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Preface

Control theory deals with the design and analysis of control systems. Its aim is the
computation of a control law such that a particular state of the control system is
driven to a predefined state, e.g., a fixed point. Such controls are widespread. For
example, water storage tanks are control systems where the float inside the tank
restricts the inlet flow of the water as the water level rises. The water tank with
the float and the in- and outlet are the control system. The position of the float is
the control, because it adjusts the inlet flow. It either restricts it as explained above
or it keeps the water height in the tank if water is taken out. Another example of
a control system is the so-called rocket car. This is a car that runs on rails and is
equipped with two rocket engines. The goal is to move this car from some location
to a predefined place. The system is then given by the car and its track, and the
state is the position of the car and its velocity. Moreover, the control is represented
by the firing of one of the engines. Depending on which engine is fired, the car
moves to the left or right on the track, cf. [MS82].

The classical approaches to control theory deal with linear time-invariant con-
trol systems, which are well understood today. Not until the middle of the 20th
century, control theory for nonlinear control systems has emerged and thus, the
restriction to linear systems has at least partly been overcome. There exist sev-
eral approaches to nonlinear control theory, e.g., nonlinear controllability that
uses Lie-algebraic methods and nonlinear stabilization, which can be achieved
by Lyapunov functions. For a detailed introduction to nonlinear control systems,
cf. [Son98, Isi89] and [NS90]. In the present work, we are particularly inter-
ested in time-discrete control systems given by���� � ����� � �����, where
� �� � � � �, and� is a feedback control. That is a function� �� � � ,
where� is the state space and� the control space. The problem is to find a feed-
back� so that the controlled system is asymptotically stable near some periodic
orbit.

Our approach is the stabilization of such a system from the point of view of
dynamical system theory. We can interpret a physical system as a control system,
when we use one of its system parameters� as time dependent feedback control
� ���� � ��. Thus, let us consider a nonlinear discrete dynamical system governed
by the evolution equation

���� � ����� ����
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where���� ����� � � and�� � � is a system parameter. The control�� is
a nonlinear feedback control, which means that�� can be calculated in terms of
the current state��. Assume that the dynamical system possesses a hyperbolic
unstable periodic orbit� with a stable manifold of dimension one at least. Since
we approach the stabilization problem from the point of view of dynamical system
theory, we will make use of the dynamics of this system. Especially, we take into
account the stable manifold of the periodic orbit� and the fact that this manifold
is invariant under the map� . Stabilization of the nonlinear discrete dynamical
system at the unstable periodic orbit is achieved in the following manner: An orbit,
that is not on the stable manifold of� but within some neighborhood of it, usually
will move away from the periodic orbit due to its instability. To prevent this from
happening, we compute the feedback control�� such that this orbit is forced onto
the stable manifold of�. After the application of the feedback law�� at time
	, control is switched off again and by invariance of the stable manifold under
� , the orbit is attracted to the hyperbolic unstable periodic orbit�. Thus, orbits
that usually move away from the periodic orbit, stay close to it and hence, the
system is stabilized at�. This kind of nonlinear stabilization has a background in
dynamical system theory and uses feedback control as is done in control theory.
In contrast to our approach, nonlinear stabilization in terms of Lyapunov functions
uses a feedback� to construct a control so that one obtains a descent in the energy
levels of the Lyapunov function in order to reach its minimum, i.e., the periodic
orbit �.

Let us introduce our nonlinear stabilization method in more detail. For the
sake of simplicity, we first consider the stabilization at hyperbolic saddles in two
dimensions, cf. Figure 1. Note that fixed points are just a special case of periodic
orbits, which we will deal with later. Let the nonlinear discrete dynamical system
be given by

���� � ����� ����

where���� ������ � �� is a 
�-map, � � �, and�� � �. Assume that for
�� � ��, the origin is a hyperbolic saddle fixed point of the uncontrolled system
���� � ����� ���, i.e., ���� ��� � �. Then the eigenvalues of����� ��� are
given by��� �� � � with ����  � and���� � �. Moreover, we assume that the
corresponding eigenvectors are unit vectors in�� . Hence, the linear subspaces of
the fixed point are given by����� � 	
����� ���� and����� � 	
����� ����.
The Stable Manifold Theorem guarantees the existence of the local stable manifold
� ���� with ��� ���� � ������� � � in an open neighborhood� of �.
Moreover, this theorem tells us that the local stable manifold��

�	
��� is represented
by the graph of a
�-function������� 	 � � ����� 	 � such that

� �
�	
��� � ������� �������� � ���� � ����� 	 ���

Let�� be a given initial condition that generates an orbit����� which is not on
the stable manifold�����. Then we compute the feedback law�� at some time
	 so that���� � ����� ��� is a point on the stable manifold of the origin. Since
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Figure 1: The nonlinear stabilization method in two dimensions.

� ���� is positively invariant under� , the controlled orbit������� approaches
the saddle fixed point. Thus, the nonlinear system is stabilized at the origin. Note
that one can derive an implicit equation for the computation of the feedback law
��. One of the main results of this thesis is the following local existence and
uniqueness theorem for such a nonlinear feedback control.

Theorem 1
Consider ���� � ����� ��� as above with ���� ��� � �. The system is stabilizable
at the hyperbolic saddle fixed point � provided that

�� �������� �� ��� 
 ����� �� ���

����
����

�� ��

Let � � �� be an appropriate open neighborhood of the fixed point and � � � be
an appropriate open neighborhood of ��. If �� � � , then the control �� at time 	
is given by the unique solution �� � � of

� ������� ���� � �� ���� ��� �

where � � ���� ���
�.

Later in the thesis, we do not restrict ourselves to two dimensions and fixed
points, but generalize the above theorem to arbitrary dimension� � � and hy-
perbolic periodic orbits of period� � �, which have a global stable manifold with
dimension�, where�  �  �. The idea is the same as in case of the fixed
point control. Let���� ��� � � � � ����� be a hyperbolic periodic orbit of period� of
���� � ����� ��� for �� � ��. At some time	, we compute the feedback��
such that���� � ����� ��� is a point of the stable manifold of the following pe-
riodic point����, i.e.,���� � � �������. We obtain the following local existence
and uniqueness result:
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Theorem 2
Let ���� � ����� ��� define a discrete dynamical system in �

� , where
���� �����

� � �
� is a 
�-diffeomorphism and � � �

��� is a system paramter.
Assume that ����� ������� � �

� is at least 
� and that � possesses a hyper-
bolic periodic orbit ���� � � � � ����� of period � � � for �� � ��. Assume that
������� has � stable eigenvalues, � � � � �, and � 
 � unstable ones with
corresponding generalized eigenvectors ���� �

�
�� � � � � �

�
� and ���� � � � � �

�
���, where

� � �� � � � � � 
 �. Let �� � �
� be an appropriate open neighborhood of �� for

each � � ��� � � � � � 
 �� and � � �
��� be an appropriate open neighborhood

of ��. If �� � �� at time 	 for one � � ��� � � � � � 
 ��, then there exists a unique
control �� � � near �� that stabilizes the dynamical system at ����� provided
that

��������

�
�������� ����

�
(1)

is invertible. ����������
� � �������� denotes the projection onto the linear

unstable subspace ��������.

Note that the feedback control�� is determined by an implicit equation similar
to

� ������� ���� � �� ���� ���

in Theorem 1. In the proof of the Theorem 2, we apply the Implicit Function
Theorem to this equation. We obtain��

��
���� ��� � ������ and the projection

onto�������� leads to a matrix of dimension������������ which is invertible
by the assumption in the theorem above. Thus, local existence and uniqueness of
�� can be proven.

Summarizing, we will establish a stabilization method for nonlinear dynamical
systems that does not use typical control theory methods like Lyapunov functions.
One possible application of this stabilization procedure is so-called chaos control,
which was also a motivation for the derivation of the above results. One considers
a nonlinear dynamical system that possesses a chaotic attractor, in which unstable
periodic orbits are typically dense. Thus, there exists a large number of periods and
the system can be stabilized in many different hyperbolic periodic orbits. Various
controls for chaotic system have been developed, e.g., [HL98] or [OGY90a]. A
good overview of present research on chaos control is given in [JMTV97, Sch99].

One of these chaos control techniques has been introduced in 1990 by Ott,
Grebogi and Yorke, cf. [OGY90a, OGY90b]. They present a simple geometric ap-
proach of how to compute the control�� at a given time	 for the nonlinear system
���� � ����� ��� which contains a chaotic attractor. Ott et al. linearize the system
at the saddle fixed point at which the system should be stabilized. The feedback
law is computed for the linear system so that with respect to the stable subspace,
stabilization can be achieved. But since the original nonlinear system is iterated
and the controlled orbit is only forced onto the stable subspace, it might not reach
the saddle fixed point but wanders off again and undergoes a chaotic transient. In
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this case, control has to be applied again. This so-called OGY-method makes use of
the chaotic dynamics of the system, which ensures that an orbit comes eventually
close enough to the chosen hyperbolic saddle fixed point or periodic orbit. Since
this approach relies on the linearization of the original system���� � ����� ���,
stabilization of the system can only be achieved within the small neighborhood of
the fixed point in which the approximation of the nonlinear system is still valid.
The nonlinear stabilization method introduced above does not have this disadvan-
tage, because it uses the local stable manifold instead of the stable subspace. Here,
orbits which are further away from the saddle point can be controlled. As a result,
a much larger set of initial conditions is stabilizable compared to the OGY-method.
Accordingly, the nonlinear stabilization procedure is more global than the linear
one. Moreover, if one considers hyperbolic periodic orbits with periods greater
than one, it turns out that the nonlinear method is more uniform and needs less
control steps.

Stabilization procedures such as the OGY-method have been applied to phys-
ical systems such as the driven pendulum and the driven bronze ribbon [HDM94,
S�97]. Moreover, in [ND92], the Duffing equation is controlled. A magneto-
elastic ribbon is stabilized in [DRS90] and [SGOY93] and a model of a laser given
by the Ikeda map in [SO95]. Recently, some experiments in medicine such as
in [CC96, S�94] have been started. In [WJ96], the OGY-method is applied to a
nonlinear one-dimensional map that represents the relationship between action po-
tential duration and heart rate. This relation plays an important role in lethal heart
rhythm disorders. The authors point out that the chaos control algorithm might
have applications for the prevention of cardiac rhythm disturbances. An overview
about applications of chaos control is presented in [Sch99] and [JMTV97]. The
very first illustration of the OGY-method was an application to the H´enon map,
cf. [OGY90a, OGY90b].

Let us return to the results established in Theorems 1 and 2. We point out that,
in theory, it would be sufficient to apply the feedback control�� once in order to
achieve stabilization at a periodic orbit. The problem is that we have to find a repre-
sentation of the stable manifold or the periodic orbit. In order to obtain such a rep-
resentation locally, we use the graph of the function��������	� � ������	� .
In the stabilization algorithm, this function is approximated by a Taylor series and
thus, in the implementation of the results, we work with this approximation and can
not expect that stabilization is successful with only one application of the control.
Furthermore, depending on the degree of nonlinearity of the system, the feedback
law has to be approximated as well. So in general, the controlled orbit is not exactly
on the stable manifold and thus, it leaves a certain neighborhood of the manifold
after a number of iterations. In conclusion, the system is not stabilized. To over-
come this, we check whether the controlled orbit is still within a neighborhood of
the local stable manifold. If it leaves this neighborhood, the feedback control is
applied again to stabilize the system. Note that in this regard, the OGY-method
is just a special case of our stabilization procedure. Ott et al. control the orbit so
that it is on the linear stable subspace�� instead of the local stable manifold��.
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The subspace�� is the�-th order approximation of the stable manifold. There-
fore, the OGY-method is the same as our nonlinear stabilization method using this
approximation.

In order to demonstrate the performance of our nonlinear stabilization algo-
rithm, we have chosen to stabilize the H´enon map and the Ikeda map from all the
different systems the OGY-method has been applied to. To compare our results
with those obtained by the OGY-method, we implement the OGY algorithm and
use mainly the H´enon map to point out its shortcomings. As one expects, our im-
plemented nonlinear stabilization method acts more global, since it uses a higher
order approximation of the local stable manifold instead of the linear stable sub-
space. Therefore, stabilization can be achieved even when an orbit is still far from
the periodic orbit. In contrast, the linear method from [OGY90a] can only be ap-
plied for orbits within a small strip at the periodic orbit. Therefore, the globality
of the nonlinear stabilization is an enormous advantage. It is able to stabilize more
orbits than the OGY-method. Especially for periodic orbits, less control steps with
smaller values than in the linear setting are used. The price for controlling the
fully nonlinear system is that one has to put more computational effort into the
algorithm. Therefore, our method is more costly than the OGY-method.

The thesis is organized as follows: In the first chapter, an introduction to dy-
namical systems and chaos is given. The purpose of this chapter is to provide a
brief overview. Since the main results are applied to nonlinear discrete systems we
restrict ourselves to dynamical systems with discrete time. We present basic no-
tations and results in Section 1.1, in particular for steady state solutions and their
stability as well as hyperbolic periodic orbits. Further on, we state the Hartman
Grobman Theorem and introduce stable and unstable manifolds of hyperbolic fixed
points. This allows us to introduce the Stable Manifold Theorem in the second sec-
tion, which plays a central role later on. In Section 1.3, we define invariant sets and
attractors and finish the chapter with the basic definitions for chaotic systems such
as sensitive dependence on initial conditions, strange attractors and Lyapunov ex-
ponents. These definitions will be of use in Chapters 3 and 5, where we apply our
nonlinear stabilization method to the H´enon map and the Ikeda map, which are
both chaotic.

Chapter 2 is concerned with the introduction of our stabilization method. We
restrict ourselves to the stabilization at a hyperbolic fixed point�� that has a one-
dimensional stable and a one-dimensional unstable manifold. Section 2.1 intro-
duces the nonlinear stabilization method and in Section 2.2, we prove Theorem 1
using the Stable Manifold Theorem and the Implicit Function Theorem. The last
section of Chapter 2 introduces the corresponding algorithm for the nonlinear sta-
bilization method.

Chapter 3 gives some computational results and aspects of the algorithm, which
has been developed in the previous chapter. Our goal is to stabilize the H´enon map
at a hyperbolic saddle point, which is embedded in the strange attractor� of the
map. We present the results for our method and the OGY-method, which we have
also implemented. Both algorithms were tested for various initial conditions and
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with different bounds on the control parameter and on the neighborhood of the
local stable manifold.

Chapter 4 discusses the nonlinear stabilization method for periodic orbits of
period� in � dimensions. The first section introduces basic facts from linear alge-
bra as well as properties of the local stable manifolds of periodic orbits. Section 4.2
introduces local coordinate transformations�� and further relevant details. Then
we prove the existence and uniqueness Theorem 2. In Section 4.4, the algorithm
for stabilizing systems at periodic orbits of period greater than one is given. Fi-
nally, we apply this algorithm to the H´enon map and its hyperbolic period-� orbit.
Again, we compare the results to those of the OGY-method.

In Chapter 5, we proceed with the application to a dynamical system that
has been derived from a realistic model. We have chosen the Ikeda map, which
represents a two-dimensional laser system. First, we introduce the system
dynamics, and then the stabilization at a hyperbolic periodic orbit of period� is
shown. Such a laser system is useful in many different areas of application, e.g.,
medicine, computer science or in biotechnologies. As it has been shown, lasers
are very sensitive to small perturbations, cf. [HJM85, Ott93, Sch99] and thus, it is
desirable to stabilize laser systems at a periodic behavior.

This work was supported by the Deutsche Forschungsgemeinschaft within
the Graduiertenkolleg Angewandte Algorithmische Mathematik at the Technische
Universität München. My advisor, Professor J¨urgen Scheurle, encouraged me to
stay with the subject of nonlinear stabilization and chaos control. During the past
three years, he kept giving me constant advice and support. I would like to thank
him as well as Professor James A. Yorke, who first introduced me to this interesting
topic. Special thanks to my colleagues Dr. Peter Giesl, Dr. Matthias Rumberger
and Dr. Hans-Peter Kruse for numerous fruitful discussions and for proof-reading
my thesis. I am most grateful to my parents for encouraging me. Their constant
support made it a lot easier to focus on this work. Last, but not least, I am deeply
indebted to Oliver Knopf. He always gave me steadying support, never lost faith
in me and kept patient during all the difficult moments.



