_l

are in &7 (d) and therefore we conclude that the block diagonal matrix M in (2.9) is an
element of &1 (2d). Putting together the above calculations we arrive at (2.8]).

To prove the bound in ([2.10]), we follow the idea of [Swa08, 11.4 Lemma| and assume
that the eigenvalues of Im(C},) and Im(—C, ') are bounded from below by § > 0 and
from above by © > 0. Furthermore, let us introduce the real-valued Gaussian function

0
§0(x) = ()39 exp (—2—81\3: - qku%) k=12 zeRl

Then, for all z € R?, the spectral bounds imply that

95 ()] < det(Tm Cy) /10~ 4gf () < ©U19~1/1gf ()

Zk
and therefore we obtain the following bound:

[(gShe | g52°)| < 0-20%(g] | gb)

z2
0 7.2
— p—4/2d/2 exp (—4—€||q2 - q1||§> , (7.2)

138



where the last equality follows by (2.8 . Furthermore, combining Plancherel’s theorem
with a formula for the Fourier transform F.g; Ck ¢, implies

[(gShe | g52°)| = [(Feglhe | Foglro)|

_ 0 (7.3)
<0 d/2@d/2 exp <_EHp2 _pl”%) ‘

Consequently, combining the bounds in ) and (| proves ([2.10)) for

¢ = (%)d. (7.4)

7.2 Summation curve

To prove the existence of a constant Cr, > 0 with

1 K K
52 Y Il a0l < G, (75)
ki=1  kg=1

as used in the proof of Theorem we use two one-dimensional bounds: The first one
is an upper bound for the infinite series

> lgo(z — i)

kEZ

TEA,

and the second one a lower bound for the summation curve S(z).

Lemma 90 (Upper bound). For d = 1 consider the Gaussian g defined in (2.1)) with
width parameter v = v, +iy; € C, v > 0 and the uniform grid points q = kAq with
distance Aq > 0. Then, for all x € R, we have

D 1g0(r = )] < cages (7.6)

kEZ

with upper bound

1 i
CAqE’y_\/_( )1/4 1/4 <1+Aq ¢ )

Aq 2me

Proof. Let x € R. Using formula (3.5)), we get

2¢ 2,2
Z|g0 (z — qi)] < V2(me)4y; /s L (1+22€xp( WT;))

~ 7iAq
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Hence, ([7.6)) follows by the estimate
i 2em?n? < /°° 2em?2? d Aq | v

exp | — exp| ———— | dz = — :

— PATae ) =l TP A 2V 2me

Lemma 91 (Lower bound). For d = 1 consider the Gaussian g defined in (2.1) with
width parameter v =, +ivy; € C, v; > 0. Moreover, consider the uniform grid

[]

2k —1
Qk:(JO—Lq“‘TA% k,':l,...,K,

where Aq = 2L,/ K. Then, for all x € [qo — L, qo + L,] we have

K
S(x) = lgo(x — a)[* > Cagen., (7.7)
k=1

with lower bound

1 [ Vi /i
CrgenLy = 3Ag (erf (QLq %) — erf <Aq %)) . (7.8)

Proof. Let T € [qo — Ly, o + Lg| and denote by gz the nearest grid point, i.e.,

K = argmin |7 — q|.
k=1, K

There exists t € (—Aq/2, Aq/2] such that Z = ¢z +t, and without any loss of generality
we assume that ¢t > 0. Now, we decompose the one-dimensional summation curve as

S(z) = Sg(z) + (S(z) — Sk()),
where Sg is defined by

Sr(@) ==Y lgo(x — q)[*

k=1

In particular, since Sz is symmetric to the axis

I_Q1+QR_ qi, lfK:21_17
2 q+ Aq/2, if K =21,

we have Sg(z) = Sg(qg +1t) = Sg(q1 —t). Hence, since Sg is increasing on [go — Ly, ¢1]
and S — Sk is increasing on [go — Ly, ¢z41), we conclude that

S(go — L) < Sgla —t) + (S(z) — Sk (z)) = S(2),
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and since T was chosen arbitrarily, this shows that on the interval [gy — L,, qo + L] the
summation curve S(x) attains its minimum at = gy — L,. Consequently, using that

K
S(go — Ly) > Z “124172 oxp (—%(kAqF)

k=1

and estimating the sum from below by an integral as follows,

K
> (me) 22 exp (—E(kAW) >

e * dz,
el € AQﬁ Agr/vi/e
the lower bound in ([7.8)) follows by the definition of the error function. O

