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Zusammenfassung

Die Arbeit untersucht im ersten Teil die durch die Dirac-Gleichung erzeugte quan-
tenmechanische Dynamik eines Elektrons in einem kristallinen Festkorper. Dabei
unterliegt das Elektron neben dem periodischen Potential des Festkorpers dem
Einflul auflerer elektrischer und magnetischer Potentiale. Man nimmt an, dafl
die auBleren Potentiale schwach veranderlich auf der durch das periodische Gitter
festgelegten Langenskala sind und wendet die raum-adiabatische Storungstheo-
rie an, um aufbauend auf der ungestérten Dynamik (d.h. ohne &uflere Felder)
die volle Dynamik fiir geeignete Anfangsbedingungen zu approximieren. Insbeson-
dere erhalt man, aufbauend auf den Elektronenbandern des ungestorten Problems,
Unterraume des zugrundeliegenden Hilbertraumes, die bis auf Fehler beliebig ho-
her Ordnung im adiabatischen Parameter invariant unter der durch die Dirac-
Gleichung erzeugten Zeitentwicklung sind. Der effektive Hamilton-Operator, der
die quantenmechanische Dynamik innerhalb dieses Unterraums beschreibt, wird
bis einschlieflich der Terme erster Ordnung im adiabatischen Parameter berech-
net. Weiterhin wird der semiklassiche Limes gebildet, d.h. die Dynamik innerhalb
dieses Unterraums wird mit Hilfe klassicher Bewegungsgleichungen approximiert.

Im zweiten Teil der Arbeit werden dieselben Untersuchungen wie im ersten Teil
fiir die Pauli-Gleichung durchgefiihrt, die sich als Grenzfall der Dirac-Gleichung
ergibt, wenn man die Lichtgeschwindigkeit ¢ gegen unendlich streben lafit. Wie
im Fall der Dirac-Gleichung kann man auch fiir die Pauli-Gleichung entsprechende
beinahe invariante Unterraume finden und den semiklassischen Limes durchfiihren.

Abschlieend wird untersucht, wie sich die im ersten Teil auftretenden Grofien
in Abhéngigkeit von der Lichtgeschwindigkeit ¢ verhalten und welcher Zusammen-
hang zwischen ihnen und den entsprechenden Gréflen des zweiten Teils besteht.
Insbesondere wird gezeigt, dafl die Entwicklung im adiabatischen Parameter und
die Entwicklung fiir grofies ¢ in den untersten Ordnungen kommutieren.
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Abstract

In this thesis, in the first part we study the dynamics of a single electron in
the periodic potential originating from a crystalline solid as governed by the Dirac
equation. The electron is subject to the periodic potential of the solid and addi-
tional external electric and magnetic potentials. In many concrete situations, the
external potentials are slowly varying on the scale of the periodic potential. Un-
der this condition, we can apply the space-adiabatic perturbation theory in order
to approximate the full dynamics of the problem for certain initial conditions by
quantities derived from the unperturbed problem. In particular we derive, based
on the electron bands of the unperturbed problem, subspaces of the underlying
Hilbert space that are invariant under the time evolution of the problem up to
errors of arbitrary order in the adiabatic parameter. The effective Hamiltonian
that governs the dynamics inside this almost invariant subspace is computed in-
cluding the first order terms in the adiabatic parameter. Furthermore we perform
the semiclassical limit, i.e. we approximate the dynamics inside the subspace by
classical equations of motion.

In the second part, we do the same program for the Pauli equation which is
in a certain sense the limit of the Dirac equation as the speed of light ¢ tends to
infinity. As in the Dirac case, we determine subspaces that are invariant up to
small errors and perform the semiclassical limit.

Finally we study how the quantities derived for the Dirac case behave as func-
tions of ¢ and how they are related to the quantities of the second part. In partic-
ular, we show that the expansions in the adiabatic parameter and the expansion
for ¢ large commute in lowest orders.

vii



viil



Contents

1 Introduction

1.1 Formulation of the problem . . . . . . ... . ... ... ......
1.2 A motivational example . . . . .. ...

1.3 Outline. . . . ..

2 Dirac-Bloch electrons

2.1 The unperturbed Hamiltonian . . . . . . . . .. .. ... ... ...
2.1.1 The Zak transform . . . . ... ... ... ... ...
2.1.2 Thespectrum of Hper(k) . . . . . oo o 0oL
2.1.3 Regularity of the resolvent . . . . . . . ... ... ... ...

2.2 Adiabatic perturbation theory . . . . . .. ... ... L.
2.2.1  The almost invariant subspace . . . . . . . . .. .. ... ..

2.2.2  Mapping to the reference space . . . . . .. ... ... ...
2.2.3 The effective Hamiltonian . . . . . . . . .. ... ... ...

2.3  Semiclassical limit

2.3.1 Semiclassical limit in the reference space . . . . .. .. . ..
2.3.2 Translation to the Zak representation . . . . . . .. ... ..

3 Pauli-Bloch electrons

3.1 The nonrelativistic imit . . . . . . . . . . . ...
3.2 The Pauli Hamiltonian . . . . . . . . . . . . . . . ... ... ....
3.3 Adiabatic perturbation theory . . . . . .. ... ... ...

3.4 Semiclassical limit

3.5 Adiabatic perturbation theory with relativistic corrections . . . . .

Nonrelativistic limit of Dirac-Bloch electrons

4.1 The unperturbed quantities . . . . . . ... ... .. ... ... ..
4.2 Adiabatic perturbation theory . . . . . . . .. ... L.

4.3 Semiclassical limit

11
14
16
20
28
31
34
37
42

49
20
53
o4
o8
62

65
66
72
81

X



Contents

A Pseudodifferential calculus 83
A.1 Weyl quantization and symbol classes . . . . . . . . . .. ... ... 83
A.2 The Weyl-Moyal product . . . . . . .. ... ... ... ... .... 89

B Weyl calculus for 7-equivariant symbols 97



1 Introduction

An important problem in solid state physics is to describe the motion of electrons
in a periodic crystal under the influence of external magnetic and electric fields.
At temperatures considerably below the melting point of the solid, the ionic cores
of the crystal have small relative displacements and can be regarded as fixed. The
electrons of the solid are then subject to a fixed periodic potential generated by
the cores. Neglecting the Coulomb repulsion between the electrons, one is led to a
quantum mechanical one-particle problem. If the Fermi energy of the solid is small
on the relativistic energy scale, as is the case for ordinary metals (see [AsMe]), the
dynamics of the electrons is approximately governed by the Schrodinger equation.
However, as argued in [Wi|, there are materials whose periodic potential is so
strong that relativistic effects cannot be neglected. In this case, one has to add
relativistic corrections, such as spin-orbit coupling (see [FoWol), to the Schrédinger
Hamiltonian or to use the fully relativistic Dirac equation to describe the motion
of the electrons.