Chapter 1

Preliminaries

This chapter introduces some standard results from discrete dynamical system the-
ory. We provide notations, definitions and fundamental theorems which will be
used throughout this thesis. In the first section, we define discrete autonomous dy-
namical systems as well as orbits of general and specific solutions such as fixed
points. The question of how to determine stability of periodic solutions is treated
as well as hyperbolicity. We close this section with the Hartman-Grobman The-
orem. Section 2 introduces invariant eigenspaces for hyperbolic fixed points. We
define stable and unstable manifolds and present the Stable Manifold Theorem.
The third section deals with attractors. The chapter finishes with some aspects
of chaotic dynamics. The results, which are presented in this chapter, are taken
from [Wig88, Wig90, GH83, Rob95, Dev86, KH97, Ott93, ASY97, Hal88].

1.1 Discrete dynamical systems and special solutions

The emphasis of this work lies on autonomous discrete dynamical systems which
we define as follows. Let�� � � � � be given, where��� �� is a metrix space.
We call � the phase space and	 the discrete time, i.e.,	 � �. A dynamical
system is characterized by the property that given any initial state�� � � at initial
time �, i.e., �� � ����, the system assigns to any future time a unique state. In
other words, the dynamical system is given by

����� � ���� �� ��	� � ������ � �

such that�� fulfills the so-called flow property, i.e.,

�������� � �����������

Throughout this thesis, we consider discrete dynamical systems given by an au-
tonomous difference equation

���� � ������ (1.1)

1



CHAPTER 1. PRELIMINARIES 2

where� �� � �, � � �
� nonempty and open, is a
�-diffeomorphism,� �

�. If the map� is linear, the system (1.1) is called alinear dynamical system,
otherwise, the system isnonlinear.

Consider the initial value problem

���� � ������ �� � ��

If we apply� to the initial condition��, then����� � �, �������� � � and so
on. Clearly, the initial value problem has a unique solution given by the sequence
������� . Since� is 
�, for each fixed	, �� depends
� on����.

For an arbitrary initial condition�� � �, we define the	-th iterate of�� as
follows:

����� � � ������ � � ���� � � Æ � Æ � � � � Æ �� �� �
� times

���� �� �������

Theorbit of �� under� is a bi-infinite sequence

����� �� �� � � � �������� � � � � �
������� ��� ������ � � � � �

������ � � ���

Sometimes, one distinguishes between aforward andbackward orbit, i.e.,

������ �� ���� ������ � � � � �
������ � � ��

and
������ �� �� � � � �������� � � � � �

������� ����

Note that the orbits of discrete dynamical systems differ from those which are
generated by an ordinary differential equation. Orbits of continuous systems are
curves, whereas orbits of maps are discrete sets of points.

Studying specific types of solutions of (1.1) turns out to be useful when one is
interested in the qualitative behavior of a dynamical system. Therefore, one of the
very first steps in the analysis is to seek special solutions such as fixed points or
periodic orbits of the system (1.1). Furthermore, a characterization of the behavior
of solutions nearby a specific solution is helpful, especially for nonlinear systems.
We call � � � a fixed point or equilibrium for the difference equation���� �
�����, if ���� � �. From a geometrical point of view, a fixed point is the point of
intersection of the graph of� and the diagonal ��� � �. We also refer to a fixed
point as aperiod-� orbit. Periodic orbits with period greater than one are fixed
points of�� where� is the corresponding period�.

Definition 1.1.1 (Periodic Orbit)
A point � � � is called a periodic point of period � for the map � if ����� � �.
Here � is the smallest such positive integer. The orbit ���� is called a periodic
orbit of period � or a period-� orbit and consists of � points.
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From now on, let� be a fixed point of� . Let us introduce the following defini-
tion of stability for�, cf. [Wig90].

Definition 1.1.2 (Lyapunov Stability)
The fixed point � � � of a dynamical system given by (1.1) is said to be Lyapunov
stable or stable, if for every ! � � there exists a Æ � � such that, if for �� � �
satisfying

���� 
 ��  Æ�

then
��������
 ��  "

for 	 � �.

If the fixed point� is not stable, then it is calledunstable.

Definition 1.1.3 (Asymptotic Stability)
Let ���� � ����� be a discrete dynamical system given as in Definition 1.1.2.

The fixed point � � � is asymptotically stable, if it is stable, and in addition, it is
attractive, i.e., there exists a Æ � � such that

���� 
 ��  Æ � ���
���

������ � ��

Remark
In order to describe the stability of periodic orbits of period� � �, we just have to
replace� by  �� ��.

We are not only interested in the stability of�, but also in the behavior of
solutions nearby�. Hence, we consider the linearization of the nonlinear dynamical
system (1.1) at� which is given by

#��� � ����� #�� (1.2)

where����� � ���� denotes the Jacobian matrix of� at �. The lineariza-
tion (1.2) of (1.1) has a fixed point at�. It is a well-known fact that if all eigenval-
ues of����� lie inside the unit disk, then� is asymptotically stable. If one of the
eigenvalues lies outside the unit disk, then the fixed point is unstable.

Throughout this chapter, we will consider the nonlinear system���� � �����
and assume that it possesses a fixed point�. In Chapter 2, we will discuss the
stabilization of a so-called hyperbolic saddle fixed point�.

Definition 1.1.4 (Hyperbolic Saddle Fixed Point)
Consider the discrete linear dynamical system (1.2). The fixed point � of (1.2) is

called a hyperbolic fixed point, if none of the eigenvalues of ����� has absolute
value one. Moreover, if at least one eigenvalue of ����� has absolute value less
than one and at least one eigenvalue has absolute value greater than one, � is
called a hyperbolic saddle fixed point.
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Now suppose that� is a fixed point of the nonlinear system (1.1). It is hyper-
bolic, if none of the eigenvalues of����� have absolute value equal to one. The
aim is to relate the stability of� of (1.2) to the stability of� from the original non-
linear system. The following theorem states that the nonlinear system (1.1) near�
is topologically conjugated to its linearization (1.2).

Theorem 1.1.5 (HARTMAN GROBMAN)
Let � be a hyperbolic fixed point of ���� � �����, where � is a diffeomorphism.

The stability of the hyperbolic fixed point � of # �� ����� # corresponds to stability
of the hyperbolic fixed point �.

A proof the theorem can be found, for example, in [KH97, Rob95]. This theo-
rem states that, in the hyperbolic case, instead of considering the original system,
we can determine the stability of a fixed point via the linearized system. As has
been said before, the stability of a fixed point is determined by the Jacobian matrix
�����:

Theorem 1.1.6
Let � �� � � be a diffeomorphism and let � � � be a fixed point of ���� �
�����.

(i) If the absolute value of each eigenvalue of ����� is strictly less than �, then
� is asymptotically stable.

(ii) If the absolute value of at least one of the eigenvalues of ����� is greater
than �, then � is unstable.

A proof of this theorem can be found in [Dev86].

Remark
If we consider a period-� orbit of the map� , we just replace� by  �� ��. In this
case, the linearization of (1.1) is

#��� � ������ #�

instead of (1.2). Provided that all eigenvalues of������ lie inside the unit disk,
the periodic orbit

��� ����� � � � � ��������

is asymptotically stable.

1.2 Stable and unstable manifolds of hyperbolic fixed
points

Throughout this section, let� � � be a hyperbolic fixed point of���� � �����.
The previous section told us how to determine the stability of p. Now we charac-
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terize the behavior of orbits near� in detail. We start with the simplest discrete
dynamical system, namely thelinear system

���� � $��� �� � �
� � (1.3)

where$ � �
��� . The only fixed point of (1.3) is the origin. Assume that� is

hyperbolic. Theorem 1.1.6 tells us that the Jacobian matrix����� determines the
stability of the fixed point.

The eigenvectors corresponding to the eigenvalues of$ define, depending on
the modulus of the eigenvalue, subspaces as follows: Suppose$ has	 eigenvalues
��� � � � � ��. and suppose there are	� eigenvalues�� which have absolute value
less than one. These are the so calledstable eigenvalues, since orbits lying in the
eigenspaces of�� are attracted to� with the rate����  � for � � �� � � � � 	�. The
space spanned by the corresponding generalized eigenvectors��� � � � � ��� is the so
calledlinear stable subspace which we denote��:

����� �� 	
������ � � � � ����

The analogue is true for theunstable eigenvalues �� with corresponding general-
ized eigenvectors��� � � � � ��� . Here,��� � � � for % � �� � � � � 	� and we define the
linear unstable subspace

����� �� 	
������ � � � � �����

Note that the orbits in����� and����� are characterized by contraction and ex-
pansion, respectively, cf. also Figure 1.1.

Es(p)

Eu(p)

p

Figure 1.1: Stable and unstable eigenspaces of a hyperbolic fixed point� in �� .
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Remarks

(i) Since� is a hyperbolic fixed point, then we have	� � 	� � ������� � �
and in particular,�� � ����� � �����. Due to thissplitting of the phase
space, we identify�� with ����� � ����� such that we write� � �

� as
� � ���� ���, where�� � ������ �� � �����.

(ii) For the linear map (1.3) given by$ � �
��� , we define thespectral radius

of A by the maximal absolute value of an eigenvalue of$. We denote the
spectral radius by��$�. Given any norm on�� , we define

�$� �� 	�

�����

�$���

One can show that for everyÆ � � there exists a norm in�� such that

�$�  ��$� � Æ�

cf. [KH97]. Furthermore, we can define the largest contraction and smallest
expansion rate of$ as follows:

��$� �� �
�
$
���
����

	

&�$� ��



�
��

$
���
����

	��	���

The above result about�$� leads to�$������  ��$� � Æ  � and
�$������ � &�$�
 Æ � �.

(iii) In case, that� is not a hyperbolic fixed point, i.e., at least one eigenvalue has
modulus equal to one, the so-calledlinear center subspace is given by

�
��� �� 	
���	
 generalized eigenvectors

whose eigenvalues have modulus� ���

where	� � 	� � 	
 � �.

For the remaining part of this section, let� be a hyperbolic saddle fixed
point of the nonlinear
�-diffeomorphism� that defines the dynamical system
���� � �����. We consider the linearization of the form (1.3) with$ � �����.
Note that the stability behavior is completely determined by�����. The Hartman-
Grobman Theorem 1.1.5 tells us that� is a fixed point for (1.2) with the same
stability properties as those of� for (1.1). Furthermore, in some neighborhood
� � � � �� of �, the system� �� ���� is topologically conjugated to
# �� ����� #. Due to the considerations above, we can classify the stability of
�. We define the stable and unstable manifold of a hyperbolic fixed point for a
nonlinear discrete dynamical system as follows:
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Definition 1.2.1 (Local Manifolds)
Let � be a hyperbolic fixed point of the local 
�-diffeomorphism � and let � � �
be a neighborhood of �. The local stable manifold of � is defined as

� �
�	
��� �� �� � � � �����

���

� � and ����� � � �	 � ���

Analogously, the local unstable manifold of � is defined as

� �
�	
��� �� �� � � � ������

���

� � and ������ � � �	 � ���

The corresponding global manifolds are given by the union of all preiterates,
respectively iterates, of the local manifolds:

� ���� ��
�
���

���� �
�	
����

and
� ���� ��

�
���

����� �
�	
�����

One interesting property of the stable and unstable manifold of a hyperbolic
fixed point is invariance with respect to the system (1.1). In the following chapters,
where the control procedure is introduced, we will especially make use of the fact
that the local stable manifold is positively invariant under� .

Definition 1.2.2 (Invariant Set)
A set $ � � is called positively invariant under � , if ���� � $ for all � � $.

The set $ is negatively invariant, if ������ � $ for all � � $. Finally, $ is said
to be invariant provided that ��$� � $.

Note that fixed points and periodic orbits are always invariant sets under� . Let
us return to the local manifolds of�. The nonlinear system���� � ����� defined
on� � �� can locally be transformed around� so that� is translated to the origin
and the coordinates are chosen such that the unit vectors'�� � � � � '� span����� and
'���� � � � � '� span�����, cf. [Wig90]. This transformed system then reads

#��� � $� #� � ( �#�� )��

)��� � $� )� �*�#�� )���

where# � �� � ) � �� � � � � � �. Let � � �� � � �� � �� be an open
neighborhood of��� ��, ( � 
������� � * � 
������� such that( ��� �� �
*��� �� � �� �( ��� �� � �*��� �� � �. The matrices$� � ���� � $� � ����

have only eigenvalues with absolute value smaller or greater than one, respectively.
This implies that��� �� is a hyperbolic fixed point. Since we assume� to be
�

with � � �, the transformed system is also
�. The following theorem states that
����� �� is the�-th order approximation of��

�	
��� ��.
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Theorem 1.2.3 (STABLE MANIFOLD THEOREM)
Let ��� �� be a hyperbolic fixed point of the system

#��� � $� #� � ( �#�� )��

)��� � $� )� �*�#�� )���

with the assumptions made above. There exists unique local stable and local un-
stable 
�-manifolds

� �
�	
��� �� � ��#� )� � � � � � ) � ��#��

and
� �
�	
��� �� � ��#� )� � � � � � # � +�)���

where � is an open neighborhood of ��� �� and ���� � +��� � �� ����� �
�+��� � �, i.e., � �

�	
��� �� and ��
�	
��� �� are tangent to �� and �� at ��� ��,

respectively. Moreover, ��
�	
��� �� is positively invariant with respect to the system

and ��
�	
��� �� is negatively invariant with respect to the system.

A proof of the theorem can be found in, e.g., [KH97].

Remark
The dimensions of the local stable and unstable manifold correspond to the dimen-
sions of the stable and unstable subspace, respectively. Furthermore,� and+ are
as smooth as� . The theorem allows us to represent the local manifolds as graphs
of functions� and+, respectively, where������� �� 	 � � ����� �� 	 � and
+������ �� 	 � � ����� �� 	 � .

The Stable Manifold Theorem gives us the following picture of the local dy-
namics of���� � ����� near the fixed point�, cf. Figure 1.2. Every point that is
not on� �

�	
��� leaves� under forward iteration. Points on the local stable mani-
fold converge to� at an exponential rate given by the bound on the stable spectrum,
cf. Figure 1.2 and the remark on page 6.

1.3 Attractors

In Section 1, we have seen that fixed points and periodic orbits can be attracting.
Besides those attractors, there exist other sets with attracting properties. We in-
troduce some basic definitions in order to define attractors in a general way. In
Chapters 3 and 5, we are going to apply the control methods from Chapters 2 and
4 to two different dynamical systems, the H´enon and the Ikeda map. Both sys-
tems possess a local attractor�. Thus, we give a defintion of local attractor that
suits the set-up in the corresponding chapters. As before, we consider a discrete
dynamical system as in (1.1), where� � �� � � � � and� is a nonlinear local

�-diffeomorphism.
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Ws

Eu

p

Wu

Es

Figure 1.2: Local stable and unstable manifolds of a hyperbolic fixed point� in ��

with corresponding eigenspaces.

Definition 1.3.1 (Attracting Set)
Let $�, �� � and $ � , � � . The set $ is said to attract , under � if for all
� � ,

���
���

�	�������� $� � ��

Note that we assume that$ � , because this is the case in the examples in
Chapters 3 and 5. One could also define an attracting set without assuming that,
is a set that contains$. In Definition 1.2.2, we have already defined invariance. To-
gether with the attracting property of a set$, we are able to define local attractors
according to [Hal88].

Definition 1.3.2 (Local Attractor)
A set � � � is called a local attractor if � is compact and invariant with respect
to the system (1.1) and if there exists a bounded neighborhood , of � such that �
attracts ,.