Proof for the upper bound in ([7.5)). We have

1 K K
%klz:l“'];:l@o(ﬂ?— Z|9095—Qk

kZd

and since the grid is aligned with the eigenvalues of the matrix Im C, we obtain the
following factorization:

1 S T
5 2 I —aol =11 575 2 lon(a"un — kg,

kezd n=1 kn€Z

where the one-dimensional summation curves S, (x) are defined according to ({3.6|) for

F,(In) ={1,..., K} and the Gaussian functions g,, are given in (3.7). In particular, using
the upper bound in ([7.6)) and the lower bound in ([7.7)), we conclude that

sup

Zlgnxun ko) < SAesAn g
TEA, S(

kn€Z CAQ75777LQ
Since in the limit K — oo we get

CAq,e,An - 2\/5(71‘8)1/4)\;1/4
Cagenle  erf (2Lq )\n/é) 7

(use that Ag — 0 as K — oo and erf(z) — 0 as  — 0) the bound in (7.5 follows for

2\/§(W8)1/40_1/4

erf <2Lq 0/5) ’

where o > 0 denotes the smallest eigenvalue of Im(C). O

Cr, =
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7.3 Computing Fourier integrals using the FFT

For the computation of Fourier-type integrals, such as

t4+A o k
I® () = (2)w(x —t)e ™ "de, ¢=-— ke€Z MEeN,
- M
we used the fast Fourier transform. Let v = (vy,...,v4) € C? and

d
Uy = Zvje_Qm'(j_l)(l_l)/d, led{l,...,d}.
j=1

For the computation of the integral I®)(¢) let us consider the composite trapezoidal
rule on a uniform grid. Let N € N be a power of 2, as well as m € N, m < N — 1 and

2\
$]:t—)\—|—A], AI:E, jG{O,l,...,m}.

The trapezoidal rule with grid {z;},c0.1,...m} yields the following approximation:

-----

I(k)(w) o ST A <1/)(t + Aw(A) p-2mik Pt — Nw(=N\)
s 5

+ > (@ )w(z_g — 75)6_27ri1”k’q“(j_1)> :

Jj=1

Consequently, if & = mn for some n € {0,1,...,N — 1}, as well as M = N and
vj i=Y(xjo)w(xj_g —t) for j=1,...,m,v;:=0for j=m+1,..., N, then,

N
1B () m e W3 WA (7"16_2”"&” — 7Ty + Z ?Jje_gm(j—l)n/N)

Jj=1

jmn Ty jmn

_ — ; mn ~
=e "N X' N”A(Tle ity —T2+Un+1),

where the constants r1,r, € R are given by

Ut + Nw() Yt = Nw(-\)

rn=——————= and ry=

2 2

In particular, the vector © can be calculated with the FFT. For sufficiently large values
of m and N we get
1 t+A e—ifgteifﬂ

/. ()w(z — t)e 3% dr ~ — (re

—2miE _ D) + @n+1) .

Recall that the window w is compactly supported. Provided that both the functions v
and w are smooth on (t— A\, t+ ), the trapezoidal rule gives accurate results. The actual
rates of convergence are based on the Euler—-Maclaurin formula and can be found e.g. in
[DRO7, Chapter 2.9]. In particular, the difference between the exact Fourier coefficients
and their discrete approximation using the trapezoidal rule is known to be spectrally
small, see |[GT85, Equation 1.5].
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7.4 Upper bound for K

Recall the representation of the combinatorial constant K in (4.10). We want to find
an estimate for the following sum (cf. Equation (4.11))):

s—1

s—l—k) (2s — k—1)! B K
2k +2)! - (s —k—1)!- (25 — 2k)! - k! 225(s 4+ 1)1(25)2°

]

k:O
For the summand we calculate
(s+k)!-(2s—k—1)!
2k +2)! - (s—k—=1)(2s — 2k)! - k!

(sH+E)!-(2s—k—-1)!  s!-s! 25+ 2
skl (s—k—1!-s! (25+2) \2k+2/)°

Recall Vandermonde’s theorem, see e.g. [Sead9l, Equation 2.43]:

" ak _ ((l+b)m
= beC > 0.
Zo k' (m— k; m! ®HoEL, M2

In particular, for m=s—1anda=b=s+1, s > 1, we obtain

s—1

(s + k)! 23—k—1)! 3s
= . d
kZ% ok (s—k—=1)!- 8! (s— 1) (7.10)

Hence, since

2s — 2k s

by (7.9) and (7.10) we conclude that

- (s+k)!-(2s—k—1)! < st-sl (2s+2 3s
k+2)-(s—k—=1)-(2s = 2k)! - k! = (25 + 2)! s s—1
(3s)! 2s
sl(2s+2) s+2°

(28+2) < (28+2> for 0<k<s—1,s5>2,

\g

This proves that

225+123 | 2
5(35) i s> 2.