In the absence of external electric and magnetic potentials, both the Schrédinger
and Dirac Hamiltonian with periodic potential show a particular simple structure.
Exploiting the periodicity of the problem, one obtains so-called Bloch states that
are invariant under the time evolution generated by the Hamiltonian. If one probes
the conduction electrons through external electromagnetic fields, the bands are not
decoupled anymore. Since the external potentials that can be generated under lab-
oratory conditions vary slowly on the scale of the periodic lattice, in the physics
literature ([AsMe], [Wal, [Za]) one argues that band transitions are small and the
electrons’ dynamics can be described semiclassically by replacing the free kinetic
energy by the band energy. Mathematically, there have been several approaches
to derive a semiclassical model for electrons in a periodic potential. [MMP] and
[GMMP] in a more general context use Wigner functions to derive semiclassical
equations of motion in the case of vanishing external potentials. [GRT] use a
wave packet ansatz to obtain on a formal level semiclassical equations for the so-
lutions of the Schrodinger equation in the case of a constant external magnetic
field and vanishing electric field. [DGR] use the same technique in a more general
case including slowly varying external magnetic and electric potentials. Another
approach using a wave packet ansatz can be found in [SuNi], where semiclassi-
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cal equations including first order corrections are derived from the Schrodinger
equation without giving a rigorous proof.

The recent approach in [PST3] gives a rigorous derivation of semiclassical equa-
tions of motion from the quantum mechanical Schrédinger equation with slowly
varying external magnetic and electric fields. The derivation of the semiclassical
model is split into two parts. Using symbolic calculus, they first show on a quan-
tum mechanical level the existence of almost invariant subspaces associated to
band subspaces of the unperturbed problem and determine the time evolution in-
side this subspace. In a second step, they approximate the dynamics inside a single
band by the flow of a classical Hamiltonian system, i.e. establish the semiclassical
limit. In this thesis, we want to undertake the same program as in [PST;] for
the Dirac equation and for the Schrodinger equation with relativistic corrections.
Furthermore, since the Schrodinger Hamiltonian and its relativistic corrections are
approximations of the Dirac Hamiltonian, we want to study whether and in which
sense the two approximations commute.

1.1 Formulation of the problem

We consider the dynamics of a single relativistic electron described by the Dirac
equation

z’h%@b(x, t) = (mec% + he(—iV, — SA(E:);)) o+ Vi(z) + ecb(&%”)) (1) (1.1)

with ¥ (-,t) € L*(R?,C*), t € R. In (1.1) we use the Dirac matrices

(1 0 (0 o B
ﬁ—(o —1<c2) andal—<o_l 0), [1=1,2,3

where o, [ = 1,2, 3 are the Pauli spin matrices (see list of symbols). The potential
Vr : R? — R is periodic with respect to some regular lattice I' generated through
the basis {7,,72, 73}, 7; € R?, i.e. V(x4 v) = Vp(x) for all z € R?, v € " where

3
= {reRx = Zaﬂj, a; € Z}.

J=1

The external magnetic and electric potentials A : R3 — R? and ¢ : R® — R
vary slowly on the lattice scale, as expressed through the parameter 0 < ¢ < 1.
Furthermore, in (1.1) m, and e are the electron’s mass resp. charge, f is the Planck
constant and ¢ the speed of light.



1.2 A motivational example

Assumption 1 We assume that Vi s infinitesimally bounded with respect to
VI+ A, and that ¢ € C°(R* R) and A; € C3°(R3R) for j =1,2,3.

Under this assumption, the Dirac Hamiltonian
H® .= m.c*B + he(—iV, — ZA(ESL’)) ca+ Vr(z) + ep(ex) (1.2)

is self-adjoint on H'(R3 C*) C L*(R3,C*). As well-known, the solutions of (1.1)
are given by ¥(-,t) = U=°(t)y(+,0) with the unitary group

Us“(t) = exp(—iH*t), teR (1.3)

which will be our object of primary interest. In this thesis, we will study the
unitary group (1.3) using the facts that ¢ is small and ¢ is large. To be concrete,
we will determine subspaces that are, up to errors that are small if € is small resp.
¢ is large, invariant under the time evolution given by (1.3). Furthermore, we
will determine the dynamics inside these subspaces. The type of results we are
interested in (and partially also the techniques) will become clearer by giving a
motivational example in the following section.

1.2 A motivational example

The following standard example of perturbation theory of operators (see [Kal,
chapter VII) illustrates the goals of this thesis. Suppose H(k), k € R is a family
of bounded operators on some Hilbert space H that is analytic in x such that the
spectrum of H(0) is separated into two parts. If A is a circle in the complex plane
enclosing one of the parts, then the corresponding spectral projector I1(0) is given
by I1(0) = [,d¢(H(0) —¢)~'. We know that for x small enough, also (H (k) —¢)™!
exists for ¢ € A, therefore

(k) = / AC(H (k) — )

is the spectral projector of H(k) on the part of the spectrum that lies inside A.
Furthermore, we know that II(x) is analytic in & since the resolvent is analytic
uniformly for ¢ € A. The subspaces II(k)H and (1 — II(k))H are then invariant
under the dynamics generated by H(k), i.e.

exp(—itH (k)) = exp(—itH (k)II(r)) ® exp(—itH (r)(1 — lI(k))), te€R.
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However, since II(k)H and (1 —II(x))H depend on &, one aims at unitarily trans-
forming them into k-independent reference subspaces. Using the so-called Nagy
formula, one defines the unitary operator

Ul) = (1 — (T1(x) — TI(0)))"* (TM(O)TI(x) + (1 — TI(0)) (1 — TI(1)))
that is analytic in x and maps II(x)H into I1(0)H, i.e.
U(k)I(k)U* (k) = I1(0).
Now, defining the effective Hamiltonian h(x) € L(II(0)H) by
hk) ®0:=U(k)H(k)(K)U"(K) (1.4)
the dynamics inside II(k)H can be described with
exp(itH (k))II(k) = U*(k) (exp(ith(k)) & 0) U(k). (1.5)

If one replaces U(k) = >0 6'U, h(k) = 32 6y and TI(k) = 3,2, k'L in (1.5)
by the truncated series U™ (k) = Y], 'Uj etc., the equality holds up to errors
of order O(k"1).

It must be emphasized that the preceding example is meant rather to illustrate
what type of results we are interested in than to explain how to obtain them. As
in the example, we are in the following interested in finding (almost) invariant
subspaces of a perturbed problem based on certain invariant subspaces of the cor-
responding unperturbed problem and to determine the dynamics therein. However
there are substantial differences between the scope of this thesis and the preceding
example. While in the example above and for the nonrelativistic (i.e. ¢ — 00)
limit the relevant invariant subspace of the unperturbed problem is spectral, in
space-adiabatic perturbation theory (i.e. € — 0) one starts with a (in general
non-spectral) band subspace of the unperturbed Hamiltonian. Clearly in the lat-
ter case the construction as given above breaks down and one has to use different
techniques, in particular the symbolic calculus, to obtain similar results. Also in
the nonrelativistic limit there are important differences, since the spectral subspace
of the unperturbed problem corresponds to an unbounded part of the spectrum
and the construction of our example cannot be used directly.

1.3 Outline

As mentioned above, we want to find subspaces that are invariant (up to ”small”
errors) under the unitary group exp(—iH®t), t € R, corresponding unitary trans-
formations into a reference space and effective Hamiltonians as above in two ways,



1.3 Outline

namely by expanding in the small parameters € or % The expansion in % yields
the Pauli Hamiltonian and its relativistic corrections as the first order terms of
the effective Hamiltonian as in (1.4), using arguments similar to the standard ex-
ample of the preceding section. Physically this expansion means to project onto
the electronic subspace.