There exists no generally accepted definition of an attractor. As it is pointed
out in [Mil85, Rob95], there exists several other definitions. For example, Milnor
introduced a definition that requires� to attract a set of positive measure. Instead,
we prefer the Definition 1.4.2, where points in a whole neighborhood of� have to
approach�. Furthermore, one could also define a global attractor of a system. For
example, if we consider the H´enon map, which will be introduced in Chapter 3,
and restrict the phase space from�� to a certain rectangle- (cf. Section 3.1), then
- corresponds to the bounded neighborhood, and there exists a global attractor
� for the Hénon map. But if one chooses� � �� , then� is only a local attractor.
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The set, in Definition 1.3.1 that is attracted by$ is also called a trapping
region, cf. [Wig90, GH83].

Definition 1.3.3 (Trapping Region)
A closed connected set , � � is a trapping region if ���,� � , for all 	 � �.

In case that there exists such a trapping region, one can define the associated
attracting set by

$ �

���

���,��

1.4 Chaotic dynamics

In this section, we give a definition of chaotic dynamical systems. Since the re-
search of chaos theory started comparatively recently, there exists no terminology
that is generally agreed upon. For some notions like chaotic attractors, there even
exist several definitions. Thus, we emphasize that there exists no standardized def-
inition of chaos. In Chapters 3 and 5 of this thesis, we consider systems which
contain a single chaotic attractor. Accordingly, we define chaotic behavior in terms
of chaotic attractors, i.e., a system is chaotic if the dynamics of� on a local attrac-
tor� is chaotic.

Definition 1.4.1 (Sensitive Dependence on Initial Conditions)
A map � �� � �� � � is said to have sensitive dependence on initial conditions,
if there exists - � �� such that, for every � � � and for each ! � �, there is a
point # � � with ���� #�  ! and an 	 � � so that �������� ���#�� � -.

This definition is given in [Dev86, Rob95]. So far we have restricted our con-
siderations to local attractors that are not necessarily undergoing sensitive depen-
dence on intial conditions. Now, we define chaotic dynamics on such an attractor
as follows, cf. [Wig90].

Definition 1.4.2 (Chaotic System)
Let ���� � ����� be a discrete dynamical system with phase space ��� �� and

local attractor � � � . If the system displays sensitive dependence on initial
conditions on �, then the system is called chaotic.

In Chapter 3, we treat the H´enon map as an example for the control mechanism
developed in Chapter 2. It will be pointed out that there exists a rectangle- � ��

and a compact invariant set� � - that attracts-. Thus,� is a local attractor for
the Hénon map and one can show that the map undergoes sensitive dependence on
intial conditions an�. Hence, by Definition 1.4.2, the H´enon map is a chaotic dy-
namical system. An analogous result can be shown for the Ikeda map, cf. Chapter
5.
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Another interesting classification of a dynamical system is given by the Lya-
punov exponents of the system. These exponents characterize the stretching and
the contracting characteristics of attractors.

Definition 1.4.3 (Lyapunov Exponent)
Let � �� � � be a diffeomorphism on the metric space ��� �� and �� � � be

an initial condition with corresponding orbit �����. Consider an infinitesimal dis-
placement from �� in the direction of a tangent vector #�. We define the Lyapunov
exponent for �� and initial orientation of the infinitesimal displacement given by
�� � #�.�#�� by

/���� ��� � ���
���

�

	
�� ������������

Depending on the orientation of��, there are several possible values of the Lya-
punov exponents. In general, there will be������ � � or less distinct Lyapunov
exponents for one given initial value. For a more detailed discussion of Lyapunov
exponents, the reader is referred to the literature cited within the beginning of this
chapter. [ASY97, Ott93] introduce the concept of a Lyapunov exponent of an at-
tractor�. The authors call� chaotic, if the largest Lyapunov exponent of this
attractor is positive. With respect to this definition, the H´enon map possesses a
chaotic attractor, cf. also Chapter 3.

Later on, when we consider the H´enon map and the Ikeda map in Chapters 3
and 5, we will see that the local chaotic attractors� of these maps have a noninteger
dimension. The dimension of an attractor can be defined in many different ways.
Here, we use the box counting dimension, which is defined as follows.

Definition 1.4.4 (Box Counting Dimension)
Let $ � � be a compact set. The box counting dimension of $ is defined by

����$� �� ��� ���
���

����0�!�$��

����!���
�

where 0�!�$� is the minimal number of closed cubes with length ! that cover $.

Provided that an attractor� has a box counting dimension that is not an integer,
we call it astrange attractor.



Chapter 2

The stabilization at hyperbolic
saddle fixed points in �

�

This chapter introduces the main part of the thesis, the nonlinear stabilization pro-
cedure from the point of view of dynamical systems theory. For a better illustration
of this particular kind of stabilization, we first restrict our considerations to a two-
dimensional dynamical system and stabilize it at a hyperbolic saddle fixed point In
Chapter 4, we will generalize the stabilization procedure to� � � dimensions and
to hyperbolic periodic orbits of general period� � �. By stabilizing a nonlinear
dynamical system at a hyperbolic saddle fixed point, we mean that an orbit with
an aperiodic behavior is forced onto the the stable manifold of the fixed point. By
invariance of the stable manifold under the systems evolution equation, the con-
trolled orbit is attracted to the unstable fixed point. Thus, the irregular movement
of the orbit is stabilized.

Section 1 is concerned with the introduction of the stabilization procedure for
the special case described above. We introduce all relevant details such that in
the second section, we prove the local existence and uniqueness result of the feed-
back control by which stabilization is achieved. In Section 3, our nonlinear sta-
bilization method is implemented. Moreover, we mention that the OGY-method,
cf. [OGY90a, OGY90b], is nothing but a special case of our method.

2.1 The nonlinear stabilization at a saddle in two dimen-
sions

The goal of this section is to set up all details needed for the stabilization of a
two-dimensional nonlinear autonomous discrete dynamical system. We consider a
system together with one of its system parameters�. This parameter is taken to be
the feedback control such that it stabilizes the system at a hyperbolic saddle fixed
point ��. Note that in the two-dimensional case,�� possesses a one-dimensional
stable and a one-dimensional unstable manifold. Since we approach the stabiliza-

12
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tion problem from the point of view of dynamical system theory, we will make
use of the dynamics of this system. Especially, we take into account the stable
manifold of the saddle and the fact that this manifold is invariant under the evolu-
tion equation. Stabilization is achieved in the following manner: An orbit, that is
not on the stable manifold of�� but within some neighborhood of it, usually will
move away from the saddle due to its instability. To prevent this, we compute the
feedback control�� at time	 so that this orbit is forced onto the stable manifold
of ��. After the application of the feedback law��, control is switched off again
and by invariance of the stable manifold, the orbit is attracted to��. Thus, orbits
that usually move away from the saddle fixed point, stay close to it and hence, the
system is stabilized at��. Schematically, the stabilization procedure can be viewed
as in Figure 2.1.

p*

Ws
loc

xn

xn+1

Figure 2.1: The feedback control takes the iterate of a point��, which is in a
neighborhood of the fixed point��, onto the local stable manifold��

�	
 of ��. Then,
���� is a point on��

�	
, and by invariance of the manifold, the orbit�������
approaches��. Thus, the system is stabilized at��.

Let us carry out the stabilization method in detail. We consider a nonlinear
discrete dynamical system given by

���� � ����� ��� (2.1)

where� �� � � � �, � � �� , is a 
�-map, � � �, with respect to� �
� and � is at least
� with respect to�� � �. The parameter� � � is an
adjustable system parameter, which we use as the time dependent feedback control.
We assume that for�� � ��, there exists a hyperbolic saddle fixed point�� of (2.1),
i.e.,����� ��� � ��. The so-called uncontrolled system is given by

���� � ����� ���� (2.2)

Since�� is a hyperbolic saddle in� � �� , the Jacobian of� at �� has two eigen-
values,��� �� � � with ����  � and ���� � �. Let �� � �� and�� � �� be
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the corresponding eigenvectors. Then the linear stable and unstable subspace are
given by������ � 	
������ and������ � 	
������, respectively.

Our goal is to force an orbit����� onto the stable manifold������. Thus, the
main tasks are to find a suitable description of the stable manifold������ and to
determine an equation for the computation of the necessary control��. The first
task is answered by the Stable Manifold Theorem 1.2.3. For�� � ��, the theorem
tells us that there exists������ tangent to������ at �� with the same dimension
as��. In this case,�������� � �. Therefore, we need to find a representation of
the one-dimensional local stable manifold������. The easiest way is to represent
the manifold locally as a graph of a function��������	� � ������	� where
� � � is an open neighborhood of��. Theorem 1.2.3 leads to the existence of the
local stable manifold��

�	
���� such that

� �
�	
���� � ������� �������� � ���� � ������ 	 ��

for fixed ��. The remaining task is the computation of the feedback control�� at
time	. Furthermore, we have to ensure that such a control exists at all. This will
be done in the next section. For now, we concentrate on the problem of how to
compute��.

First, for the sake of a simpler illustration, we shift the hyperbolic saddle�� to
the origin while we keep the parameter� fixed at��. Moreover, we transform the
linear subspaces������ and������ such that they are equal to the new axes of the
transformed coordinate system. For the moment, we fix�� at�� since we consider
the local transformation of the uncontrolled system.

Recall that the spectrum of the Jacobian matrix of� at�� consists of

��� �� � � with ����  �� ���� � �

with corresponding eigenvectors�� � �� and �� � �� . The local coordinate
transformation� in Figure 2.2 is defined as follows:

Definition 2.1.1 (Local Coordinate Transformation)
Let � �� � � � �� be a 
�-map with � � � that defines the nonlinear dynamical
system (2.1). We define � � � � 1 � �� as follows:

) � ���� �� 2�� ��
 ���� (2.3)

where 2 � Gl��-� consists of the two eigenvectors ��� ��, i.e.,

2 �



�
���
� �

���
�

�
���
� �

���
�

�
� (2.4)
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Figure 2.2: Local coordinate transformation� at the hyperbolic saddle�� of the
uncontrolled nonlinear dynamical system���� � ����� ���.

The inverse transformation is given by

� � ����)� � 2 ) � �� (2.5)

where

2�� �
�

��2



�
���
� 
�

���
�


�
���
� �

���
�

�
�

Using Definition 2.1.1, we can define a transformed discrete system such that
the origin is the hyperbolic saddle fixed point, cf. Figure 2.2. In the new coordinate
system, the eigenspaces coincide with the axes of the transformed system, and the
evolution equation for the transformed system reads

)��� � �������

� 2�� ����� � ���

� 2�� ������ ���
 ���

� 2�� ���2 )� � ��� ���
 ����

Now let us come back to the system with general parameter��. Instead of���� �
����� ���, we consider the discrete dynamical system

)��� � 3�)�� ���� (2.6)

where the
�-map3�1 � 1 is defined by

3�)� �� � 2�� ���2 ) � ��� ��
 ����

If we use (2.3) with)� � �)
���
� � )

���
� ��� �� � ��

���
� � �

���
� ��� � � ���� ���

�, then (2.6)
is equivalent to �

)
���
��� � 3��)�� ���

)
���
��� � 3��)�� ����
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where�)���� � )
���
� �� denotes the the transposed. In detail, we obtain

)
���
��� �

�

��2

�
�����

�
����

���
� )���� � ����� )���� � �

���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	

�����

�
����

���
� )���� � ����� )���� � �

���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	

 �

���
�

�

)
���
��� �

�

��2

�

 �����

�
����

���
� )���� � ����� )���� � �

���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	
������

�
����

���
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���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
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Corollary 2.1.2
The point )� � � � �� is a fixed point for 3 for �� � ��, with eigenvalues �� and
�� and corresponding eigenvectors '� �

��
�

�
and '� �

��
�

�
, respectively.

Proof
It is easy to see that

�3�)�� ��� � ��2�� ���2 )� � ��� ���
 ���� � 2������2 )� � ��� ����2�

which implies
�3��� ��� � 2�������� ���2�

Since2 consists of the eigenvectors of������, it follows from linear algebra that

�3��� ��� �

�
�� �
� ��

�
�

and the corresponding eigenvectors are'� and'�.

The set-up with the transformed coordinate system allows us to establish an im-
plicit equation from which one can compute��, so that)��� � 3�)�� ��� is a point
on� �

�	
���. As already has been mentioned, the local stable manifold��
�	
��� can

be represented as a graph over the linear stable subspace. Due to the coordinate
change, we consider��

�	
��� locally as a graph over����� � 	
���'�� which is
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the )��� axis, cf. also Figure 2.3. Using the Stable Manifold Theorem 1.2.3, we
conclude that������� 	 � � ����� 	 � exists with���� � � and����� � �
such that

� �
�	
��� � ��)���� )���� � � � )�����)������

where� � 1 is an open neighborhood of�. Since� is a
�-map, so is3, and by
Theorem 1.2.3,� is also
�, where� � �.

p
*

W
loc
s

Figure 2.3: The local stable manifold��
�	
��� for the uncontrolled system)��� �

3�)�� ��� is given by the graph of�.

Finally, we can introduce our stabilization procedure. We consider the sys-
tem (2.6), which possesses a hyperbolic saddle fixed point at the origin for
�� � ��. The linear subspaces of the fixed point are given by the spans of the
unit vectors in�� . Moreover, the local stable manifold��

�	
��� is represented as
graph of� in a neighborhood� of �.

Our goal is to stabilize the system (2.6) at the origin by forcing an orbit onto
� ����. Let )� be a given initial condition that generates an orbit��)��, which is
not on the stable manifold��

�	
���. Assume that at some time	 � �, the state
)� � ��)�� is in the given neighborhood� of the origin. In this case, we compute
�� such that the next iterate)��� of the orbit��)�� is on the stable manifold

� ����, or equivalently,)� �
�
)
���
� � )

���
�

	
is a point on�����. More precisely, we

want
)
���
��� � �

�
)
���
���

	
�

We need to find�� so that
�
)
���
���� )

���
���

	
is on� ����. In other words,

�
)
���
��� � 3��)

���
� � )

���
� � ���

)
���
��� � 3��)

���
� � )

���
� � ���

(2.7)
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should be a point on�����, which is equivalent to

�
�
)
���
���

	
� )

���
���

� �
�
3��)

���
� � )���� � ���

	
� 3�

�
)���� � )���� � ��

	
� (2.8)

As a consequence,
�
)
���
���� )

���
���

	
is automatically a point on the stable manifold

given for��. Now we switch�� back to�� for all � � 	 � �, i.e., we turn the
control off. Due to the invariance of����� under3, all the succeeding iterates
of )��� lie on the stable manifold and the controlled orbit��)���� is attracted to
�. Hence, the system is stabilized. Consequently, the nonlinear control law can
be computed from equation (2.8), since all parameters and functions are known
except for��. Note that there may exist different solutions�� of this equation or
no solution at all. Thus, we prove an existence theorem in the following section.

Remarks

(i) In case that there exists more than one possible solution of (2.8), one has to
choose the optimal solution, for example, the�� with ��� 
 ��� having the
smallest absolute value.

(ii) Note that in the derivation of the implicit equation (2.8) for��, we have used
the fact that the graph of� represents the local stable manifold for�� � ��.
Therefore, this equation determines�� only locally. As a consequence, we
have to consider an open neighborhood� of �� and assume that�� � � at
time	.

2.2 An existence and uniqueness theorem

So far, we have shown that it is indeed possible to find an implicit equation that
determines the feedback control which stabilizes the nonlinear system (2.1) at a
given saddle fixed point. Naturally, the question arises whether one can always
find such a control and if so, under what conditions.

Let us consider the nonlinear discrete dynamical system

)��� � 3�)�� ���

given as in (2.6) and assume that for�� � ��, the system possesses a hyperbolic
saddle fixed point at the origin. As we have seen in the previous section, we can
derive the system given by)��� � 3�)�� ��� from the original system���� �
����� ���, which has a hyperbolic fixed point�� for �� � ��. Therefore, we can
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either consider the map� and�� or the map and the origin with the same stability
properties as��.