K, < :
TTo@2s+1)! 5420 T T

Consequently, the true value of K is overestimated by the factor 2s/(s + 2).
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Figure 7.1: Absolute values of the Fourier coefficients (bullets) for f(xz) = 1 (left) and
f(x) = x (right). The extension of the domain of the Fourier coefficients
leads to a non-trivial function in &, but the restriction to integer values
might result in a smooth decay (orange line).

7.5 Oscillations of the coefficients

We focus once more on the windowed coefficients ¢;). In the plot at the upper left-hand
side of Figure the green line falls in a trembling way. To explain this phenomenon,
we extend the domain of the Fourier coefficients. For a 2m-periodic function f € BV,
and £ € R consider the number

fie) =5 [ fwe

This means, that we calculate the Fourier coefficients not only for integer values, but for
all real numbers £. For example, the extended Fourier coefficients of the function f =1
are given by

1(¢) - ! /7r e dy = sin(gﬁ) = sinc(§) .

T or ™

In particular, if k£ is an integer, we obtain the simple Fourier coefficients. Indeed,

. 1, ifk=0,
|1()] —{

0, else.

As we see in the left plot of Figure[7.1] for k& # 0 the simple Fourier coefficients of f =1
correspond to the zeros of € — |sinc(€)|. For the saw wave in Section 4.4.1 we can do
the same calculation. Here we obtain

R .
() = o [ e =y CEAT T GO)
27T —r 7T§2
Therefore, if k # 0 is an integer, we conclude that
1
Z(k)| = 7
k|
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Figure 7.2: Due to the extension of the domain of the coefficients, we are able to resolve
the trembling pattern in the upper left plot in Figure[d.2] The left plot shows
low frequencies (£ € [1,10]) and in the right plot (£ € [390, 400]) we observe
that the bump coefficients fall below the Hann coefficients.

Thus, the coefficients of the saw wave function have a smooth decay, as we see at the
right-hand side of Figure (orange line). We computed the extended (windowed)
coefficients for £ € [1,10] and & € [390,400] for the saw wave. The result can be found
in Figure By extending the domain of the Fourier coefficients, we observe that the

trembling also occurs for the other coefficients (plain and hann).

7.6 Discrete Gaussian convolution

Lemma 92. For o > 0 consider the one-dimensional Gaussian function

1
fo(t) :=exp (——t2) for allt € R.
20

For arbitrary grid points t1 <ty < ... <ty let

hi=tiy1—t,i=1,....,N—1 and h:= min

i=1,....,N—1

(7.11)

Then, for all 01,09 > 0, there exists a constant ¢ > 0 such that for all s € R we have

N
Z fO'I (tk)fcrz (5 - tk) < Cf01+02 (5)7
k=1

where ¢ depends on o1,09 and h, but not on N.

Proof. Let s € R. A short calculation shows that

f01 (tk)f02<5 - tk) = f01+02<5)f03 (S/ - tk) )

145

(7.12)



where we introduced the parameters

0102 / 018
03 = and s = )
o1+ 09 o1+ 09

Consequently, the sum in (7.12)) can be written as

N
me(tk)faz(s - f01+02 Zfaza
k=1

In particular, the sum at the right-hand side can be bounded independently of s’ as

Zfag (3/ - tk) S Zfag (hk)a

keZ

where the minimal distance A > 0 between consecutive grid points is defined in ((7.11]).
Since the last sum can be viewed as a Riemann sum approximation to the integral

27T03
/ f0'3 - 9

we find a positive constant ¢ > 0, depending on o3 and h, such that

Zfﬂs (8/ - tk) <

kEZ

which makes the proof complete. O

7.7 Reference solver: The split-step Fourier method

Let e,0 > 0 and V: R — R be a smooth potential. We are interested in the numerical
solution to the one-dimensional time-dependent Schrédinger equation

2

ico(x,t) = —S—M@z}"(x, t) + V(2 (a,t),
w<.7 0) = ¢0>

for a given initial wave function ¢y € S(R).

(7.13)

7.7.1 Transformation of the Schrodinger equation

Let ¢ be the solution to (7.13). For a given time interval [0, %,,q.], Wwe assume that
|t(z,t)] is negligible outside the spatial interval [a, b], i.e

|Y(z,t)] =~ 0 forallz € R\ [a,b] and t € [0, t100]- (7.14)
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For the parameters
b—a

Q= and f[:=a

we introduce the complex-valued function
[RxR—=C, f(y,7) ==¢(ay + B,er) forall (y,7) € R x R.