The expansion in ¢, that yields the dynamics inside a family of bands, requires
different techniques. Since there is no global spectral gap between bands, there
is no spectral subspace corresponding to the band subspace of the unperturbed
Hamiltonian. However, using space-adiabatic perturbation theory and the sym-
bolic calculus (see [Teu]), we can find subspaces that are at least invariant up to
errors of order O(e*). Again using symbolic calculus, one can also find a unitary
transformation onto a reference space and an effective Hamiltonian. Clearly, the
quantities obtained in these two expansions can still be expanded in terms of the
other parameter respectively, therefore we will study whether resp. in which sense
the two expansions commute as shown in figure 1.1.

Hee <l > i €hy(c)
1«1 1«1
S () Hi(e) _ ?

Figure 1.1: commutative diagram

In chapter 2 we apply space-adiabatic perturbation theory to the Dirac Hamilto-
nian H° i.e. we study the relation between the upper left and upper right corner
of the diagram. We determine subspaces that are invariant under the unitary group
exp(—iH®t), t € R up to errors of order O(¢*), a unitary transformation into a
reference space and compute the effective Hamiltonian in the lowest orders. For a
single band, we derive the semiclassical limit, i.e. we approximate the dynamics
of the system on the almost invariant subspace by classical equations of motion.

In chapter 3 we first study the relation between the upper left and lower left
corner of the diagram, i.e. we study how the Pauli Hamiltonian H&* and its
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relativistic corrections approximate the Dirac Hamiltonian H*¢ on an appropriate
subspace. Furthermore, we apply space-adiabatic perturbation theory to them, i.e.
investigate the relation between the lower left and lower right corner. For the Pauli
Hamiltonian, the semiclassical limit for a single band yields classical equations of
motion that agree with the ones derived in [Teu] for the Schrodinger case except
for two terms coming from the relativistic corrections.

In chapter 4 we investigate the relation between the upper right and lower left
corner of the diagram. It turns out that the effective Hamiltonian and the related
quantities derived from the Dirac Hamiltonian by applying space-adiabatic pertur-
bation theory have norm-convergent power series expansions in % Furthermore,
the lowest order terms in % agree with the corresponding terms derived from the
Pauli Hamiltonian.



2 Dirac-Bloch electrons

In this chapter, we apply space-adiabatic perturbation theory to the Hamiltonian
Hf =B+ (—iV, — A(ex)) - a + Vp(x) + ¢(ex). (2.1)

Compared to (1.2), in (2.1) we have chosen units in which the Planck constant
h, the electron mass m, and the speed of light ¢ are 1 and have absorbed the
electron charge e into the potentials. For notational simplicity, we also dropped
the superscript c.

Since we are interested in the dynamics of (2.1) we have to study the unitary
group exp(—iH¢t/e),t € R, where t/e is used instead of ¢ to indicate that one
has to observe the time evolution over times of order e~! in order to see finite
changes in the dynamics, since the external forces are of order €. In order to
recover relevant information about exp(—iH¢t/e) we will first identify subspaces
that are invariant under the dynamics generated by the unperturbed Hamiltonian,
i.e. by H5=°. This will be done in section 2.1 by studying the unitarily transformed
Hamiltonian

HF = (U@ 1ca) H=° (U @ 1¢4)

acting on H, = U (L*(R?)) ® C* where U is the so-called Zak-transform. In the
next section we will go through the usual steps of space-adiabatic perturbation
theory as described in [Teu]: Given an invariant subspace of the unperturbed
Hamiltonian H5™", we will construct a (e-dependent) projector I15, such that the
subspace II5,H, is almost invariant under the full dynamics generated by H7, i.e.

(1 —1IZ) exp(—iH3t/e)lly = O(e™).

Next, we will describe the dynamics inside II3,’H, by a simpler reference Hamilto-
nian on a ”decomposed” reference space H, = K @ K*, i.e. we will construct a
unitary mapping U® : ‘H, — H, and a self adjoint operator h € L(K) such that

exp(—iHt /)T — U (exp(—iﬁt) ® o,cl) U* = O(c)

where h as well as U® are quantizations of semiclassical symbols (see appendix)
which can in principle be computed to any order in €. The result is stated in
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theorem 2.6 and corollary 2.8. Finally, in section 2.3 we will study the semiclassical
limit of the dynamics, i.e. we will identify Hamiltonian equations in a classical
phase space such that

exp(iH®t/e)bexp(—iHt/e) — bo ®

is of order O(g) or even of order O(g?), i.e. such that the time evolution of the
Weyl-quantization of a semiclassical symbol b can be approximated up to order
O(e) by transporting its symbol b along the flow ®' of the classical system. The
corresponding result is given in theorem 2.14.

Remark 2.1 We recall the isomorphy
L*(R*H) = L*(R®) ® H

where H is any separable Hilbert space. E.g., the Hamiltonian 2.1 reads

Lo ® B+ Y (—i0 — Aifex)) ® cu + Vio(z) © 1es + ¢(ex) @ 1ea
=1

if seen as an operator on L*(R3) @ C*. In the following we identify both notations
without further notice.

2.1 The unperturbed Hamiltonian

We first recall some basic facts about the unperturbed Hamiltonian
H=" = B+ (=iV,) - a+ Vi(z).

To formulate these results, we introduce the dual lattice I'* of I generated by the
dual basis 77, 73,73 determined by the conditions v, - v; = 2md;;, 4,5 = 1,2,3.
The centered fundamental domain M of T" (and analogously M* of I'*) is defined

as
3

11
M = {xER?’:x:Zaﬂj for a; € [—5,5]}

i=1

In physics, M* is called the first Brillouin zone.



2.1 The unperturbed Hamiltonian

2.1.1 The Zak transform

In order to bring H=Y into a simpler form, we introduce (following the presentation
in [Teu]) the Zak transform U7 of a function ¢ € S(R?) by

UY)(k,y) ==Y e Py + ), (k,y) € RS
vyel’

From the definition it follows that

UYD)(k,y +v) = UY)(k,y) forally €T, (2.2)
UY)(k +~*,y) = e Y7 (UY)(k,y) for all v* € T, (2.3)

From (2.2) one can see that for fixed k € R3, (U))(k,-) is a I-periodic function
or in other words an element of L?*(T?) (provided it is square-integrable) where
T3 := R3/T. In this context it is useful to define the Hilbert spaces

L2(R*H) == {4 € Lpo(R% H) : (k= ") = 7(v" )0 (k)}, (2.4)
(where H is any separable Hilbert space) equipped with the inner product

o) = [ dk ok

where 7(7*) denotes multiplication with exp(iy*-y). We state that with a straight-
forward computation [[UY|| 12 gs r2(psy) = 9], for 1 € S(R?), therefore U extends
to a norm-preserving operator from L*(R?) into L2(R3, L*(T?)).

On the other hand if we define

U )(a) = / ke (k2

for ¢ € CH(R? x R®) (where the subscript 7 means that ¢ is T-equivariant in
the first and periodic in the second variable) it is also straightforward to show
that U~ extends to a norm-preserving operator from L?(R?, L*(T?)) to L?(IR?).
Furthermore, for v € S(R?) we have (recall that all the sums and integrals are
absolutely convergent)

(u_lz/{’(/})(l') _ / * dkei®k Ze—i(x-i-'y).kw(x +7)

— Z; </M dl:j“"f) V(T +7)
_ .
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By continuity we have U~ 'U1p = 1) on L*(R3). To show surjectivity of U, suppose
there is a p € L2(R?, L2(T®)) \ U(L*(R?)). Then UU ‘¢ # ¢, but U UU o =
U~ which is a contradiction to the injectivity of /=!. Therefore U is unitary
and U1 is its inverse. Finally we state that U ® 1¢a is unitary from L?(R3, C*) to

H, = L2(R® H;) (2.5)

with H; := L*(T?,C*).