The following theorem states the local existence and uniqueness of a control
�� for the transformed system such that (2.8) is satisfied.

Theorem 2.2.1
Consider )��� � 3�)�� ��� with the assumptions made above. The system is

stabilizable at the hyperbolic saddle fixed point � provided that

�� ���3���� �� ��� 
 3���� �� ���

����
����

�� �� (2.9)

Let � � 1 be an appropriate open neighborhood of � � 1 and � � � be an
appropriate open neighborhood of ��. Assume that )� � �)

���
� � )

���
� � � � for some

time 	 � � . Then the local feedback control near �� is given by the unique solution
�� � � of

�
�
3��)

���
� � )���� � ���

	
� 3�

�
)���� � )���� � ��

	
for �)���� � )

���
� � � � .

Proof
The proof of the theorem is based on the Implicit Function Theorem. Let� �
1 � � � �� � � be a
�-function defined by

�
�
)���� )���� �

	
�� �

�
3��)

���� )���� ��
	

 3�

�
)���� )���� �

	
�

Obviously,� has a zero at��� �� ���. The goal is to solve� for � in a neighborhood
of ��� �� ���. A necessary and sufficient condition for this is that��� ��� �� ��� does
not vanish. Hence, we compute

��

��
�)���� )���� �� � �����3��)

���� )���� ���
 3��)
���� )���� ���

and in particular, using assumption (2.9),

��

��
��� �� ��� �� ��

Also by assumption,)� � � . The Implicit Function Theorem implies that there
exists a unique
�-mapping4 � � � � with appropriate neighborhoods�� � as
stated in the theorem, such that

�
�
)���� � )���� � ��

	
� � �

�
)���� � )���� � ��

	
� � � �

if and only if

�� � 4
�
)���� � )����

	
�
�
)���� � )����

	
� ��
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Therefore, the existence of a unique control�� � � is implied by the Implicit
Function Theorem.

Let us return to the stabilization procedure. We iterate the uncontrolled system��
� )

���
��� � 3�

�
)
���
� � )

���
� � ��

	
)
���
��� � 3�

�
)
���
� � )

���
� � ��

	
for 	 � �� �� � � � until

�
)
���
� � )

���
�

	
� � for some time	. This conditions is satisfied

by assumption. In this case, we set

�� �� 4
�
)���� � )����

	
(2.10)

and by construction it follows that�
�
)
���
� � )

���
� � ��

	
� �. With �� given by (2.10),

we compute

)
���
��� � 3�

�
)���� � )���� � ��

	
)
���
��� � 3�

�
)���� � )���� � ��

	
Therefore, by definition of� , we obtain that�

�
)
���
���

	
� )

���
���, i.e., )��� is a

point on� �
�	
���. Setting�� �� �� for 5 � 	, we iterate the uncontrolled system

further. Due to the invariance of the stable manifold under3 fro ��, the orbit is
attracted to the origin. Thus, the system is stabilized at the origin.

If we switch back to the original system���� � ����� ��� using the inverse
transformation���, we have reached our original goal: The successful stabiliza-
tion of a nonlinear system at a hyperbolic fixed point��. Since� and its inverse
are affine linear transformations, one can switch back and forth between the two
systems���� � ����� ��� and)��� � 3�)�� ���. Thus, the original problem is
equivalent to stabilizing)��� � 3�)�� ��� at the origin. Note that in the trans-
formed system, it is easier to find a representation of the local stable manifold of
the fixed point. Therefore, we establish the control algorithm within this system
and then go back to the original one.

2.3 The nonlinear control algorithm

So far, we have introduced the theory of stabilization at hyperbolic saddle fixed
points in two-dimensional nonlinear dynamical systems. In order to be able to im-
plement our nonlinear stabilization method, we need to establish a corresponding
algorithm. In Chapters 3, 4 and 5, we will use this algorithm.

From the theoretical point of view, it suffices to compute the feedback con-
trol �� once because of the invariance of the stable manifold. The orbit�������,
where���� � ����� ���, stays on the manifold, when�� is set back to�� for
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5 � 	. Hence, the system is stabilized by a single control step. However, we
do not obtain the stable manifold������ exactly. Instead, we use a Taylor ap-
proximation to determine the map� that represents only the local stable manifold.
Furthermore, the control�� is obtained numerically in most cases, depending on
the degree of nonlinearity of� . Thus, it is not sufficient to control the system once
in order to stabilize it. From this point of view, we introduce the algorithm.

Our approach is as follows: First, we fix the hyperbolic saddle fixed point��
and the nominal value��. The computation of the Jacobian������ leads to the
eigenvalues��� �� and corresponding eigenvectors��� ��, respectively. This leads
to the definition of the transformation�. Altogether, we obtain the transformed
evolution equation)��� � 3�)�� ��� with 3 �

�
��
��

�
. As explained in Section 1,

we obtain

3��)�� ��� �
�

��2

�
�����

�
����

���
� )���� � ����� )���� � �

���
� � (2.11)

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	

�����

�
����

���
� )���� � ����� )���� � �

���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	

 �

���
�

�

3��)�� ��� �
�

��2

�

 �����

�
����

���
� )���� � ����� )���� � �

���
� � (2.12)

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	
������

�
����

���
� )���� � ����� )���� � �

���
� �

����� )���� � ����� )���� � �
���
� � ���
 �

���
�

	

 �

���
�

�
�

Next, we determine� �
�	
��� as graph of� � ����� � ����� with ���� �

������� � �. To obtain an approximation of�, we expand� in a Taylor se-
ries at the origin. Assume that� is given by

��)���� � ����� �)
������� �)

�������� �)
������� � ���� �)���������)��������

and that we expand� up to order0 . Since���� � ������� � � has to be true
because of Theorem 1.2.3, we conclude that

�� � �� � ��

i.e.,
��)���� � �� �)

����� � �� �)
����� � � � �� �� ��)

����� � (2.13)
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We need to determine the remaining coefficients��� � � �� � � � � 0 of � by com-
parison. We make use of the fact that the local stable manifold��

�	
���, i.e.,
the graph of�, is invariant under the map3. If )� is a point on��

�	
���, then
3�)�� ��� � )��� is also a point on��

�	
��� and thus,

)
���
��� � �

�
)
���
���

	
� 3�

�
)���� � ��)���� �� ��

	
� �

�
3��)

���
� � ��)���� �� ���

	
must be true. If we now replace� by (2.13), use the evolution equations (2.11),
and (2.12) and)���� � ��)

���
� �, we obtain two polynomials with unknown coef-

ficients��� � � �� � � � � 0 . We can calculate the coefficients of� by comparison.
The graph of��)���� � �� �)

����� � �� �)
����� � � � � � �� �)����� gives us an

approximation of the local stable manifold��
�	
���. Once the function� is deter-

mined, one can write down the control equation (2.8). In special cases, depending
on the degree of nonlinearity of� , this equation can be solved explicitely for��.
Otherwise, we use Newton’s method to obtain�� near��.

Now we are able to formulate the control algorithm. We transform points��
to )� � ����� as defined in Definition 2.1.1. Then we check whether some point
)� lies within a neighborhood� of the saddle)� � �. In this case, we solve the
equation (2.8) for��. In order to do so, we need the evolution equation)��� �
3�)�� ��� with 3 �

�
��
��

�
and the coefficients of�. The solution�� is plugged into

)��� � 3�)�� ���. Now we switch off the control, i.e.,�� � �� for 5 � 	, and
iterate the uncontrolled system. Due to the computational errors made within the
approximation of� and��, we might have to control again if points)� �5 � 	,
leave an!-strip around the local stable manifold.

Consequently, the new control algorithm is as follows.

% Set the initial condition
% and initialize all necessary values
% such as the position of the saddle (P1,P2)
n=1;
while (n<k)
if (x(n),y(n)) is not in U(P1,P2)
Iterate the uncontrolled system;

else
if (x(n),y(n)) is in U(P1,P2)
if (x(n),y(n)) is within nbhd.of Wˆs(P1,P2)
Iterate the uncontrolled system;

else
% Orbit is close enough to (P1,P2)
% and the control is switched on
Compute local coordinates of (x(n),y(n));
Solve the control equation for u(n);
Apply u(n) to local coordinates;
Compute (x(n+1),y(n+1));
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if abs(u*-u(n))>u(max)
% Control is too large !
u(n)=u*;
Compute (x(n+1),y(n+1)) with u(n)=u*;

end
end

end
end
n=n+1;

end

Summarizing, a nonlinear autonomous discrete dynamical system

���� � ����� ���

in �
� can be stabilized at a hyperbolic saddle fixed point�� via the feedback con-

trol �� � �. Due to the necessary approximations of��
�	
���� and the control,

stabilization is possible when one corrects the controlled orbit whenever it leaves a
neighborhood of the local stable manifold. Results of this algorithm are shown in
the next chapters.

Remark
Note that one motivation for our stabilization method was so-called chaos con-
trol. Here, a nonlinear dynamical system that possesses a chaotic attractor�
is considered. Within such a chaotic system, unstable periodic orbits are typi-
cally dense, cf. [GOY88]. Thus, there exists a large number of periods and the
system can be stabilized in many different hyperbolic periodic orbits. The most
well-known method for chaos control has been established by Ott, Grebogi and
Yorke in 1990, cf. [OGY90a, OGY90b]. As has been pointed in [Voc98], many
interesting applications and succeeding results of the so-called OGY-method have
been obtained during the last decade. For example, Nitsche and Dressler [ND92]
improved the control method and applied it to the Duffing oscillator. The arti-
cles [PMT94, RGOD92] also present the OGY-method, and in [RGOD92], the
control is applied to the kicked double rotor. Another example of a useful applica-
tion to a laser, which is represented by the Ikeda map, is given in [SO95], cf. also
Chapter 5. Furthermore, [SGOY93] provides a good overview of chaos control and
in [JMTV97] and [Sch99], a variety of results on this research topic is given.

We point out that the OGY-method is only a special case of our nonlinear sta-
bilization. Ott et al. present a simple geometric approach of how to compute the
feedback control�� at a given time	 for the nonlinear system���� � ����� ���
which contains a single chaotic attractor�. The system is linearized at the saddle
fixed point��, that is embedded in� for �� � ��. The system should be stabilized
at ��. The corresponding feedback law is computed for the linear system so that,
with respect to the stable subspace, stabilization can be achieved. Hence, Ott et
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al. work with the�-th order approximation of��
�	
����, namely, the linear stable

subspace������.
Let us review the OGY-method, because we will use it in the applications in

Chapter 3 to compare it with our stabilization algorithm. Without loss of generality,
Ott, Grebogi and Yorke set�� �� � and�� �� �, which can be achieved by a
simple transformation. Then�� � � is a hyperbolic saddle for the uncontrolled
system (2.2). The linearization of the system at�� is given by

���� 
 ����� � ���� 
 ��  � $ ��� 
 ��  ��

where

 ��
�����

��

���
����

� ���
����

���� � ���
 ��
��

�
�

��
������ (2.14)

Here,����� denotes the position of the saddle fixed point, when�� �� ��. The
matrix$ � �

��� is given by

$ �� ������ ���

and its eigenvalues are��, ���� � �, and��, ����  �, with ��� �� � �. Let
��� �� � ���� be corresponding right eigenvectors and��� �� � ���� left eigen-
vectors so that

��� ��� � ��� ��� � �

��� ��� � ��� ��� � ��

In [OGY90a, OGY90b], the formula for finding an appropriate control�� is given,
but not proven. The following theorem introduces the OGY formula, which is
proven in detail in [Voc98].

Theorem 2.3.1
We consider the nonlinear two-dimensional dynamical system ���� � ����� ���
and its linearization ���� 
 ��  � $ ��� 
 ��  � with all the assumptions made
above. The system can be stabilized at its hyperbolic saddle fixed point �� � �
with

�� �
��

�� 
 �

��� �
�
��

 ���
��

� (2.15)

provided that �� � � at some time 	, where � � �� is an open neighborhood of
the hyperbolic saddle fixed point �.

Here,�� �� denotes the standard inner product in�� and��� is the transposed
of ��. Note that the original nonlinear system is iterated and the controlled orbit is
only forced onto the stable subspace������.

The OGY-method makes use of the chaotic dynamics of the system, which en-
sures that an orbit comes eventually close enough to the chosen hyperbolic saddle
fixed point or periodic orbit. Since this approach relies on the linearization of the
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xn+1

p
*

xn

p(u)

Figure 2.4: Geometric interpretation of the OGY-method: The saddle fixed point
�� is shifted along (dashed line) as� changes to��. Choose�� �� �� so that the
point���� lies on the stable linear subspace������.

original system���� � ����� ���, stabilization of the system can only be achieved
within the small strip of�� � � given by

���� �� ����

������ 
 �

��
  ���� �

���� � (2.16)

with the assumption that��� 
 ��� � ����  ���� for �� given by (2.15), There-
fore, we activate the control�� only for �� being in

���� �
�
���  �����

For small����, a typical initial condition will execute a chaotic orbit, unchanged
from the uncontrolled case, until�� is in the strip. Because of the nonlinearity
not included in the feedback law, the control at time	 may not be able to keep the
controlled orbit near the fixed point. In this case, the orbit leaves the strip again and
wanders around chaotically as before, despite the activated control. This is called
a chaotic transient. Ott et al. derived a formula for the length of such a chaotic
transient in [OGY90a, OGY90b]. They show that after some finite amount of time,
the orbit will come back into the strip, since by assumption almost all trajectories
are dense in the attractor�. Thus, if the orbit is again within the strip, then control
is achieved. So we are finally able to stabilize the orbit which is preceded by a
chaotic transient, where the orbit is similar to orbits on the uncontrolled attractor.
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Remark
Note that the OGY-method for controlling chaos can be seen from a control theoret-
ical point of view. It was shown in [Voc98] that the OGY-method is quite similar
to a common control theoretical approach. In this case, we consider the control
system

���� � $�� �, ���

or equivalently,
���� � �$
,� ����

with �� � 
� ��. We can compute the so-called feedback gain matrix from the
Pole Shifting Theorem [Son98]. It turns out that Ott et al. do just the same, al-
though from a geometrical point of view. In fact, the control law (2.15) is one
possibility to compute the feedback gain matrix� . Both the control theoretical
approach and the OGY-method do not at all depend on the dynamics of the sys-
tem. No matter whether the dynamical system is chaotic or not, the system can be
stabilized near the saddle.

In conclusion, we have seen in Chapter 2 that in a neighborhood� of the
hyperbolic saddle fixed point�� with �� � ��, there exists, at least locally, a
unique control of the nonlinear system���� � ����� ���. We expect that our
stabilization method works better than the OGY-method, which is based on the
linearization of the system. In the OGY scenario, only a small number of initial
conditions can be controlled, because they use the�-th order approximation of
� �
�	
����. On the other hand, our nonlinear stabilization technique is valid for a

wider range of initial conditions, since this algorithm works with a higher order
approximation of��

�	
����. As has been pointed out before, the OGY-method is
just a special case of our stabilization method. In Chapter 3, we give an example
for such a stabilization. Both methods are applied to the H´enon map and it turns out
that the our algorithm indeed works more globally than the one from Ott, Grebogi
and Yorke.



Chapter 3

An example: The Hénon map

In this chapter, we present an application of the algorithm for stabilizing nonlinear
dynamical systems which has been developed in Chapter 2. We want to compare
the new algorithm with the OGY-method. For this reason, we consider the H´enon
map, which has already been taken as an example in the work by Ott, Grebogi
and Yorke [OGY90a, OGY90b]. The H´enon map is a two-dimensional quadratic
map that was introduced by H´enon in 1976, cf. [H´en76]. It is a model problem
of a simple two-dimensional map that exhibits the same essential properties as
the Lorenz system, cf. [Lor63]. The first section begins with an overview of the
dynamics of the map. Section 2 introduces all necessary computations in order to
implement the nonlinear algorithm from Section 2.3. In the last section, we actually
stabilize the map at an unstable fixed point which lies on the strange attractor.
We numerically illustrate both stabilization methods, the one by Ott, Grebogi and
Yorke and our nonlinear one and compare the results.