Note that for 7 € R we have
fQ0,7) =¢(a,7) and f(2m,7) =(b,T).

In particular, f satisfies the following equation:

, e1
i0-f(y,7) = —ﬂ@f (y, 7) +Vi{ay + B8)f(y,7), (7.15)

f(y,0) = ho(ay + B).

7.7.2 Approximation by trigonometric polynomials
Let f be the solution to ([7.15]). Our assumption in (7.14)) yields that f(y,7) is negligible

outside [0, 2] for all times 7 € [0,¢4,/¢]. For those times we are interested in an
approximation of f in [0, 27| by trigonometric polynomials.

The discrete Fourier transform

We denote by F: C? — C? the discrete Fourier transform:

>

d
=Fv with 0 =Y e 20 NENM =g,
j=1

In particular, the inverse transform F~1: C¢ — C? is given by

d
1 .
_ 14 : = ~ 2mi(j—1)(k—1)/d .
v=JF "0 with v]—dkae , o Jg=1...,d.
k=1
Lemma 93. Let K be a power of 2 and ¢ := (C_K/Q, .. ,CK/Q_l)T € C¥ a given vector.
Moreover, let
K/2—1
vj = Z cRe?UTORE K,
k=—K/2

and o: CKX — CX the linear map defined by

T
o(c) = (co, o CKJ2—1,CK /2, - - - ,c,l)

Then, the discrete Fourier transform of v is given by

Fv=Ko(c).
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Proof. For k=1,..., K we obtain

K

by = Z Uje—Qm'(j—l)(k—l)/K
j=1
K K/2—1

:Z Z CV€2m'(j71)u/K o 2mi(i—1)(k—1)/K

j=1 \v=—K/2
K/2-1 K

_ Z e, Z (627ri(zx7k+1)/K)j_1 7

v=—K/2 7=1

and by the formula of the geometric sum we find

K .
Z (627”'(”7’{4,1)/[()‘7'—1 _ K’ lf (I/ - k + 1) 6 {O, _K},
, 0, else.

Jj=1

Consequently, we conclude that

. {ck_l, if ke {l,...,K/2},

v =
"ok, ifke{K/2+1,... K},

and therefore Fv =0 = Ko(c). O

Collocation

Lemma 94. Let K be a power of 2. For all times 7 € R, let fx(7) be a trigonometric
polynomial of degree K /2, that is, there exists a time-dependent vector

() = (c_gpalT),. . exjpa(r)) €CF

such that

K/2-1

Tr(y,7) = Z cr(T)e™  for all (y,7) € R x R.
k=—K/2

Moreover, define the K equidistant grid points

2

*

Then, the trigonometric polynomial fi satisfies the equation

<,52

i0- [ (y;,7) = _ﬂé w5, ) + Vi + B) fre(y;,7), (7.16)
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forreR and all j =1,..., K, if and only if
io(c) = %$D2 (c) + FVF tolc),
where ¢(1) = 0.¢(1) and the matrices D,V € REXE qare given by
D =diag (0,...,K/2—1,-K/2,...,—1) and V =diag (V(ay; + 5)).
Proof. For r € Rand j =1,..., K we introduce
u; (1) = fr(y;,7),

K/2-1

B = f ) == Y Ralne.
k=—K/2

Using the vectors u and u®, we can rewrite the system in (7.16)) equivalently as

2
1
il = —;—”ﬁu + V.
In particular, by Lemma [93| we conclude that
Fu=Ko(c), Fi = Ko(¢), aswellas Fu® = —D?Fu.

Therefore we obtain
2
1
it = ——F D> Fu+ Vu. (7.17)
2u o?
Hence, applying the Fourier transform on both sides, we finally conclude that
2

1
io(c) = ;—MEDQU(C) + FVF lo(c).

7.7.3 The split-step Fourier method

For an initial vector uy € CX, we consider the following system of ordinary differential

equations (cf. (7.17)):
21

it = ;ﬂ SFD?FutVa, u(0) = . (7.18)
We denote by F' € CE*E the complex Fourier matrix defined by

Fip= wUTDE=D - where  w 1= e 2K,
In particular, we have Fv = Fu for all v € CX. Moreover, let us define the matrices

2

1
D= D?eRE*K and T = F'D'F e CK*K,

24 a?