A straightforward computation gives the Zak transforms of multiplication and
differentiation operators. To simplify notation, we identify L?(R3  L*(T?)) with
L3(R?) @ L*(T?) (where L2(R?) := L2(R? C) is defined in the obvious way). We
have

UiV U =1 (—iV,) - ko1

with domain L?(R?) @ H'(T?). On the other hand
UQU™ =iV},

on the domain H!(R?)® L?(T?) (as indicated by the superscript 7 in V}) where @
denotes multiplication with 2 on the maximal domain and H!(R?) := H} (R3) N
L2(R3). For Vr(x) however one has

UVp(x)L{_l =1 (029 Vp(y)

We conclude that the Zak transform of the unperturbed Hamiltonian H=° is

5
URLe) HO (U @ 1) = / dkHper (k)

R3

with
Hyo(k) =B+ (=iV, — k) -a+W(y), keR>

For fixed k € R3, Hp, (k) is self-adjoint with domain
D = HY(T* C*) c L*(T% C*) =: H;
independent of k. Furthermore, we know that

Hyer(k — ") = 7(v*) Hper (k)T () !

i.e. Hper(k) is T-equivariant.

10



2.1 The unperturbed Hamiltonian

2.1.2 The spectrum of Hpe (k)

The structure of the spectrum of H, (k) is crucial for the following, therefore we
consider it in detail in this subsection. First we note that the resolvent

Rper(ga k:) = (Hper(k) - C)_l (2'6)
satisfies

Rpor(ia k) = Rfreo(iv k) (Hfre()(k) - i)Rpcr(ia k) (2'7)
- Rfree(i> k) - Rfree(i? k)VF(y)RPer(i> k)

with Rpee(C, k) = (Hper(k) — Ve — (). Since Vi (y)Rper(i, k) is bounded by as-
sumption and Rpe(i, k) = (B+(—iV,—k)-a—i)~" is compact (as can be shown by
direct computation), we have that Ry (7, k) is also compact and Hpe, (k) has purely
discrete spectrum accumulating at infinity. Since Hpe (k) is not semibounded, the
labeling of eigenvalues and eigenfunctions requires additional considerations. The
following lemma about the time-reversal symmetry of H,e (k) which is also used
later on enables us to prove that there is an appropriate labelling. For the lemma,
we introduce the notation

S, = ("j 0), j=1,2,3. (2.8)

0 (o]
Lemma 2.2 H,..(k) satisfies
Hyer(—k) =T 'Hyoo(K)T, keR? (2.9)

with T given by
Ty =Sy, o€ L*(T?)®C!

and Sy as in 2.8. Furthermore we have
(0, TY) =0 for allyp € L*(T?) @ C*.
In particular, each eigenvalue of H,.(0) is at least two-fold degenerate.

Proof. We have to compute

T B+ (=iV,—k)-a+V(y)T.

11
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One can directly see that B and Vi(y) commute with 7. For the remaining term
(—iV, — k) - a we state that {a,S2} = {1, S2} = 0 whereas [aw, So] = 0. To-
gether with the fact that a; and a3 are real-valued whereas ais is purely imaginary
it follows that

T ' ((-iVy—k) )T =-T (=iV,— k)T - a.

Finally it is clear that 7-!(—iV,)T = iV, and 7 'k7 = k and therefore (2.9)
follows. The second statement becomes clear by

(6, T¢) = /Mdy<¢(y)752¢(y)>c4
- /M dy (%, (9)(— D)) + B () (I8, (1))

. /M dy (s (y) (—ithy (1)) + D (y) (i85 (1))
~ 0
|

In the special case of a inversion-symmetric potential Vi we have additionally
the following result.

Corollary 2.3 Let Vr(—z) = Vr(x) for all x € R3. Then
Hyor(k) =T "R Hpor(k)RT, Kk €R? (2.10)

with R given by
Ry(y) = By(—y), ¢ e L*(T°)®C.

Furthermore we have
(O, RTY) =0 for all ¢ € L*(T?) @ C*.

In particular, for all k € R3, each eigenvalue of H,.,(k) is at least two-fold degen-
erate.

Proof. We compute

RV B+ (—iV, — k) - a+Vr(y)R.

12



2.1 The unperturbed Hamiltonian

Obviously Vr commutes with R. On the other hand we have {a, 3} = 0 and
R (=iV,)R = iV,, therefore R™'Hpe (k)R = Hper(—k) and (2.10) follows with
lemma 2.2. Furthermore

(6, RT¢) = /dyw By (1))

_ /M dy (&, (y) (=it (—1)) + Do) (it (~)))

- /M Ay (D5 () (~i4(—) + D) (i05(—)))
= 0.

u

Now we turn to labelling the eigenvalues. Clearly lemma 2.2 implies that
0(Hper(k)) = o(Hper(—Fk)) and this fact enables us to label the eigenvalues of
H,er (k) continuously in & such that also the symmetries of H,. (k) are reflected as
stated in the following lemma.

Lemma 2.4 (Labelling of eigenvalues) There are continuous functions E,
R3 — R, n € Z such that, for fited k € R®, E,(k),n € Z are the eigenvalues of
H,e.(k) counted according to multiplicity in increasing order and
Eu(k+7") = En(k)
En(_k) = En(k)

forn €Z, ke R3, ~* € I'™.

Proof. As Hpe (k) has discrete spectrum accumulating at infinity, we can clearly
locally label the eigenvalues continuously. Since M* is compact, we choose a

finite cover of M* con&stmg of balls By, | = —L,...,L with continuous local
eigenvalue labellings EY : B — R, n € Z. We assume that this cover reflects the
symmetry properties of the Hamiltonian, i.e. B_; = —B; (including | = 0) and

Ey(fl)(—k) = Ey(f)(k) and for each B; with B, N OM* # () there is By = B, + v*
with E\ )(k + %) = E,Sl)(k) (this is possible because —I'* = I'*| i.e. the reflection
and the lattice symmetry commute). Now we define E, (k) := E,SO)(k) on By and

turn to extend the labelling. First we recall that every continuous labelling on an

interval in B; is of the form FE, = Efl 4y for some N € Z. Therefore a continuous

labelling on an interval in B;NB; satisfies F,, = E,(LJ)r N= o +) v Where we emphasize
that N — N’ =: d(l,1l") depends only on [,I’ but not on the specific choice of the

13



2 Dirac-Bloch electrons

interval and that d({,') = d(—I, —I'). If we want to define E,(£k) for k € M*
we just take a sequence of balls (for notational simplicity By, | = =M, ..., M)
such that +k € Biy and BN By N [k,k] # O for | = —M,...,M — 1 and
define E,(+k) = EMA (k) where N := M (1 +1,1) = SM d(—(1 4+ 1), —1).
One can easily show that this definition is independent of the specific choice of
the sequence; obviously we have E,(—k) = E,(k). Clearly, for ¥ — k small we
know that the sequence By, I = —M, ..., M can also be used to define E, (k). In
this case E, (k') = E,(L]J\:[J)V(k:’ ) for all " in a neighborhood of k and therefore E,, is
continuous in this neighborhood. As any continuous labelling on B; is of the form
E, = Er(LlJ)r N We immediately have that

En(k) = EY) vy (k), 1=-L,....Lk€B

with constants N(I) satisfying N(—1) = N(I) as well as N(I) — N(I") = d(l,I').
Finally let k € OM*, wlo.g. k € 17} + span(vs,75). Let By,,,m =1,...,nbe a
sequence of balls such that 375 € By, k € B, and By, N By, N[577, k] # 0 and let
By = B, —7i,m=1,...,n be its symmetric sequence. We have N (ly) = N(If)
because E,(377) = En(—173) and d(Lng1, ln) = d(, 1. 1,,), hence

m+17 "m

N(l,) = N(lo)+id(zm,zm_1)
AR

and therefore E,(k) = E,(k + v}). Finally we extend FE,, periodically to R and
note that this extension also preserves E, (k) = E,(—k). u

We furthermore label the normalized eigenfunctions corresponding to E, (k) as
¢, (k) and note that F,, as well as ¢, need not be smooth functions of & if eigenvalue
crossings are present.