3.1 Dynamics of the Hénon map

Consider the H´enon map� ��� � �� which is usually given by

���� #� 6� � �6
 �� � 7 #� �� (3.1)

or equivalently, by defining the two components of� by ��� ��, i.e.,�
���� � 6� 
 ��� � 7 #� �� ������ #�� 6��
#��� � �� �� ������ #�� 6���

The Hénon map has two parameters6� 7 � � with 6 � � and�7�  �. Throughout
this chapter, we fix7 at 7 � ���, whereas6 is the feedback control with nominal
value6� � ���, cf. [OGY90a, OGY90b]. Consequently, the uncontrolled H´enon
map is given by

���� #� ���� � ���� 
 �� � ��� #� ���

By varying6 over6�, we can stabilize the system as will be shown in Section 3.

27
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Let us have a look at the properties of the H´enon map. Obviously,� is a
�-
map. Since7 �� �, � is invertible and its inverse reads

������ #� 6� � �#�
�

7
��
 6� #����

Thus, the Hénon map is one-to-one. Since��� is also a
�-map, the map� is a

�-diffeomorphism with respect to the state variables� and#.

Another property of the H´enon map is that the determinant of the Jacobian
matrix is constant. Let us consider the Jacobian of� at every point��� #� � �� ,
i.e.,

����� #� �

�

�� 7
� �

�
�

Note that
������� #� � 
7 � ��� #� � �

� �

Thus,�������� #�� � �7�  � by assumption. It follows that the H´enon map is
area contracting, or, as one can also say,dissipative.

As it has been pointed out by H´enon in 1976, the dynamical system given
by (3.1) possesses a strange attractor� for certain parameter values6 and7. In
our case,7 � ��� and6 varies about6� � ���� It can be shown that for7 � ���
and6� � ���, there exists a quadrilateral- � �� which is mapped inside itself.
The set- is compact and���-� � - for � � �. In Figure 3.1, the set� � - is
shown.- is attracted by the invariant set�. By Definition 1.3.3,- is the trapping
region for the attractor�. The attracting set� is a strange attractor, since

������ � �����

Thus, the box counting dimension of� is noninteger, see e.g. [ASY97]. It can be
shown that orbits����� #�� either diverge to minus infinity or tend to the strange
attractor�, if ���� #�� � -.

The attracting set� has not only a non-integer dimension, but with respect to
Lyapunov exponents, it is also a chaotic attractor. In Chapter 1, we called an attrac-
tor� of a dynamical system chaotic, if the largest Lyapunov exponent with respect
to � is positive. A computation of the Lyapunov exponents for� for the Hénon
map leads to the approximate values/� � ���� and/� � 
���, cf. [ASY97].
Therefore, the largest Lyapunov exponent is greater than zero. By definition,�
is a chaotic attractor. A picture of the attractor� of the system (3.1) is shown
below. We start with some initial condition���� #�� � ��� �� in - and iterate the
system (3.1)��	 times with7 � ���� 6 � ���. The first 20 iterates are not plotted.
Thus, we obtain the following picture of the strange attractor�.
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Figure 3.1: The strange attractor of the H´enon map with6 � ��� and7 � ���.

3.2 Necessary computations

We want to stabilize the H´enon map at a hyperbolic saddle fixed point. So let us
determine, for general parameters6 and7, the fixed points of� . They are obtained
by solving ���� #� 6�� � ��� #� 6�� for � and#. The second evolution equation
����� #� 6�� � � yields# � �. Thus,

� � �� � � ��
 7�
 6�

i.e.,

���� �
�

�
�7
 ��

�
�7
 ��� � � 6��

Accordingly, fixed points of the H´enon map exist as long as


� 6  �7
 ����

which is true for6 � 6� � ��� and7 � ���. Due to the fact that����� #� 6�� � �,
the fixed points lie on the line� � #. Let us check if one of the fixed points is
embedded in the strange attractor� and let us determine their stability. Using the
specific parameter values6 � 6� � ��� and7 � ���, we obtain approximately

��� � #� � � �������� ������� and���� � �#� � � �
�� ����
�� �����

The second fixed point���� � �#� � does not lie within the strange attractor�, as
can be seen in Figure 3.2. However, the fixed point��� � #� � is contained in�.
Thus, this is our fixed point of interest, at which the system is stabilized, provided
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Figure 3.2: The strange attractor and the two fixed points of the H´enon map.

��� � #� � is a hyperbolic saddle. In order to determine the stability of the fixed
point, we evaluate the Jacobian of� at ��� � #� � and compute the corresponding
eigenvalues and eigenvectors. We obtain

����� � #� � �

�

���!�� ���

� �

�
with eigenvalues

�� � ���  � and �� � 
������ (3.2)

and corresponding eigenvectors

�� �

�

��� ��


������

�
and �� �

�

������

���!��

�
�

Thus, by Theorem 1.1.6, the fixed point is a hyperbolic saddle point with a one-
dimensional stable and one-dimensional unstable subspace.

The goal is to apply our stabilization method developed in the previous chapter
and stabilize the system at the hyperbolic saddle��� � #� �. A given orbit should be
stabilized by forcing it onto the stable manifold��

�	
��� � #� �. To achieve this, we
use the system parameter6 as a feedback control and vary6 over6� � ���. Since
we want to apply the theory from Chapter 2, we need to shift the fixed point to the
origin and transform the coordinates such that the stable linear subspace����� ��
is equal to the x-axis and����� �� is perpendicular to����� ��. Moreover, a Taylor
approximation for the local stable manifold has to be done to obtain the local stable
manifold as a graph over the new�-axis. We consider

���� #� 6�� � �6� 
 �� � 7 #� ��
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and its hyperbolic fixed point��� � #� � in �. We shift��� � #� � to ��� �� and trans-
form the linear subspaces by� given as in Definition 2.1.1�

�

�

�
�� �

�
�

#

�
�� 2��

��
�

#

�



�
��
#�

��
�

where

2 �� ��� ��� �

�
��� ���
��� ���

�
�

�

��� �� 
������

������ ���!��

�
�

The inverse matrix is

2�� ��
�

�� 2

�
��� 
���

��� ���

�

with �� 2 � 
�. These computations can be carried out either by Matlab or
Maple. � transforms�� and�� such that the stable eigenvector of the hyperbolic
fixed point���� � #� � � ��� �� is '� and the unstable one is'�, where'�� '� denote
the unit vectors in�� . Using the transformation� and its inverse�

�

#

�
� ���

�
�

�

�
� 2

�
�

�

�
�

�
��
#�

�
�

we obtain the transformed H´enon map3��� ��. Consider�
����

#���

�
� ���

�
����

����

�
� 2

�
����

����

�
�

�
��
#�

�
�

�
��� ���� � ��� ���� � ��
��� ���� � ��� ���� � #�

�
and �

����

#���

�
�

�
6� 
 ��� � 7 #�

��

�
�

Write �� and#� in terms of�� and�� by the inverse transformation and use the
fact that�� � #� . Then set the two equations equal and obtain two equations

��� ���� � ��� ���� � 6�
���� ������ ����� �
� � 7 ���� ������ ����� �
��

��� ���� � ��� ���� � ��� �� � ��� ��

with two unknowns, namely���� and����. We solve this set of equations using
Maple and obtain the transformed H´enon map

������ ����� � 3���� ��� 6��

with its components

3����� ��� 6�� �
�

���




 ���

�
��� �6� 
 ���� �� � ��� �� � �� �

�

�7 ���� �� � ��� ��� � �� �7
 ���
 ��� ��
�
� �� � ��� ���

	



CHAPTER 3. AN EXAMPLE: THE HÉNON MAP 32

���� �� � ��� ��

�

3����� ��� 6�� � ���

�
6� 
 ���� �� � ��� �� � �� �

�

�7 ���� �� � ��� ��� � �� �7
 ��
	

 ��� ��

�
� �� � ��� ����

The map3 possesses a hyperbolic fixed point at��� �� with ����� �� � 	
���'��
and����� �� � 	
���'��. Note that the original strange attractor� is just under-
going a coordinate transformation� such that its properties remain the same.

The local stable manifold��
�	
��� �� is obtained by a Taylor approximation

as described in Section 2.3. The coefficients for the function��� � � were
computed by Maple. The function� reads

���� � ��������� � ��������� ����	��

where the values for the coefficients have been rounded.
In order to perform the desired control, we have to verify the assumption of

Theorem 2.2.1, which is necessary and sufficient for the existence of a control
6� �� ���, i.e., we need to check that

�� ���3���� �� 6�� 
 3���� �� 6��

����
����������

�� �

In this case we obtain

��

�
��

�
�
���

�
��� ��
�
� �6� 
 ���� �� � ��� �� � �� �

� � 7 ���� �� � ��� ���

��� �7
 ���
 ��� ��
�
� �� � ��� ���� � ��� �� � ��� ���

	�
���

�
�
���

�
��� ��
�
� �6� 
 ���� �� � ��� �� � �� �

� � 7 ���� �� � ��� ���

��� �7
 ���
 ��� ��
�
� �� � ��� ���� � ��� �� � ��� ���

	�

��� �6� 
 ���� �� � ��� �� � �� �

�


7 ���� �� � ��� ���
 �� �7
 ���
 ��� ��
�
� �� � ��� ���

������
����������

� ����!! �� �

3.3 Controlling a saddle fixed point

The implicit equation (2.7), from which6� is computed, is rather complicated.
This is the reason why we do not write it down here. We have implemented both
the nonlinear stabilization algorithm and the OGY-method in Matlab. Our non-
linear method is programmed as described in Section 2.3 and the OGY-method
is programmed according to [OGY90a] with6� given by (2.15) and���� given
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by (2.16). All necessary symbolic computations have been done in Maple. The
nonlinear implicit equation (2.7) that determines6� was obtained by Maple as well
as the transformed H´enon map. We use these results in the main Matlab program.
The following pictures illustrate the results of the two algorithms.

We consider an initial condition���� #�� within �
�� ���. Note that� lies
within this square. Let���� #�� � ���� �
�� � be an exemplary initial condi-
tion, which lies on the inner right arc of�.
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Figure 3.3: The uncontrolled H´enon map with���� #�� � ���� �
�� �.

Figure 3.3 shows the first hundred iterations of���� #�� under the original uncon-
trolled map� in order to show what happens without control. The two components
� and# of the map are shown separately so that one is able to see the evolution of
points dependent on time. The first row shows the points�� on the# axis and the
second row shows#� on the# axis. In all figures, time is on the� axis.

As one can see in Figure 3.3,���� #�� � ���� �
�� � generates an orbit which
behaves irregular. We apply both stabilization methods, our nonlinear one and the
OGY-method, to the orbit����� #��. As we will see, both methods are able to
control this orbit and thus stabilize the system behavior at the saddle. The first
step is to apply our algorithm to this initial condition. Note that it is implemented
such that if the orbit leaves an!-neighborhood of the local stable manifold, then
the control is switched on again. Here we take! � ����.

More precisely, we start with the initial condition and iterate the uncontrolled
system as long as������� #�� � �)

���
� � )

���
� � � "���� �� where"���� �� is the ball

centered at the fixed point��� �� with radius�. Here, we take� � �. In this case,

we compute6� and the controlled point�)������� )
���
����. As described in Section 2.3,

the orbit��)
���
���� )

���
���� eventually leaves an!- neighborhood of the local stable
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manifold. Thus, after each iteration of the uncontrolled system, we check whether
�)

���
� � )

���
� � for 5 � 	 is in the!-neighborhood of��

�	
��� ��. Equivalently, take

�)
���
� � )

���
� � and compute�#)�� #)�� such that��#)�� � #)� is a point on the local stable

manifold so that 
�
)
���
�

)
���
�

�



�
#)�
#)�

��
�

�
�

���#)��

�
�

If �)���� 
 #)��
�� �)

���
� 
 #)��

� � !�� then�)���� � )
���
� � has left the!-neighborhood and

we have to control again, i.e., compute6� and the controlled point�)������� )
���
����.

To prevent the vertical component)���� from being too far away from the fixed

point, we also ensure that�)���� �  Æ whereÆ � ���. Moreover, we set a bound on
the control6�. Let 6��� �� ���, then�6� 
 ����  ���.

To check whether)� , 5 � 	, is still within the!-neighborhood of��
�	
���,

we use the following routine.

% Suppose that we have already controlled
% at time n and let (X_k,Y_k) be some
% state at time k>n.
% We now compute (X,Y) which fulfills the
% above requirement, i.e., (X_k-X,Y_k-Y) is
% perpendicular to the stable manifold
% s(x)=0.01414*xˆ2+0.00218*xˆ3 and
% s’(x) is its derivative.

X=fsolve(’(X_k-x)+(Y_k-s(x))*s’(x)’,X_k);
Y=s(X);
while (((abs(X_k-X))ˆ2+(abs(Y_k-Y))ˆ2)<epsilonˆ2)
& (abs(Y_k)<delta)
& (k<=max. number of iterations)

compute (X_(k+1),Y_(k+1)) with a*;
k=k+1;

....

Remark
Note that this subroutine is very costly and that we use it only to test the algorithms,
cf. also the following Figures, where we apply our control algorithm to the hyper-
bolic fixed point of the H´enon map. In practical situations, it will not be wise to
use such an expensive Newton’s method like ’fsolve’ in Matlab. Instead, one could
think of the following implementation. Regularly, after a fixed amount of time2 ,
one switches the control on in order to achieve stabilization. The time2 has to be
found by trial and error.
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Figure 3.4: The nonlinearly controlled H´enon map with���� #�� � ���� �
�� �.

As one can see in Figure 3.4, our nonlinear method forces the orbit
����� �
�� � onto the local stable manifold of the hyperbolic fixed point
��� � #� �. The orbit stays close to the hyperbolic fixed point��� � #� �. Thus, the
control is successful. Note that the control6� has to be activated several times
since the orbit leaves the!-neighborhood of the stable manifold. One of our fur-
ther investigations will be to determine the behavior of the control algorithm, if!
is varied.

Now we apply the OGY-method to the same initial condition���� #�� �
���� �
�� �. According to the control law (2.15) given in Theorem 2.3.1,6� is
computed using the right eigenvectors�� and�� as given above, and the left eigen-
vectors�� and�� and the vector . Recall that the left and right eigenvectors have
to fulfill the following conditions.

��� ��� � ��� ��� � �

��� ��� � ��� ��� � ��

We obtain

�� � �����!� ����!��� �� � �
����� ���!�!� and �

�
���� �

���� �

�
�

Since we have chosen6��� �� ���, we compute the width of the strip
���� �

�
���  ���� � ���!��. If �� is in this strip, then the control is acti-

vated according to (2.15). This happens at	 � ��, cf. Figure 3.5.
Let us compare the results of the two algorithms, which are shown in Figures 3.4
and 3.5. It is obvious, that with our stabilization method, the control can be acti-
vated much earlier than with the OGY-method. In the OGY set-up, we have to wait
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Figure 3.5: The OGY-controlled H´enon map with���� #�� � ���� �
�� �.

91 iterations before we can activate the control. This is due to the fact that control
can only be activated if�� is in the strip defined by���� �

�
���  ����. In con-

trast, in the nonlinear case, control is switched on when�)
���
� � )

���
� � � "���� �� and

the control is activated within the first iteration. Thus, the globality of new algo-
rithm, in the sense that one uses��

�	
��� �� instead of����� ��, is a big advantage.
Nevertheless, our method is more costly, since we have to approximate��

�	
��� ��.
Due to this approximation and computational errors, the controlled orbit leaves the
!-neighborhood of��

�	
��� �� and we have to adjust the control value. The last row
in the figures show the control values6� depending on time	. The differences
�6� 
 ���� for all 	, where6� �� ���, in Figure 3.4 are larger than the difference
�6
�
���� � �����! of the single control step used in Figure 3.5. Thus, in this case,
the OGY-method is better than our method, since it only requires one control step
and no further control steps are needed as in the nonlinear set-up. Nevertheless, in
general, our nonlinear stabilization acts more global than the OGY-method.