Then, the unique solution to the IVP ([7.18)) is given by

u(t) = e T Vg, for all t € R.
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Strang splitting
Define the grid points

b—a
K )

rj=ay;+f=a+(j—1) j=1....K,

and recall that for all t € [0, t,,4,] the following approximation holds:

uj(t/e) = fx(y;,t/e) = f(y;,t/e) = ¥(x;,t).

Moreover, for m € N let

tmaz
At = and t":=nAt, n=0,1,...,m.
m

An approximation of u(t'/e) = u(At/e) is given by
At At At
u' i=exp [ —i—V Jexp | —i—T Jexp [ —i—V | u. (7.19)
2e € 2e

In particular, using that T = F~1D'F, we get

At At
exp <—z’—T) = Flexp (—i—D’) F.
£ 5

For a vector v € CK | let us introduce

A A
v = exp (—i—tV) v and v :=exp (—i—tD'> v,
2¢e €
and let d € RE be the real-valued vector defined by
e (em? JU-D?% if j e{1,...,K/2},

TU2u(b—a) | (G-1-K)? ifje{K/2+1,...,K}.
Note that the components j = 1,..., K of v* and v are given by

A
v = exp (—iQ—;V(mj)) v; and v =exp ( — 1At - dj>vj.

Therefore, iteration of ([7.19)) yields the following algorithm:

150



Reference solver (Split-step Fourier method)

Input: u™ € RE (approximation to the solution u of (7.18) at time " /¢)

Output: v = vT (approximation at time ¢" ! /¢).
1. set v =1u";
2. calculate v;
3. calculate v = Fvt; (via FFT)
4. calculate v
5. calculate v = F~1v™™"; (via IFFT)

6. calculate v™;

7.7.4 Computation of expected values

We are interested in the numerical computation of the expected values

Q)4 ::/RxW(x,t)Fdx and (V) ::/RV(:C)W(Q:,t)\de,

1

() = / PFA.OF dp and (T = 5 / PIF(p, )2 dp,

For the numerical computation of (G);» and (V) at time t" we use that
u;L ~ Q/}(Ij, tn)

and approximate the integrals over position space via the composite trapezoidal rule
based on the grid points x;. Furthermore, to compute the integrals in momentum space,
we use that the Fourier transform F.¢)(p,t") can be approximated for all p € R as

V2re K

K
: 1 b—a (i 1) b=
— e P, E wle sPUDR"

V2re K J

Consequently, using the following grid points in momentum space

1 b—a& ;
Fep(p, t") ~ > (e P
j=1

=1

ore | k-1, ifke{l,...,K/2},
b—a |p_1-K, ifke{K/2+1,...,K)},

Pk =
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we conclude that

K
—ipra 1 b—a n  —2mi(k—1)(j—
Fo)(pr, t") 2 e ePre 3" e 2ritk-DU/K
Jj=1

Vore K
1 b—a
Vore K

where Fu™ can be computed via the FFT. For the computation of ()i and (T we
then approximate the integrals over momentum space via the composite trapezoidal rule
based on the grid points py.

= eiépka .

(fu”)k,

7.8 Clenshaw Algorithm

The direct computation of the Chebyshev expansion in based on the usual summa-
tion algorithm has two disadvantages: (1) all summands have to be kept in the memory
of the computer, which can be very expensive in practical applications since the tensors
Ti(Ho)Wy (and also their low-rank approximations) are typically large objects, and (2)
it is known that the worst-case error generated by the floating point operations grows
proportionally to the number N of summands, see e.g. [Hig02, Chapter 4]. We therefore
use the Clenshaw algorithm, see [Cle55], which offers a stable alternative to evaluate
linear combinations of polynomials that satisfy a linear recurrence relation such as the
Chebyshev polynomials, see e.g. [FP68, Chapter 3.11].

Assuming that for given coefficients ¢y, c1, ..., cy_1 € C we are interested in the value
of the partial Chebyshev sum in (6.7)), the Clenshaw algorithm replaces the summation
by the evaluation of the following backward recurrence system

B.(y) =2yB,41(y) — Brao(y) + ¢, r=N-—1,...,0,
BN(y) = 07 BN+l<y) = 07

and then expresses the partial Chebyshev sum as

N-1

2(2 — 0r0)erTr(y) = Bo(y) — Ba(y)-

k=0

To obtain the approximation of the solution ¢ (t), we adapted the Clenshaw algorithm
by first solving the backward recurrence system

B, = 2HoBT+1 — Br+2 + (—i)TJr(t_)Wo, r=N-—-1,... ,0,
BN = 07 BNfl = 07

and then computing the approximation
Y(t) ~ e (By— By).

Note that this numerically stable procedure needs to keep only three tensors in memory.
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