If the variation of V4 is smaller than the spectral gap ¢ of the free Hamiltonian,
the periodic Hamiltonian still has a spectral gap around 0 (see [CiCh]). In this
case the labeling of the eigenvalues causes no problems, and the band structure
is divided into two parts. Together with the preceding considerations, we get the
following schematic view on the band structure of the unperturbed Hamiltonian.

2.1.3 Regularity of the resolvent

We will also need the derivatives of the resolvent Ry (¢, k) = (Hper(k) — ¢)7*
with respect to ¢ € C and k € R? in the following. Since we are going to use
the symbolic calculus as presented in the appendix, we have to treat unbounded

14



2.1 The unperturbed Hamiltonian

b e

cz T

—c2

A\
M

Figure 2.1: band structure of the periodic Dirac Hamiltonian

operators on H; as bounded operators from D equipped with its own norm to
Hy. For this reason, one has to be careful about the question in which sense to
take the derivatives and we will study this issue in this subsection in more detail.
In this context it is useful to introduce the embedding J : D — H; as Jy = 1,
1 € D and we note that ||J||£(D’Hf) < 1. We start with the simple observation
that Hpe (k) — ¢ is invertible on the open subset {(k,() : ¢ & o(Hper(k))} CR3xC
and that the resolvent R (C, k) is, for each (k, (), a bounded operator from H;
to D. From the explicit local expression for the resolvent as a von Neumann series
follows that its operator norm is locally (in k, () bounded. We continue with the
simple equation

RPM(Cv k/) - Rpor(@ k)
= RPer(Ca k) ((k - k/) ' CM) JRper(Ca kj)

(which is shown as (2.7)). Together with the local boundedness of the resolvent it
shows that the resolvent is continuous and differentiable with respect to k in the

15



2 Dirac-Bloch electrons

norm of L(Hy, D), and that its partial derivatives are given by

aik:jRPer(Ca k) = _Rper(ga k)ajJRper(Ca k)a ] = 17 27 3.

As well-known, the analogous argument shows that Ry (¢, k) is holomorphic in (.
Inductively it follows that R, (C, k) is smooth in k£ and that all its derivatives are
holomorphic in ¢ with respect to the norm of L(H, D). Clearly these assertions
also hold true for JRye(C, k), i.e. for the resolvent seen as an operator on H;.
Furthermore, all the derivatives are T-equivariant.

2.2 Adiabatic perturbation theory

In this section we want to apply space-adiabatic perturbation theory in order to
study the dynamics generated by the Hamiltonian (2.1). After stating our main
result in theorem 2.6 we explain in detail the three steps leading to this theorem:
In section 2.2.1 we construct the almost invariant subspace corresponding to an
isolated family {E,(k)}nez (see definition 2.5). In section 2.2.2 we construct the
unitary mapping to the reference space. Finally in section 2.2.3 we compute the
effective Hamiltonian on the reference space.

For the unperturbed Hamiltonian Hp.,, the band subspaces given by the pro-
jectors P, = f;g P,(k), n € N where P,(k) = (¢, (k),-) ¢, (k) are invariant under
the dynamics generated by Hpe, i.€.

[eXp(—iL{HperL{_lt), P,=0 foralneNteR.
If slowly varying external fields are present, we have to consider the Hamiltonian
Hy :=UHU " =B+ (—=iV,+k— A(EeV})) - a+ Vi(y) + ¢(eV])

and the band subspaces of Hpe, are in general no longer invariant, therefore we
apply space-adiabatic theory to construct almost invariant subspaces. A basic
requirement for applying this technique is the existence of a family of isolated
bands of the unperturbed Hamiltonian.

Definition 2.5 A family of bands { E,,(k) }nez of eigenvalue bands of H e (k) with
T =[I_,I.]NN is called isolated if { Ey(k)}nez N{Em (k) tmer =0 for all k € M*.

Since lemma 2.2 states that each eigenvalue of H(0) must be at least twofold
degenerate, we can exclude the case |Z| = 1, i.e. the case of a single isolated
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2.2 Adiabatic perturbation theory

non-degenerate energy band. Furthermore we note that from the definition of an
isolated band it follows that even

inf dist(|_J{E.(k)}, | J{Em(k)}) >0

nel meZ

because M* is compact and FE,, is periodic.

For the following we fix an index set Z corresponding to an isolated family
of bands. Furthermore we fix circles Aper(k) C C\ o0(Hper(k)), k € R3 such
that, for each fixed k, Ape (k) is symmetric with respect to the real axis and
encloses {E,(k)}nez. We also assume that Ape(k + 7*) = Aper(k) as well as
Aper(—k) = Aper(k) for all 4* € I' and that the radius of A,e (k) is bounded.
W.lo.g. we choose Ape (k) piecewise constant in k and assume that there is an
open set Ope, C C X R? and a closed set Kper C C x R? with Kpee N C x B(r,0)
compact for any r such that

U (Aper(k) x {k}) C Kper € Oper € | (C\ 0(Hper(R)) x {k})  (2.11)

kER3 kcR3

For simplicity we also assume that Ope and Kpe are periodic in £, ie. Ope +
(7%,0) = Oper for 4* € I'* ete. If we introduce the spectral projector

Pper(k) : :/A ®) dCRPer(Ca k)
= 3 (ealk) (k)

nel

corresponding to the family { £, (k)}xez, it follows immediately by the gap condi-
tion that Py (k) is smooth in & although, due to eigenvalue crossings, we cannot
assure that the ¢, itselves are smooth functions of k. However, it is shown in [Pa]
that there is a smooth isometry-valued map Uy, : R* — U(H) such that

Uper(k)*Pper(k)Uper(k) - Pper(O) = T
and such that Uy, is right-7-equivariant, i.e.
Uper(k +7") = Uper(K)T(7")-

If we choose x,, == ¢,(0), n =1,...,1 as a basis of RanPpe(0) =: K; = CV with
N = |Z|, then
U (k) = Uper (k) Xy,

17



2 Dirac-Bloch electrons

are smooth 7-equivariant functions, i.e. ¢, (k —~*) = 7(7v*)¥,(k), such that
Poor (k) =3 ,c7 (0 (K),-) ¥, (K), a fact that will be essentially for the construction
of the unitary ug in section 2.2.2. Note that in general ¢, (k) need not be eigen-
functions of Hpe (k) any more. To formulate our main theorem, we introduce the
reference Hilbert space

H, = L>_, (R® H;) (2.12)

and the orthogonal decomposition H; = Ky @ICJ%. K¢ is understood to be equipped
with the basis x,, v = 1,..., N. An operator A in L(Ky) can therefore be identified

with the matrix given ((Xw Axm)Hf) , which we will do implicitly in the
v,p=1,.,N
following. We furthermore have

H, = L2 (R Ky) @ L2 (R®, Ky) = K@ K" (2.13)

and for symbols a € SI_, (¢, L(Ky)) and b € SI_, (¢, L(Ky)) we obviously have that

a®be S (e, L(H)) and a®b=a@®b We recall the definitions and results
about Weyl quantization for 7-equivariant symbols as given in the appendix and
state our main theorem.