Let us take a different initial condition, e.g.,���� #�� � �
�� �� �. Note that
this initial condition lies in the upper left part of�. The parameters!� Æ and6���
are the same as before, cf. Figures 3.6 and 3.7.
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Figure 3.6: The nonlinearly controlled H´enon map with���� #�� � �
�� �� �.
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Figure 3.7: The OGY-controlled H´enon map with���� #�� � �
�� �� �.

The following two figures in Figure 3.8 show the controllable initial conditions
in the square�
�� ��� with unbounded control. We observe that controlling initial
conditions, which are further away from��� � #� �, is possible with our algorithm,
whereas the OGY-method fails to control these orbits. The reason for this failure
is that those initial conditions are not in a small vicinity of the fixed point. But this
is a necessary condition for the OGY control in order to stabilize the system. In
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Figure 3.8: The nonlinearly controlled H´enon map (upper figure) and the OGY-
controlled Hénon map (lower figure) with���� #�� � �
�� ���.

contrast, the local stable manifold given by the approximation of� is a much better
approximation of the stable manifold and thus, our algorithm is able to stabilize the
system, even if initial conditions are further apart from the hyperbolic fixed point.

Now we pose the following question: Is our stabilization better, when the ap-
proximation of the local stable manifold has a higher order? So far, we have used
the graph of the function

���� � ��������� � ��������� �

It is possible to obtain coefficients for higher order terms.
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Figure 3.9: The nonlinear stabilization algorithm applied to���� #�� �
�
�� �
�� � with ! � ���� Æ � ���. The upper figure uses the approxima-
tion ���� � ��������� and the lower one���� � ��������� � ��������� �
��������	 .

But as our computational experiments show, an approximation with higher or-
ders of� �

�	
��� �� leads not necessarily to better results. In Figure 3.9, we apply
the nonlinear stabilization method to the initial condition���� #�� � �
�� �
�� �
with ! � ��� and Æ � ���. First, we use the lowest approximation of the local
stable manifold, i.e.,

���� � ��������� �������
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The result is shown in the upper figure. The lower figure of Figure 3.9 shows the
same algorithm applied to the same initial data, but with the local stable manifold
given as graph of

���� � ��������� � ��������� � ��������	 �������

Note that there is no difference in the stabilization that is achieved. The reason
might be that the computational errors are adding up and that an approximation
with higher order is no more accurate than a lower one. Furthermore, if we com-
pute�	, we obtain�	 � �������� , which is of order���	. Such a small value
might not make much difference in the control procedure and it only adds up to
the computational errors. Thus, the order of the approximation plays no role in the
implementation of the stabilization procedure, as long as a higher order than in the
OGY case is used.

The last observation we want to make is how the nonlinear control algo-
rithm depends on the choice of!. We take the initial condition to be���� #�� �
���� �
�� �. Figure 3.10 shows results for different values of!. In Figure 3.4,
we had! � ����. In Figure 3.10,! is ten times larger than in Figure 3.4, i.e.,
! � ���. If one compares the last row of Figure 3.4 to that of 3.10, then one
notes that in the latter figure, more control steps are needed and in particular, those
are larger than in the first figure. This is due to the fact that in Figure 3.10, we
have an!-neighborhood around��

�	
��� � #� � with ! ten times bigger than before.
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Figure 3.10: The nonlinear stabilization algorithm applied to���� #�� �
���� �
�� � with ! � ���.
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Consequently, the controlled orbit needs a longer time until it leaves this neighbor-
hood and we have to apply larger controls in order to get back to the local stable
manifold.

Summarizing, our stabilization of the H´enon map is successful. The nonlin-
ear method is able to control a much larger set of initial conditions compared to
the OGY-method. Furthermore, the smaller the!-neighborhood of��

�	
��� � #� �
is, the better the stabilization. There is no difference in the result of nonlinear
stabilization, when a higher order approximation of��

�	
��� � #� � is used.



Chapter 4

The stabilization at hyperbolic
periodic orbits in �

�

In Chapter 2, our nonlinear method for stabilizing nonlinear autonomous dynam-
ical systems has been introduced. The corresponding algorithm for the stabiliza-
tion of a system at a hyperbolic fixed point in two dimensions has successfully
been applied in Chapter 3. So far, we have restricted our considerations to a two-
dimensional phase space. We now get rid of this simplification and introduce the
analogue stabilization method for higher dimensions. In applications it might be
necessary to force trajectories onto a more complicated behavior than it is repre-
sented by a hyperbolic fixed point. Thus, we show how to stabilize systems at
hyperbolic periodic orbits of period greater than one. As before, this method will
be implemented. The resulting algorithm is based on the algorithm, which has
already been introduced in Section 2.3.

The first section establishes necessary facts about local stable manifolds at pe-
riodic points. Section 2 is concerned with local coordinate transformations that will
be used to compute the local stable manifolds and the control parameter. There-
after, we are able to introduce the complete stabilization procedure. In Section 4,
we prove a local existence and uniqueness result for the feedback control. The cor-
responding algorithm, which is based on the one from Section 2.3, is introduced
in Section 5 as well as an illustration of a stabilization at a period-� orbit of the
Hénon map.

4.1 Preliminaries

In the following let� be the phase space, where� � �� is an open subset. We
consider the nonlinear discrete dynamical system given by

���� � ����� ���� (4.1)

where���� ����� � � is a
�-map with� � �. The parameter�� � ���� is a
system parameter, which represents the feedback control, and� � � is the dimen-

42
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sion of the linear stable subspace of the periodic orbit at which we are planning to
stabilize the system (4.1). We assume that� is 
� with respect to��. Note that
we do not write� �� � �

��� � �, but instead, we think of a family of maps
��� � � � �. We assume that the control parameter�� can be varied over���� .
As in Chapter 2, the control is bounded by��� 
 ���  ����, where�� is the
nominal value for the uncontrolled system

���� � ����� ���� (4.2)

Throughout this chapter, we assume that for�� � ��, the system (4.2) possesses a
hyperbolic periodic point��. Let �� generate a hyperbolic periodic orbit of period
� � �, i.e.,

����� � ���� ������ �
������ � � � � �

��������

and������ � ��. We abbreviate������ �� ��, where� � ��� � � � � � 
 ��, i.e.,
�� � ��� ���� � ��� �� � � �� and so on. We assume that the
�-map� is a
local diffeomorphism at the periodic orbit�����.

Within this section, we consider the uncontrolled system with�� � �� for all
	. First, we determine the stability behavior at each point of the periodic orbit. In
the following, we introduce a series of lemmas, which will be of use in the later
sections. We assume that�� is a saddle fixed point of�� with � � � stable direc-
tions and�
 � unstable ones, where�  �. As we have seen in Theorem 1.1.6,
the stability of the periodic orbit���� ��� ��� � � � � ����� is determined by the Jaco-
bian matrix�������. Using the chain rule and the fact that������ � �� yields

Lemma 4.1.1
Consider the periodic orbit ���� ��� � � � � ����� of the system (4.2). Then the fol-
lowing holds:

������� � ���������������� � � ������������� (4.3)

Thus, instead of�������, we can consider the product of Jacobians of� . As
we will show, it is sufficient to compute the eigenvalues of just one of the Jacobian
matrices�������. The following lemmas are basic facts from linear algebra, so
we omit the proofs.

Lemma 4.1.2
Let $ � ���� � , � Gl��-� and let � be an eigenvalue of the matrix product $,
with eigenvector � � �� . Then � is also an eigenvalue of ,$ with corresponding
eigenvector � � , � � �� .

The result of Lemma 4.1.2 can be generalized to arbitrary finite products of
matrices.
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Lemma 4.1.3
Let $�� � � � � $� � �

��� . Assume that for �  8  	, the matrix
product $��� � � �$� is invertible. Then $� � � �$� and the cyclic permutation
$��� � � �$�$� � � �$� have the same set of eigenvalues, where �  8  	.

The assertion follows from setting$ �� $� � � � $� and, �� $��� � � � $� in
Lemma 4.1.2

Remark
The assumption in Lemma 4.1.3 that$��� � � �$� is invertible, is equivalent to
$���� � � � � $� each being in Gl��-�. In our case, the matrices$� are the Jacobians
������ of � at ��. We consider�������, which is the product of the������,
cf. Lemma 4.1.1. Due to Lemma 4.1.3, we need to assume that all Jacobians
������ are invertible, i.e.,������ � Gl��-�, which yields������� � Gl��-�.
Equivalently, we note that none of the eigenvalues of������� is zero. Hence,
������� is an isomorphism for all� and thus,� is a local diffeomorphism.

Due to the lemmas above, it is possible to determine the stability of each point
of the periodic orbit. By assumption,�� is hyperbolic, thus all eigenvalues of
��������� � �

� � �� have modulus different from one. We call the eigenvalues
�� and&�, where

�� � &� � � and��� �  �� �&�� � � with % � �� � � � � �� 8 � �� � � � ��
 �� (4.4)

The corresponding generalized eigenvectors are given by��� � � � � � �
�
� for the stable

eigenvectors�� , and��
�� � � � � �

�
��� for the unstable eigenvalues&�. Lemma 4.1.3

and Lemma 4.1.1 yield that�� and&� are also the eigenvalues of������� for all
� � ��� � � � � � 
 ��. Hence, the saddle point structure is preserved at each point of
the periodic orbit. Also, the dimensions of the linear stable and unstable subspaces
are the same at each��. Only the eigenvectors differ for each�������. They are
determined by the product of Jacobians in the following way.

Lemma 4.1.4
Let ���� ��� � � � � ����� be a periodic orbit of period � of the system (4.2). Let ��
and &� be given as in (4.4), and let ��� �� � and ��

� �� � be the corresponding

eigenvectors for �������. Then the eigenvectors of ������� for �  9  � 
 �
are determined by

��� � �������� � � ������� �
�
� � % � �� � � � � � (4.5)

and
��� � �������� � � ��������

�
� � 8 � � � � � ��
 ��

respectively.
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It is sufficient to prove the lemma just for one of the eigenvectors. If one uses

������� �
�
� � �� �

�
�

and applies Lemma 4.1.1 to the left hand side, the multiplication of
���������������� � � ������� from the left leads to the desired result. Thus, all
stable eigenvectors��� for �  9  � 
 � are determined by the Jacobian matrices
������ and the eigenvectors��� .

Next, we show that each local stable manifold��
�	
���� is invariant under��.

Let : �� � �
�	
���� be the local stable manifold at�� with respect to��. By

Definition 1.2.1, it follows that: is invariant under��. Since the whole periodic
orbit is to be stabilized, we need to know more about the structure at each periodic
point��. The fact that: is positively invariant under�� implies that the� -images
of the local stable manifold: are also positively invariant:

Lemma 4.1.5
For all � � ��� � � � � �
��, the images of : , ���:�, are positively invariant under
��.

Proof
Due to the invariance of: , we know that for all� �: it follows that����� �: .
Now let # � � ��:� for some� � ��� � � � � � 
 ��. There exists� � : such that
� ���� � #. Hence,

���#� � ���� ����� � ������� � � �������� � � ��:��

which holds for all# � ���:� and� � ��� � � � � � 
 ��. Thus,� ��:� is invariant
with respect to�� for all � � �� � � � � � 
 �.

Following the definition of a local stable manifold, we know that for all� �:
we have��������� �� as	��. One immediately deduces

Lemma 4.1.6
The � ��:� are local stable manifolds with respect to �� at ��, i.e.,

� ��:� � � �
�	
�����

where � � ��� � � � � � 
 ��.

Proof
By definition, for all� � : the iterates�������� tend to�� as	 � �. The
continuity of� leads to

� # � � ��:� � ������#� 
� �� as	��

for all � � ��� � � � � � 
 ��.
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Moreover, the local stable manifold of the hyperbolic periodic orbit
���� ��� � � � � ����� is given by the union of all� local stable manifolds����
��� � �

�	
���� with respect to��. The existence of the local stable manifolds
at each periodic point�� is guaranteed by the Stable Manifold Theorem 1.2.3.

Remark
The same is true for the local unstable manifolds of each periodic point. The proofs
are the same except that one has to change	 � � to 	 � 
�. We are only
interested in the stable manifolds, because the control algorithms forces points of
an orbit onto the local stable manifold of the periodic orbit.

4.2 Local coordinate systems at each periodic point

Our goal is to stabilize a dynamical system at the hyperbolic period orbit
���� � � � � ����� using the system parameter�� � ���� . The strategy will be
the same as in Section 2.1. In the case of periodic orbits, we have to be careful of
how to define the stabilization procedure itself. As already has been pointed out
in [RGOD92, Voc98], control of a periodic orbit can be achieved by taking the�-th
iterate of� and use�� to control a hyperbolic saddle fixed point�� of ��. In this
case, the control takes place only at one of the periodic points��. We could then use
the stabilization method from Chapter 2. However, taking�� is overly sensitive to
noise, especially, when large periods are involved. Moreover, the neighborhood in
which control could be achieved would be very small. Therefore, we introduce an
alternative method, where we are able to stabilize the system at the whole periodic
orbit and not only at one periodic point. This has the advantage of a more uniform
stabilization. By a uniform stabilization we mean that we can stabilize at each��.
In case that the controlled orbit leaves the local stable manifold of the periodic or-
bit, we are able to adjust the control whenever necessary. If one uses��, then this
can only be done every�-th iteration and we need to wait until the orbit comes into
the neighborhood of that particular��. Hence, our goal is to control an orbit�����
in the following manner. If�� of ����� is within a neighborhood of some��, then
force���� � ����� ��� onto the local stable manifold of the next periodic point
����.

In this section, we introduce local coordinate transformations which makes the
dealing with the local stable manifolds more manageable. As we will see, one can
establish a stabilization method for the original system given by� . However, it
is easier to obtain an explicit representation for the local stable manifolds of the
transformed system. We wish to achieve the diagram shown in Figure 4.1.

In the following, we first fix�� at �� and establish the necessary transfor-
mations as in Chapter 2. Later on, we will come back to variable��, since we
then consider the transformed system with control��. Using Theorem 1.2.3, we
can introduce a coordinate chart near�� for all � � ��� � � � � � 
 ��, mapping��
onto the origin so that the stable and unstable linear subspaces������ and������
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ψi

ψi+1 ψi+2

pi pi+1
pi+2

φi φi+1 φi+2

f

fi,i+1

f

fi+1,i+2

Figure 4.1: Local charts��, the local stable manifolds given as graph of�� and the
induced maps������.

are tangent to�� � ��� and��� � ���� at ��, correspondingly. Therefore, we
obtain smooth adapted coordinates such that��

�	
���� is the graph of a function
�� � �

� � ���� . Later in the implementation of the algorithm, we use this fact to
approximate the local stable manifolds at each��. Let us define transformations��
in a neighborhood of��:

Definition 4.2.1 (Local Charts)
Let ���� � ����� ��� be given as in Section 1. Suppose that the hyperbolic pe-
riodic orbit ���� � � � � ����� of the uncontrolled system has � stable directions and
�
 � unstable ones. The linear stable and unstable subspace are given by

������ � 	
������� � � � � �
�
��

and
������ � 	
�����

�� � � � � �
�
����

for � � ��� � � � � � 
 ��, respectively. Define a local coordinate transformation
����� � �� by

) � ����� �� 2��� ��
 ���� � � � ��� � � � � � 
 ��� (4.6)

where
2� �� ���� ��� � � � �

�
� ��

� � � � �
�
���� (4.7)

and �� � ���� � �� are neighborhoods of �� and ������ � �, respectively.
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The charts�� are exactly those charts introduced in Figure 4.1. Note that each
�� is an isomorphism. The transformation matrices2� consist of generalized eigen-
vectors corresponding to the stable and unstable eigenvalues�� � &� and their mul-
tiplicities.