Theorem 2.6 (Peierls substitution) Let {E,},cz be an isolated family of
bands in the sense of Definition 2.5 and let Assumption (Al) be satisfied. Then
there exist

(i) an orthogonal projection 115, € L(H.,),
(ii) a unitary map Uy € L(H,, H,), and
(iii) a self-adjoint operator h € L2_, (R?, Ky)

such that
[lexp(—iHZt), IZ]|| = O(e™ (1 + |¢]))
and

Hexp(—ztﬁtm«; U (exp(—iﬂt) @ o,CL) Us|| = o@Ea+t).  (2.14)

The effective Hamiltonian h is the Weyl quantization of a semiclassical symbol
h € S!_ (e, L(Ky)) whose asymptotic expansion in £ can be computed to any
order. Its principal symbol is given by the matriz elements

(ho),,, (¢,p) = (¥, (¢ — A(p)), Ho(q,p), (¢ — A(p))), v,pe{l,...,N}
where Hy is defined in (2.16).
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2.2 Adiabatic perturbation theory

Remark 2.7 We use the boldface letter h for the symbol of the effective Hamilto-
nian in order to emphasize that h is matriz-valued and to be consistent with section
2.8, in particular with the notation introduced in (2.34) and (2.35).

If the family of bands consists of a single eigenvalue (which is in particular the
case if N = 2 and Vr is inversion-symmetric), also the subprincipal symbol of h
can be computed easily.

Corollary 2.8 Let the family { E, } ez consist of a single N -fold degenerate eigen-
value E.(k). Then we have (in the notation of theorem 2.6)

ho(q,p) = (E.(q) + 6(p)) 1k,

and

(hl)y“u (Q>p) = _FLO’I‘(a7 p) ' AV7M(® - B(p) ' Mu,u(&% (215)
where ¢ = q— A(p), v,u=1,...,N. Fr,., A and M are defined by

Fron(k,p) := =V o(p) + VE.(k) x B(p),

A (k) = i (0, (), Vi, (k)
and

Mo(k) 1= 5 (T, (0), 5 (Hier(8) — BV, (),

Theorem 2.6 is a consequence of the following propositions 2.9, 2.12 and the
proof at the end of subsection 2.2.3. The proof of corollary 2.8 is also given in
subsection 2.2.3.

To start, we state that H is obviously the (restriction of the) Weyl quantization
of the T-equivariant symbol Hy € S¥ (e, L(D, Hy)) given by

Ho(q,p) = B+ (=iVy+q—A(p)) a+Vr(y) + 9o(p) (2.16)
= Hpe(q — A(p)) + o(p)

with w(q,p) := /1 +¢>. We also note that all the theorems are valid for any

Hamiltonian which is the quantization of a semiclassical symbol H with principal
value Hy. The following proofs follow the presentation in [Teu].
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2 Dirac-Bloch electrons

2.2.1 The almost invariant subspace

In this section we construct the almost invariant subspace.

Proposition 2.9 Let {E,},er be an isolated family of bands and let Assumption
(A1) be satisfied. Then there exists an orthogonal projection 115, € L(H,) such
that

[exp(—iH7t), 1g]|| = O™ (1 + |t]))
and |1y =7l zqq,) = O(™), where @ € L(H-) is the Weyl quantization of a
T-equivariant semiclassical symbol

T = Zajwj n Si(E,E(Hf)),

j=0
with Wo(q,p) - Pper(q - A(p)>

We first construct the formal power series » ;- glm;. Since formally the symbol
H takes values in £(D,Hy) where D and H; are seen as different Hilbert spaces,
it is helpful to use the continuous injection J : D — H; as defined in section 2.1.3
in the following lemma in order to distinguish between symbols taking values in
L(Hy,D) and their extension to symbols with values in £(H). In the statement
of proposition 2.9 however, we can drop the lenghty notation as explained in the
proof.

Lemma 2.10 Let w(q,p) = v/1+ ¢%. Then there is a unique formal power series
of symbols
m=> & in MP(s,L(H;, D)),

Jj=0

whose principal symbol my satisfies mo(q, p) = Pper(q — A(p)) such that
(i) JrtJr = Jm,
(i1) (Jm)* = Jm,

(1) Him = (Hfr)".

Proof. First we want to prove the uniqueness of a m with the desired properties.
Obviously mo(q,p) = Per(¢ — A(p)) is the only symbol satisfying (i)-(i7i) up to
order O(g). Now we proceed by induction and suppose we have found 7™ =
> or_g&m; satistying (i)-(iii) up to order O(e"*!), in particular with

aMir®) — g = G+ O(e"t?).
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2.2 Adiabatic perturbation theory

Then 7,1 must satisfy
T 170 + ToMpt1 — Tpg1 = — Gy
Now, since

T0Gni1(1 —my) = (5_("+1)7T0 (W(”)ﬁw(") — ﬂ(”)) (1—m0)),
= (R () ) (1 — )
- _ ((W(n)ﬁﬁ(m — W("))Gn+1)0 =0

0

and vice versa, it follows that the diagonal part of m, 4
7r£)+1 = moTpa17o + (1 — o) i1 (1 — 7o)

has to be G, 11 whereas we don’t have any constraint on the off-diagonal part. It
remains now to show that mom,1(1 — 7o) is uniquely determined by (éi7) since
(1 — 7o) Tpe1mo then follows with (#4). To this end, with w™ = 7" 4 "G,
we define

[H, w(")]ﬁ = En+1Fn+1 + O(€n+2)

and conclude that the off-diagonal part of m, 1, i.e.

7724?1 = ToTpn+1(1 — 7o) + (1 — To) Tnt 170

must satisfy

[Ho, WS—EI] =—Fup.
In particular, one has
Homomnt1(1 — 7o) — Tomp41(1 — mo) Hy = —moFr1 (1 — o)
determining 792! := mom,11(1 — 7). Now if there were two solutions, then there
must be a 7P} satisfying
[Ho, Wg—?ll] =0
oD1

— [Hy—E,m7]=0
— 70 = (Ho— B) mon 3 (1 — mo) (Ho — E) ™

with any scalar-valued symbol £ such that Hy — E is invertible on (1 — m) Hy. If
Ey(k) and Ex(k) are the lowest resp. highest energy band in our isolated family,
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then we choose E(q,p) := 3(En(q — A(p)) + E1(q — A(p))). It follows for fixed
z € RS that

(e Olf
< [(Ho(2) = BE@) mo(2)l| w22 ()] (1 = mo(2)) (Ho(2) = E(2)) ™|
= 0w @)

Now by construction it follows that

I(Ho(2) = E(2)) mo(2)]| = %(EN(Q — A(p)) — Er(g — A(p)))

whereas

(3= ma(2) (Hale) ~ B < (3(Evla - A) - Bl )

by the gap condition, i.e. C' <1 and 7¢7}!(z) = 0.

Now we turn to the construction of 7. To this end, let Ape (k) be the circles
enclosing {E, (k) },er as defined at the beginning of section 2.2.