Remark
Since we will make use of the real Jordan normal form of the matrices�������,
we recall some basic facts. Depending on the eigenvalues�� and&�, the Jordan
normal form of������� consists of real Jordan blocks;�� and;�� . These Jordan
blocks can be different for each eigenvalue. They are of one of the following types:

(i) If all eigenvalues are real and distinct with multiplicities:�� � � � �:�, then

������� �

�
��������

�� � � � � � � �
� �� � � � � � �
� � �� � � � � �
...

. . .
...

� � � &����� �
� � � � � � � &���

 
!!!!!!!"
� �

��� �

(ii) If an eigenvalue< is real with multiplicity� � �, then the corresponding
Jordan block; has the form

; �

�
��������

< � � � � � � �
� < � � � � � �
� � < � � � � �
...

. . .
...

� � � < �
� � � � � � � <

 
!!!!!!!"
� �

����� �

(iii) If � � 6� � 7 is a complex eigenvalue with multiplicity one, then

;� �

�
6 7

7 6

�
� �

��� �

(iv) In case that such a complex eigenvalue occurs with multiplicity�� � �, the
Jordan block consists of;� as in (iii) and the identity matrix=� � ���� .

;� �

�
������

;� =� � � � � �
� ;� � � � � �
...

. . .
...

� � � � � ;� =�
� � � � � � ;�

 
!!!!!"
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Now we define a new map3� that represents�� in the local coordinate system
at ��. The map3� maps points from�� to ���, where�� 	 ��� �� � such that�� 	 ���
is still a whole neighborhood of the transformed periodic point�.

Definition 4.2.2
Under the assumptions made above, we define a map 3���� � ��� in the local
coordinate system of each �� for fixed �� � ��, where

3��)� � ����
������ �)�� ���� � 2��� ����2� ) � ��� ���
 ���

for each � � ��� � � � � � 
 ��.

Obviously, 3���� � � for each�, i.e., the origin������ � � of each local
coordinate system is a fixed point of3�. We will show that the Jacobian of3�
evaluated at this fixed point has the same set of eigenvalues as�������.

Lemma 4.2.3
Let 3� be defined as in Definition 4.2.2. Then

�3���� � 2��� �������2�

and thus, the eigenvalues of �3���� are identical to those of �������.

Proof
Clearly,

�3��)� � ��2��� ����2� ) � ��� ���
 ����

� 2��� �����2� ) � ��� ����

� 2��� �����2� ) � ��� ����2��

Thus,�3���� � 2��� �������2�. Due to the definition of2�, �3���� is the Jordan
normal form of������� and the eigenvalues are the same.

The fact that2� is the coordinate transformation matrix which transforms
������ to �� � ��� implies that the linear stable subspaces at the fixed points
������ � � are given by��

� ��� � 	
���'�� � � � � '��. Analogously, the linear unsta-
ble subspaces are��� ��� � 	
���'���� � � � � '��. Actually, there exists a so-called
splitting of 3� into its stable and unstable component.

Corollary 4.2.4
The map 3� can be split into two components, namely

3��)� �



3
���
� �)�

3
���
� �)�

�
�

�
;� )

��� �>��)
���� )����

;��� )
��� �>��)

���� )����

�
�

where )��� � ��
� ���� )

��� � ��
� ����> ��� �� � ���> ��� �� � � for < � �� �

and ;� � ���� � ;���� � ������������ are the block matrices that consist of the
Jordan forms corresponding to the eigenvalues �� and &�, respectively.
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Proof
As we have seen above, the Jacobian�3���� is the Jordan normal form of�������.
By Lemma 4.2.3, we obtain

�3���� �

�
� � � �




 





� � �

 
" �

where the upper left block is of dimension� � � and the lower right block is of
dimension�� 
 �� � �� 
 ��. All the Jordan blocks of the stable eigenvalues
��� % � �� � � � � �, together form a Jordan block;� of dimension� � � and the
Jordan blocks of the unstable ones form;�� of dimension�� 
 �� � �� 
 ��
where8 � �� � � � �� 
 �. Therefore,�3���� leaves��

� ��� and��
� ��� invariant.

Since�3���� is the derivative of3� at zero and3���� � � holds, we conclude
that the linear part of3� has to be of the form�;�� )

���� ;�� )
�����, where)��� �

�� � )��� � ���� . Due to> ��� �� � � and�> ��� �� � �, there is no linear part
in > with respect to) � �)���� )����� for < � ���. Thus, the nonlinear part of3�
is given by> �)

���� )����� < � �� �, of corresponding dimensions and we obtain
the desired splitting of3�.

Now we can apply the Stable Manifold Theorem 1.2.3 to3� with � as hyper-
bolic saddle fixed point for�� � �� fixed. It tells us that there exists, for each�,
the local stable
�-manifold� �

�	
��� which is tangent to����� at �. Moreover,
� �
�	
��� is the graph of a
�-function����

�
� ��� 	�� � �� � ��

� 	�� � ����

with ����� � � and������ � � such that

� �
�	
��� � ���� ������ � � � ��

� ��� 	����

where�� � �� is an open neighborhood of�. There exist� such local stable
manifolds, one for each periodic point��. By Definition 1.2.1, all these manifolds
are positively invariant with respect to the corresponding3�.

So far we defined the coordinate charts��, which have been introduced in Fig-
ure 4.1. In order to be able to present the complete stabilization method for hyper-
bolic periodic orbits with a saddle structure, we still need to establish the induced
maps������ from Figure 4.1 for arbitrary��. In order to compute the feedback
control��, we set up the local coordinates, cf. Definition 4.2.1 and Figure 4.1, and
a new map������, which maps points from the local coordinate system at�� to the
one of the following periodic point����. Let us define������ as follows.

Definition 4.2.5 (Induced Maps)
Let ����� � �� be given as in (4.6), where �� is an open neighborhood of �� for
each �. Then define ��������� � ���� � ���� for general �� by

�������)� �� � ���� Æ � Æ �
��
� �)� �� � 2����� ���2� ) � ��� ��
 ������ (4.8)
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For�� � ��, the map������ can be split into an�- and an��
��-dimensional
part since

��������

�
��
� ��� � ��

������

��
� ��� � ��

������

is a bijective mapping. The proof is the same as the one of Corollary 4.2.4, except
that3� contains�� whereas������ contains only� . We denote

�������)� �� �

�
� �

���
������)� ��

�
���
������)� ��

 
" �

where� �������� � �
� and� �������� � �

��� .

Lemma 4.2.6
Each ������ maps � �

�	
�������� in one local coordinate system to the next, i.e., to
� �
�	
������������.

Proof
The assertion follows from the set-up in the diagram introduced in Figure 4.1. If
we take a part of the diagram consisting of two successive periodic points together
with the corresponding transformations, then this part of the diagram commutes.
So let us consider two periodic points�� and ����, where� � ��� � � � � � 
 ��.
We have seen in the global coordinates that���� �

�	
����� � � �
�	
���� and

���� �
�	
������� � � �

�	
������, i.e., the local stable manifolds are positively in-
variant under��, compare Lemma 4.1.5 and Theorem 1.2.3. In the local co-
ordinate systems, we obtain analogously3���

�
�	
��������� � � �

�	
�������� and
3�����

�
�	
������������� � � �

�	
������������. It follows by Definition 1.2.1, that
for �� �� �

�	
�������� and�� �� �
�	
������������ we have

���
���

3�� ���� � ������ � �

and
���
���

3�������� � ���������� � ��

respectively. Using Definitions 4.2.2 and 4.2.5, we conclude

������ ������ Æ 3
�
� ����

� ������ ���� Æ � Æ �
��
� Æ �� Æ ��

��� Æ ���� ����

� ������ ���� Æ �
�� ���� Æ ���� ����

� ������ ���� Æ ��
��� Æ ������ Æ ���� Æ � Æ �

��
� ����

� ������ 3���� Æ ����������
� ������ 3��������
� ���������� � ��

which completes the proof.
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4.3 An existence and uniqueness theorem

The aim is to activate the nonlinear feedback control�� � �
��� within one iter-

ation of� . Suppose we start with some point��, which is in the vicinity of�� for
some�. We define�� to be an open neighborhood of the periodic point�� for each
� � ��� � � � � � 
 ��. If one computes the following iterate���� � ����� ��� with
�� � ��, then���� � ����. Controlling the orbit����� means to find�� such
that���� � ����� ��� is a point on the local stable manifold of����.

After introducing all necessary details shown in Figure 4.1, we are able to
derive an implicit equation for the control��. Assume that�� � �� for one
� � �� � � � � � 
 � and���� � ��. First, one switches to the local coordinate
system, using������ � )�. Then we wish to obtain a point)��� � �������)�� ���
on � �

�	
������������ for suitable ��. The goal is to determine��. Since

������ can be split into the stable and the unstable component�
���
������)�� ��� �

�� � �
���
������)�� ��� � �

��� , respectively, we can split)��� into its two compo-

nents as well. Explicitely,)��� � �)
���
���� )

���
����

�. Now we require)��� to be a
point on the local stable manifold��

�	
������������. Taking into account that the
manifold is given as the graph of����, one deduces that

)
���
��� � ����

�
)
���
���

	
� (4.9)

Using)��� � �������)�� ���, one immediately concludes that

�
���
������)�� ��� � ����

�
�
���
������)�� ���

	
� (4.10)

The nonlinear equation (4.10) now determines the control value��, because all
other variables and maps are known.

The question that arises now is whether one can solve equation (4.10) for��.
Indeed, we can show that under certain assumptions such a control exists locally.
The proof of the following existence theorem is mainly based on the previous sec-
tions, where we have introduced all the relevant notations and results, together
with an application of the Implicit Function Theorem, cf. also Theorem 2 in the
Introduction of the thesis.

Theorem 4.3.1 (EXISTENCE AND UNIQUENESSTHEOREM)
Let ���� � ����� ��� be a discrete dynamical system given as in (4.1), which pos-
sesses a hyperbolic periodic orbit ���� � � � � ����� of period � � � for �� � ��. As-
sume that ������� has � stable eigenvalues, � � � � �, and �
 � unstable ones
with corresponding generalized eigenvectors ���� �

�
�� � � � � �

�
� and ���� � � � � �

�
���,

where � � �� � � � � � 
 �. Define ��� ������ as in Definitions 4.2.1 and 4.2.5. Let
�� � � be an appropriate open neighborhood of �� for each � � ��� � � � � �
�� and
� � ���� be an appropriate open neighborhood of ��. We denote �� � ������,
which is an open neighborhood of ������ � �. If �� � �� at time 	 for one
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� � ��� � � � � � 
 ��, then there exists a unique control �� � � near �� that stabi-
lizes the dynamical system at ����� provided that

��������

�
�������� ����

�
(4.11)

is invertible. �������� denotes the projection onto the linear unstable subspace
��������.

Proof
In order to control the system, we demand����, or equivalently, )��� �
����������, to be on the local stable manifold��

�	
������ for � � ��� � � � � � 
 ��,
respectively on��

�	
���, i.e.,

)
���
��� � �����)

���
����

� �
���
������)�� ��� � ����

�
�
���
������)�� ���

	
�

We define����� � ���� � ���� by

���)� �� � �
���
������)� �� 
 ����

�
�
���
������)� ��

	
�

Then
�
���
������)� �� � ������

���
������)� ��� � ���)� �� � ��

In particular, for) � ������ � � and� � ��,

� ��� ��� � �

holds true with� � ��� �� � �, where�� �� ������ is determined by an appropri-
ate�� as stated in the theorem. Let us consider

�����)� ��
���
������

� �
�����������

where������� means that one takes) � � and� � ��. If this matrix is invertible,
then we are able to apply the Implicit Function Theorem in order to obtain the
existence of the control�� which stabilizes the system. We compute

�����)� ��
���
������

� ��

�
�
���
������)� ��
 ������

���
������)� ���

	 ���
������

� ��

�
�
���
������)� ��

	 ���
������


 ��

�
������

���
������)� ���

	 ���
������

Recall that������� � � and, in particular,�������� � �. We conclude

��

�
������

���
������)� ���

	 ���
������

!���
���
�	����"���
� �! �����#�

���
!��

��

�
�
���
������)� ��

	 ���
������

� ������#�
���
!��

��

�
�
���
������)� ��

	 ���
������

� �
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Therefore,
�����)� ��

���
������

� ��

�
�
���
������)� ��

	 ���
������

�

Our goal is now to rewrite the derivative of��������� with respect to� in terms of
the original map� and the local coordinate transformations��. Let us recall the
Definitions 4.2.1 and 4.2.5 in order to obtain the following.

��

�
�
���
������)� ��

	 ���
������

� ��

�
��������

�
���������

��
� �)�� ����

���
������

��

Here, ����������
� � �������� denotes the projection onto the�� 
 ��-

dimensional linear unstable subspace��������. The projection can be exchanged
with the derviative such that we obtain

��������

�
��
�
��������

��
� �)�� ���

� ���
������

�
� ��������

�
��
�
2����� ���2� ) � ��� ��
 �����

� ���
������

�
� ��������

�
��
�
2����� ���2� ) � ��� ��� 
 2����� ����

� ���
������

�
� ��������

�
��
�
2����� ���2� ) � ��� ���

� ���
������


��
�
2����� ����

� ���
������

�
���#

��
��� �������
� ��������

�
��
�
2����� ���2� ) � ��� ���

� ���
������

�
� ��������

�
2����� ������2� ) � ��� ����

���
������

�
�

Finally, we have shown that

�����)� ��
���
������

� ��������

�
2����� ������2� ) � ��� ����

���
������

�
�

By assumption (4.11),

��������

�
�������� ����

�
is invertible. Thus, we conclude that�����)� ��

���
������

is invertible, which allows

us to apply the Implicit Function Theorem. There exist open neighborhoods�� of
� � ������ and� � ���� of �� and a unique mapping4���� � � such that

���)�4��)�� � � � ) � ���

Is �)� �� a point with���)� �� � �, it follows that� � 4��)�. Hence, we can find
open neighborhoods�� and� so that equation (4.10) has a unique solution��.
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Remark
The proof of the above theorem relies on the Implicit Function Theorem and the
Stable Manifold Theorem 1.2.3, which have also been used to prove the main theo-
rem in Chapter 2. Since we use��

�	
 instead of�� of the periodic orbit, this result
is only a local one.

4.4 An application to the Hénon map

In Section 3.3, we have already demonstrated the stabilization strategy for hyper-
bolic saddle fixed points of the H´enon map. Since we are now able to stabilize sys-
tems at hyperbolic periodic orbits of period greater than one, we apply our method
from the previous sections to a period-� orbit of the uncontrolled H´enon map

���� #� 6�� � ���� 
 �� � ��� #� ���

Recall that the fixed points of the map are given by

���� �
�

�
�7
 ��

�
�7
 ��� � � 6��

Now we compute the period-� orbits for � . Here we use the knowledge about
the fixed points in order to simplify the equation. We determine��� #� such that
����� #� 6�� � ��� #�, i.e.,

����� #� 6�� � ��6� 
 �� � 7 #� �� � ��� #�

� �6� 
 �6� 
 �� � 7 #�� � 7 �� 6� 
 �� � 7 #� � ��� #�

Solving the second equation for#, we get

# �
6� 
 ��

�
 7
�

Now we solve the first equation for� and obtain

� � 6� 
 �6� 
 �� �
7

�
 7
�6� 
 ����� � 7 �

� � � �6� 
 ���� � � ��
 7�� 
 6� ��
 7��

fixed pt. eq.
� � � ��� 
 ��
 7��
 6� � ��
 7��� ��� � � ��
 7�
 6��

The term����� ��
 7�
 6�� � � is the part which comes from solving the fixed
point equation. Therefore, we only need to solve

� � �� 
 ��
 7��
 6� � ��
 7��

for � to obtain the periodic orbits of period�. There exists exactly one period-�
orbit for the Hénon map as long as� 6 � � ��
7��, which is true for6 � 6� � ���
and7 � ���. The�-coordinates of the period-� orbit are given by

�$��$� �
�

�
��
 7�

�
� 6� 
 � �� 
 7����
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If we denote the periodic orbit by���$�� #$��� ��$�� #$���, it follows from the
evolution equation that the orbit lies along the line� � # � � 
 7 and moreover,
�$�� #$� � �$�� #$� � �$�� �$� � #$�� #$� � �
 7. Thus, we can easily
write down the period-� orbit:#

�
�

�
��
 7�

�
� 6� 
 � �� 
 7����

�

�
��
 7


�
� 6� 
 � �� 
 7�����

�
�

�
��
 7


�
� 6� 
 � �� 
 7����

�

�
��
 7�

�
� 6� 
 � ��
 7����

$
�

We check that the periodic orbit we have found, is a hyperbolic saddle for�� and
embedded in the strange attractor�, cf. Figure 4.2.
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Figure 4.2: The strange attractor� and the hyperbolic saddle period-� orbit of the
Hénon map.