First we construct a Moyal resolvent for the symbol H — (, ( € C, ie. a
formal power series R(() with coefficients R;(¢) € C*(O¢, L(Hy, D)) where O, :=

{(g,p) €RO: (¢ — ¢(p),q — A(p)) € Oper }such that

(H=08Y Ri(¢) =1y, and > e Ry(QO$(H — () = 1p (2.17)

Jj=0 j>0

for all 2 € O¢. Note that although >° &/ R;(() is in a strict sense not a formal
power series of symbols as it is not defined on the whole R® but just on the
open subset O, the Weyl product as a local operation is well-defined. If one
regards the following expressions and equalities as functions of both z and (, they
are understood as defined (resp. as valid) on the open subset O := {((,q,p) :

(C - ¢(p)aq - A(p)) € Oper} CcCx RG.
Clearly we must have

Ro(¢) = (Ho—¢)™" on O¢

with Ry(¢) € L(Hs, D) on O¢. Since Ry(C, q,p) = Rper ((—¢(p), ¢—A(p)), it follows
from section 2.1.3 that Ry(() is smooth and furthermore that its derivatives are in
L(H¢, D) and depend holomorphically on ¢. Now we can construct R;((), j > 1
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2.2 Adiabatic perturbation theory

inductively: Suppose R™(¢) = > j<n € R;(C) satisfies the first equation in (2.17)
up to order O(e"*1), i.e.

(H = OQfR™(C) = Lo, + " Enya (¢) + O(e"?) (2.18)
with E,11(¢) € C*(O¢, L(Hy)). If we choose

Rp1(€) == —Ro(Q) Ent1(C)

we have immediately that R,.1(¢) € C*®(O¢, L(H;, D)) and that RV (() =
RM™({) 4 e R, 11(C) satisfies the first equality in (2.17) up to order O(e"*?). In
an analogous way one can construct a formal power series R which satisfies the
second equality in (2.17). Using the associativity of the Moyal product we have

R(C) = R(O#(H — OfR(C) = R(¢) for (¢, 2) € O,

i.e. both symbols agree. From (2.17) it also follows that R satisfies the resolvent
equation

R(¢) = R((') = (( = ¢) R(QEIR(()  for (¢, 2) € O.
Furthermore we have for all ¢ € Hy, v € D

(. (TRQYHH ~ 0,
= <(H - C)ﬁR(C)%WHf = <90a ¢>7—[f )

ie. (JR(O)) #(H — ¢) = J. Moyal-multiplying from right with R(¢) leads to
(JR(C))" = JR(C) for (¢, 2) €O.
Next we define the formal power series 7 through

mi(z) = / ACR(O)(2), == (0.p) € RS
A(z)

:27'('

with A(2) := Aper(¢—A(p)) +¢(p) for z = (¢,p) € R. Obviously, 7; is well-defined
and takes values in £L(Hy, D). Furthermore we know that R;(¢) and its derivatives
with respect to z depend holomorphically on (, therefore

?

mi(2) = o

/ ACR;(O)(2), 2 € Ul)
A(z0)
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for a neighborhood U(2g) of zp. Since A, is compact, 7; is smooth with
0%mj(z) = L/ dCO*R;(¢)(2), z€RSaeN? (2.19)
2w A(z)
where we changed the domain of integration back to A(z). Now we can interchange

integration and Moyal-multiplying to get

(Jrtr) = <%) / A¢ [ ACTR(OBIR(C)

_ <_) / a¢ [ AT (R(Q) - RN (€= ¢!

- —/dCJR

where A stands for A(z) and A’ = A'(2) is a slightly larger circle. Furthermore we
have (Jr)* = (Jr) due to (JR(())* = (JR(()) and symmetry of A(z) with respect
to the real axis. For the same reason we have

(Him) = / AT (HAR(O))"

= dC (13, + CJR(Q)

27r
- % 4T (1, + CIR(Q)
= 5 | acHLR(Q)
= Hﬂﬂ'.

We are left to show that m € M¥ (e, L(Hs,D)). The T-equivariance of 7; follows
directly from the fact that R(() is T-equivariant and from the I'*-periodicity of A.
Furthermore for all j € N, o € N? and z € R® we have

Haaﬁj(z)ng(?—(ﬁp) < 2nC, CS;JIP 102 R; (¢, Z)HL(Hf,D) : (2.20)

We turn to estimate the right hand side by induction w.r.t. 7 € N. Using the
T-equivariance of 0 Ry(¢) we have (for z = (¢q,p) and [z] := (¢ — 7", p) such that
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v el g—" e M)
sup |07 Ro(C, 2)ll 2, )

CEA(2)

= suwp [[r(v)ORo(C. [T (v7) :
¢eA(lz) ’

< sup 7Yl gy 192 Ro(C D e, o 17 7H(F) )
¢eA(l2))

< sup w(v",p) |02 Ro(C, H)Hc(pr)
¢eA(l2))

< V2w(z) sup sup [[02Ro((, 2 N e, m) -

2e€M*xR3 (€A(2)

Here we used that w(z) < v2w(y — x)w(y) for z,y € R and that 7(v*) is unitary
as well as [|7(7%)[| ;(py < (7") as follows by direct computation. Using that Ro((, 2)
is the composition of the functions ((,q,p) — (¢ — ¢(p),q — A(p)) and ((, k) —
(Hper (k) — ¢)~" we have furthermore

sup  sup [|02Ro(C, (4, 0)ll g
z€M*xR3 (eA(z)

< (C max max sup sup H@BG" Hoe (k) — C)_lH
1BI<lal n<lal ke M*+B(||All,) CEAper(k L(H¢,D)
X max HaﬁAH max H&ﬁ H
1B1<]a 181<]e

where C' is some constant and, as usual, B(r) denotes a unit ball of radius r around
the origin and || f]|,, := sup,egs | f(z)| for any function f : R®* — R. It follows that

sup sup w () ||0§‘Rj(C,z)||L(Hf’D) <oo forallaeN? (2.21)
2€R6 (eA(2)

for j = 0. We proceed by induction and assume that (2.21) holds for j < n.
Then F, ., as defined in 2.18 satisfies

sup sup w 2(z) |0°E(C, g,y < oo forallae N?
2€R06 CeA(z)

by induction hypothesis and because of H € S¥ (e, L(D,Hy)). On the other hand
E,+1 is T-equivariant and 7 is unitary, therefore |02 E((, 2| £, Is periodic in ¢
and we even have

sup sup ||02E(C, )HL(H < oo forall a € N%
2€R6 CeA(z)

Now (2.21) follows immediately for R, ; = —RoE,+1. We conclude from (2.20)
that m € MY (e, L(H;,D)). m
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Remark 2.11 For bounded self-adjoint symbols H and © we would have
Hir — (Hin)" = Hir — nfH

i.e. the expression Him — (Htm)™ in lemma 2.10 would be just the Moyal-commuta
tor of H and w. Howewver,in our case, the first expression is easier to handle since
formally T8 H is in our case a symbol taking values in L(D) but not in L(Hy). For
the following consideration, our expression will serve us as well.

Proof. (of proposition 2.9) From the projector 7 € MY (e, L(Hy, D)) con-
structed in the previous lemma one obtains by resummation a semiclassical symbol
in S¥(e, L(Hs, D)) which we also denote by =, i.e.

7= &r; in 8¥(e, L(Hy,D)).