Using the specific parameter values6 � 6� � ��� and7 � ���, we obtain approxi-
mately

��$�� #$�� � ����!!��
��!!!��

and
��$�� #$�� � �
��!!!�� ���!!���

Since we already introduced all the extensive computations for the fixed point
case of the H´enon map in Section 3.2, we will not go into detail here. We shift
��$�� #$�� for � � �� � to ��� �� by defining the coordinate charts��. The eigen-
values of�����$�� #$�� are approximately�� � ���� � and�� � 
���� �. The
two transformation matrices2� and2� are given by the corresponding eigenvectors

��� �

�

���� �


������

�
� ��� �

�

�����!


��!��!

�
� ��� �

�
������


���� �

�
� ��� �

�

���� �

��� ��

�
�
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where ��� � �
�
� are the eigenvectors of�����$�� #$�� and ��� � �

�
� are those of

�����$�� #$��. Thus, we can write down the transformations�� and�� as well as
the functions���� and���� according to Sections 2 and 3. The coefficients for the
two local stable manifolds can be computed by Maple. Approximately, they are
given as follows:

��� � ��������!!��� and ��� � ������!����� �

for the manifold at the first periodic point��$�� #$�� and

��� � �������!����! and ��� � 
����!  �!����

for � �
�	
��$�� #$��. Note that in the periodic set-up, we use the same algorithm in

Maple as for the fixed point case. We just replace the map� with ��.
Now the control algorithm can be implemented as it was described in Section

2.3. Let�� be an open neighborhood of��$�� #$�� and�� be an open neighbor-
hood of��$�� #$�� such that�� 	 �� �� �. For example, one can compute

� �� �	����$�� #���� ��$�� #$���

and take� �� � 
 Æ for some small positiveÆ. Then�� �� "���$�� #$�� and
�� �� "���$�� #$�� are balls with radius� centered at the corresponding periodic
point such that�� 	 �� �� �. A given orbit����� #�� with either���� #�� � ��

or ���� #�� � �� at time	 should be controlled by forcing it onto one of the
local stable manifolds��

�	
��$�� #$��� � � �� �. We need to make a distinction
of the two cases where���� #�� � �� or ���� #�� � ��. Then, depending on
the fact in which neighborhood���� #�� lies, this point is transformed into local
coordinates by the corresponding transformation��. Afterwards, the control value
6� is computed according to (4.10). In Section 3.3, using Maple, we were able to
compute the control explicitly, although the control law was rather complicated.
Unfortunately, it is not possible to derive such an explicit formula for the period-�
case. We have to use Newton’s method (’fsolve’ in Matlab) in order to obtain the
control value6�. Using6�, we compute the next iterate������ #����. Then the
control is switched off again, i.e.,6� � 6� for all 5 � 	, until the orbit leaves an
!-neighborhood of��

�	
��$�� #$��� � � �� �.
The difference between the control algorithm in Section 2.3 and the one pre-

sented here is that we have to distinguish between the two neighborhoods�� and
�� and choose the corresponding coordinate charts��. The stabilization algorithm
for the period-� case is successfully implemented as we will illustrate now.

We consider the initial condition���� #�� � ��� �� within the trapping region
- of the strange attractor�.
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Figure 4.3: The uncontrolled H´enon map with���� #�� � ��� ��.

Figure 4.3 shows the iterations of���� #�� � ��� �� under the original uncontrolled
map. Our goal is to compare our nonlinear method with the OGY-method for pe-
riodic orbits. Note that the algorithm for the OGY-method was implemented using
the procedure described in [RGOD92]. The next two figures show both algorithms
applied to the same initial condition���� #�� � ��� ��.
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Figure 4.4: The nonlinearly controlled H´enon map with���� #�� � ��� ��.



CHAPTER 4. THE STABILIZATION AT PERIODIC ORBITS IN�� 59

0 20 40 60 80 100
−2

0

2

x(
n)

0 20 40 60 80 100
−2

0

2
y(

n)

0 20 40 60 80 100
1

1.5

2

n

a(
n)

Figure 4.5: The OGY-controlled H´enon map with���� #�� � ��� ���

Again, we have divided each Figure in three parts, showing the two state variables
and the control. As can be seen in Figures 4.4 and 4.5, both methods work success-
fully. The �-coordinates are stabilized onto�$� and�$� and the#-coordinates
are stabilized onto#$� and#$�. Nevertheless, there are some differences in the
way the stabilization is achieved. On a first glance, both methods force the or-
bit ���� �� on the periodic orbit. But in comparison, our method is more precise
in the following sense: If one compares the distances��� 
 �$�� and �#� 
 #$��
for � � �� �, then one realizes the following. The nonlinearly controlled orbit
����� #�� has almost no difference in the coordinates to the period-� orbit. In con-
trast, the OGY controlled orbit differs more from the coordinates of the periodic
orbit. Thus, the nonlinear stabilization is more precise and even. Furthermore, the
orbit controlled with the OGY-method leaves the coordinates of the periodic orbit
quite often, cf. Figure 4.5. As a result, the OGY-method has to control much more
often with larger controls than our method. Considering the last row of the Fig-
ures 4.4 and 4.5, one can see the values of the control6�. In the OGY case, there
are large peaks within about every five iterations whereas in the nonlinear control
case, the control is basically applied at the beginning and then differs only in tiny
amounts from6� � ���. Thus, only slight control steps are necessary to keep the
orbit near the period-� orbit if one uses our stabilization procedure.

In conclusion, we emphasize that our stabilization method is more global and
effective in case of periodic orbits than the OGY-method. The stabilization is uni-
form and less control steps are needed. However, the new method demands more
computational effort, and thus, it is more costly than the OGY-method.



Chapter 5

A second application: The Ikeda
map

In this chapter, we illustrate our nonlinear stabilization method, which has been
developed in Chapter 4. So far, we applied the feedback control to the H´enon
map, that is somewhat artificial. Therefore, our remaining task is to apply the
stabilization procedure to a dynamical system that has been derived from a realistic
model. We choose the so-called Ikeda map which represents a nonlinear optical
ring cavity. In the first section, we give an overview of the map and its dynamics.
Section 2 is a numerical illustration of the control method. Here, we stabilize the
system at a hyperbolic periodic orbit of period 3.

5.1 Dynamics of the Ikeda map

Generally speaking, a laser is an optical oscillator where coherent radiation is gen-
erated by stimulated emission of radiation from an atomic medium contained in
the sample cell. In our case, the atomic medium (electrons, atoms or molecules)
is a two-level atom, e.g.
��. It has been shown in numerous examples, that at
high input power, the output of a laser system can behave in an irregular manner,
cf. [Mil91]. Numerical and theoretical examination have shown that this irregular
behavior illustrates aspects of chaos theory such as period doubling bifurcation and
strange attractors, cf. for example [HJM85, Ott93, Sch99].

We consider the one-dimensional complex map� � � � � , which is given by

��)� � 6�-) �$


�
� �? 


@

� � �)��
�

�
� (5.1)

The map� defines a discrete dynamical system

)��� � ��)�� (5.2)

that describes the dynamics of a simplified laser. It was introduced by K. Ikeda in
1979 [Ike79]. In the setting of [Ike79], equation (5.2) describes a nonlinear optical

60
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M3 M4

sample cell

Figure 5.1: The nonlinear ring cavity which is described by the Ikeda map (5.1).

ring cavity. The schematic diagram in Figure 5.1 depicts situation.
The Ikeda map represents the evolution of the electric field (the light) inside the ring
cavity, i.e., the laser. The ring cavity itself consists of four mirrors:��:��:� and
:	, where:� and:	 have reflectivity�, whereas:� and:� have reflectivity
-. Moreover, the sample cell inside the cavity contains the atomic medium that
has two levels. One can view the system given by (5.1) as follows: A string of light
pulses with amplitude6 enters at:� and is partially transmitted. The light now
enters the sample cell where stimulated emission and absorption take place. The
transmitted light hits:�, and is then partially transmitted to:� and:	. Thus, we
obtain a ring resonator. Let the state)� � � be given. Then�)�� is the amplitude
and the angle of)� is the phase of the	-th light pulse just to the right of:�. The
amplitude6 is the amplitude of the so-called pumping light on the left of the ring
cavity. The parameter? is the phase shift experienced by the pulse in the vacuum
region and the term
@.�� � �)��

�� is the phase shift in the nonlinear medium,
which is caused by the stimulated emission and absorption in the two-level atom.
Thus, the complex amplitude of)��� of the electric field at the�	 � ��st cavity
pass can be understood as function of the electric field amplitude at the	-th cavity
pass.

Remark
The one-dimensional complex system given by (5.1) can be written as a two-
dimensional real system which reads�

����

#���

�
�

�
6�- ��� %�	�+�
 #� 	���+��
- ��� 	���+� � #� %�	�+��

�
� (5.3)
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where+ �� ?
 @.�� � ��� � #���.

In [Ike79], a detailed derivation of the system (5.2) is given and it is stated
that the transmitted light exhibits chaotic behavior. Hammel et al. [HJM85] put the
emphasis on a detailed description of the dynamics of the map. They point out that
the map� � � � � is invertible and the inverse map is

��� �
�

-
�) 
 6� �$


�

�

�
?


@-

-� � �) 
 6��

��
�

Moreover, the Ikeda map is area contracting since�������� #�� � -�  � for all
��� #�. The Jacobian����� #� is given by

����� #� �
-

�� � �� � #���

�
$ ,

 �

�
�

where

$ �� �� � �� � #��� %�	�+�
 � @ �� 	���+�
 � @ � # %�	�+��

, �� 
�� � �� � #��� 	���+�
 � @ #� %�	�+�
 � @ � # 	���+��


 �� �� � �� � #��� 	���+� � � @ �� %�	�+�
 � @ � # 	���+��

� �� �� � �� � #��� %�	�+�
 � @ #� 	���+� � � @ � # %�	�+��

Another important observation in [HJM85] is the existence of a positively invariant
disk"��6� �� in the complex plane centered at�6� �� with radius� �� 6-.��
-�
such that all points in the complex plane are mapped into"��6� ��. Hence, by
Definition 1.3.3, the disk"��6� �� is a trapping region and it turns out that there
exists an attracting set� defined by

� ��

�
���

� ��"��6� ����

Because the map� is area contracting, the area of the image under� of the disk is
-� times the area of the disk itself. Since-  �, the attracting set� has a fractal
dimension less than two. A figure of the strange attracting set� can be seen in
Figure 5.2.

5.2 Stabilization in a period-� orbit

The stabilization of the Ikeda map is achieved by changes of the amplitude of the
light pulses entering the optical ring cavity. Thus, we use6 as our time dependent
feedback control parameter. The nominal value is6� � 6� � �. Moreover, let
- � ���� ? � ��� and@ � !, cf. [SO95]. The aim is to stabilize the Ikeda map at
a higher periodic orbit that is hyperbolic with a saddle structure.

We choose to find periodic orbits of period�. Due to the nonlinearities in
the system given by (5.1), we can not expect to find periodic orbits of period�
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Figure 5.2: The strange attractor� of the Ikeda map with6 � �� - � ���� ? � ���
and@ � !.

analytically. Thus, one could use one of the numerous dynamical system programs
such as Dynamics [NY94]. Another possibility is to write a Matlab program in the
following manner, which is what we have done.

% size of the grid is d
d=0.1;

for j=-2:d:2
for i=-3:d:3
x=[i;j];
fsolve(’fˆ3(x,y)-(x,y)’,[x;y])

end
end

It turns out that a hyperbolic periodic orbit of period� � � is approximately given
by

���$�� #$��� ��$�� #$��� ��$�� #$���

� ������ ����
��������� ��������� ���!����� �������
����������

cf. also [SO95]. The period-� orbit is not stable. The strange attractor in Figure 5.2
has been obtained in the following way. We compute the first��� iterations of the
Ikeda map with initial condition���� #�� � ��$�� #$��. After about 13 iterations,
the orbit���$�� #$�� leaves the hyperbolic periodic orbit of period� which is
embedded in the strange attracting set�, that is shown in Figure 5.2. Our goal is
the stabilization of the Ikeda map at this periodic orbit.
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As in Chapter 4, we compute the Jacobians�����$�� #$�� for � � �� �� � with
the corresponding eigenvalues and generalized eigenvectors. We obtain the eigen-
values�� � 
������ and�� � 
�������. The transformation matrices2� are
given by

2� ��

�
������ 
������
�� �!� ������

�
� 2� ��

�
������ 
������

������ ������

�

and

2� ��

�

����� 
������

����!� ������

�
�

Again we use the Maple program to compute the approximations of the stable
manifolds. We obtain

����� � �� ����� � ���� ���� ����� � �������� 
 �� � ���

and
����� � �������� 
 ���������

Remark
This time, the coefficients of��� �� and�� could not be obtained as directly as in
Section 4.4. Instead, we have to expand the equations from which the coefficients
are computed into a Taylor series. This is due to the fact that we do not have a poly-
nomial evolution equation, but one with sine and cosine terms. These terms have
to be approximated by series in order to make a comparison of two polynomials to
find the coefficients.

We start with the control of the orbit which is generated by the initial condition
���� #�� � ��� �� where! � ���� and6��� � �. The uncontrolled orbit���� ��
can be seen in Figure 5.3. The successful stabilization of the orbit with initial
condition ���� #�� � ��� �� is shown in Figure 5.4. It takes quite a long time for
the control to reach its goal, but at time	 � �!, we can control. If we take a
smaller bound on the control, e.g.,6��� � ��� , then stabilization is impossible.
In this case, the values of the feedback control6� are such that�6� 
 �� � ��� .
The controls that would be needed for stabilization are too large. Therefore, we
can not stabilize the Ikeda map, because we have chosen the bound on the control
too small.

Now we choose an initial condition which is close to one of the periodic points,
e.g.,���� #�� � ������
���� � ���$�� #$��. As we have seen in Figure 5.2, the
period-� orbit generates the picture of the strange attracting set. It is shown below
that it takes only small changes in the control6� in order to stabilize the system.
In contrast to the control in Figure 5.4, where stabilization was achieved with quite
large control values, the nonlinear stabilization is much easier achieved here, since
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Figure 5.3: The uncontrolled Ikeda map with���� #�� � ��� ��.
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Figure 5.4: The nonlinearly controlled Ikeda map with���� #�� � ��� �� and! �
����� 6��� � �.

the initial condition is close to one of the periodic points.
This orbit is stabilizable and can be kept close to the period-� orbit, cf. Figure 5.5.
If one reduces the maximal control value to6��� � ��� , then control is no more
possible, cf. Figure 5.6. The reason for this is that larger control values are needed
than those admitted by the inequality�6� 
 ��  ��� . But since we do not allow
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Figure 5.5: The nonlinearly controlled Ikeda map with���� #�� � ������
����
and! � ����� 6��� � ���!.
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Figure 5.6: The nonlinearly controlled Ikeda map with���� #�� � ������
����
and! � ����� 6��� � ��� .

the control to leave this bound, the stabilization of the system fails if6��� is too
small. Nevertheless, for6��� � ���!, nonlinear stabilization is possible.

In summary, our method is able to stabilize the Ikeda map.
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