>0
From the definition and using 7-equivariance, it follows that
Jm = Z&jJﬂ'j in St(e, L(H)).
Jj=>0

The quantization of 7 resp. Jm requires some care. Clearly, the quantization
W (Jr) : S'(R® Hy) — S'(R3 H;) of Jr restricts to a bounded operator Jr €
L(H,) which satisfies

~\ 2 o~ —
(Jﬂ') —Jn=0(*)and Jr =Jr (2.22)

as follows from lemma 2.10. Next, we want to show that W (7) (H,) C L3(R3, D).
Note that this is nontrivial since

L*(R?, D) G S'(R?, D) N L*(R?, Hy).

Since Hir € Si(e,L(H;)) we know that W(Hfr) = WHWr restricts to a
bounded operator ﬁﬁ\w in L(H,). Now suppose there is a 1, € H, with ¢, =
Wr (1) € H, \ L2(R3 D). Then clearly we have WHy, € ‘H, and H5 would
have a nontrivial symmetric extension (with domain spanned by L?(R3 D) and
¢,) which is a contradiction to the self-adjointness of Hj. Furthermore we now
know that
(Hy — i)' W(H —i)Wr) o = Wryp, ¢ € H,.

therefore Wr restricts to a bounded operator 7 € L(H,, L2(R? D)). Clearly we
have Jr = J7 since W (Jm) = WJWm and therefore we can drop the distinction
between m and J7 resp. 7 and J7 from now on.
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2.2 Adiabatic perturbation theory

We turn to determine the ”commutator” (see remark 2.11) of H and 7. As we
know that Hir € S (e, L(H;)) C Si(e, L(H,)) and also (Htm)" € Si(e, L(H))
it follows that

= O(e™).

Hfm _ (ﬁm)
L(Hy)

Next we construct a true projector which is O(e*)-close to 7. We know from
(2.22) that 7 is self-adjoint and its spectrum is concentrated around 0 and 1 for
¢ small enough, let’s say in intervals I, and I; whose length is O(¢*) and in
particular smaller than = for € small enough. Therefore

me=— [ aE-o”

27 Jig-11=3

is a true projector with

7 -5 = /AE(dA)+/()\—1)E(d)\)

Io I

= 0(e%)
where E(-) denotes the projection valued measure of J7. Finally we have

exp(—iH t) 115 exp(iHt) — 115
= exp(—iHt)Texp(iHt) — 7 + O(™)

_ /0 s <% (exp(~if1s)) %exp(zﬁs)>
+ [ as (exp(cifls) & (expl-illo) ) + 06

t
= —i/ (exp ZHS) exp( sz
0

—l—i/o ds <exp(—if[s) (exp(—if]s)f[%)j + O(e™)

Q

= —i /Ot ds exp(—iHs) <ff7? — <ﬁ/7?)*> exp(ifls) + O(e™)
= O™ +1t)

where we used that (J7)* = J7 and the fact that taking adjoints commutes with
the derivative. m
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2 Dirac-Bloch electrons

2.2.2 Mapping to the reference space

After determining the almost invariant subspace, we want to describe the dynamics
inside the subspace in a simple way. As shown in [Pa] there is a smooth isometry-
valued map Upe : R* — U(H) such that

Uper (k)" Poer (k) Uper (k) = Fper(0) =: 7,
such that Upe, is right-T-equivariant, i.e.
Uper(k +77) = Uper(K)T(77).

Clearly the dynamics of the unperturbed problem inside P, H, can be described
in K by the Hamiltonian

(&) (&)
/ Qe () & Oy = / AT (k)" Hoer (K) Poes (K)Uper ()
R

3 R3

where hye (k) € L(Ky), 1.e. hye (k) is for fixed k a N x N-matrix. In the perturbed
case, we have an analogous result up to errors of order O(¢*). One starts with
the observation that ug : R® — U(H;) given by

uo(4,p) = Uper(q — A(p)) (2.23)
is in ST (L(Hy)) and intertwines  and 7, (in the Moyal sense) up to order e.

Proposition 2.12 Let {E,},e7 be an isolated family of bands and let Assumption
(A1) be satisfied. Then there exists a unitary operator U : H, — H, such that

UL, U =7, =11,
and U —u = O(e™), where

u = Zejuj in S*(e, L(Hy).

Jj=0
Furthermore w is right T-covariant and its principal symbol is given in (2.23).
As before we split the proof in two pieces and first construct the symbol w.

Lemma 2.13 There is a formal symbol u = Y. o e'u; € M* (e, L(Hy)) which is
right T-covariant and whose principal symbol ug is given in (2.23) such that
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2.2 Adiabatic perturbation theory

(i) u'tu =1 and ufu* =1,
(ii) ufmiu™ = m,.

Proof. We construct u by induction. Clearly ug satisfies the conditions (i) and (i7)
up to order ¢ and is right 7-covariant. Now suppose we have found u;, 0 < j <n
such that each u; € S*(L(Hy)) is right 7-covariant and satisfies (¢) and () up to
order e"*!. To determine u,_; we make the ansatz

Up+1 =: (an+1 + bn+1)u0, (224)

with a,.; hermitian and b, anti-hermitian. For (i), we have by induction as-
sumption

uMiu™* — 1 = A+ O(enH?)
u™ ™ —1 = A, + O,

This gives the conditions

Ul g + Upp1ty = —Apii, (2.25)

* *
U Uo + Uglingr = —Apyr.

By multiplying the first equation from left with u, and the second equation with
uy from the right we see that they are equivalent, because

e (D0 (V% _ 1) = =D (g () ()

and the principal symbol of the Lh.s. is ujA,+; whereas the principal symbol of
the r.h.s. is A,qug. If we insert (2.24) into (2.25) we find that a, 1 = —%Anﬂ
since A, 41 is hermitian (because uMiu* —1 is hermitian) whereas no constraint
is put on b,,1, which is now determined in order to satisfy (i7). If we define
w™ = 4™ 4 "l ug then we have

w(")ﬂﬁjjw(”)* — 7, = En—l—an_H + O(En+2)

and therefore
bn+1U07T0uS + UOT('USb;kL_i_l = —Bn+1. (226)

The left hand side is just [b,41, 7] and a solution to (2.26) is given by

bn+1 = [Wra Bn—l—l]a
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2 Dirac-Bloch electrons

provided that the so-defined b,,; is indeed anti-hermitian. This is the case if B, 1
is hermitian and off-diagonal with respect to m,.. The Hermiticity of B, is clear
from its definition. Furthermore we have

(1—=m)Bpa(1 —m,)
= e ™1 — 7))t (w™ro™* — 1) §(1 - 1) + O(e)
e~ (1 — )t iriw ™ (1 — 7,) + O(e).

Since we know that
(1-m,) = w1 — 7)™ + "B, 1 + O™
and wMHw™* = 1 4 O("*?) this leads to

(1 =) By (l — )
= 5_(n+1)€2(n+1)3n+1(W(n)ﬁﬂﬂw(n)*)BnH +O(e)
0+ Ofe).

Finally we have
Bpi1 = " (W1 — m)fw™* — (1 —7,)) + O(e)
because w™fw™* = 1 + O(¢"*?) and therefore an analogous argument shows
T Bpiim. = 0+ O(e).

Finally u € M*(e, L(H;)) is clear from construction and the fact that it is right co-
variant follows from the fact that A, 1, B,;1 are periodic and uy is right covariant.
[ ]

Now we give the proof .
Proof. (of proposition 2.12) By resummation we get a (right 7-covariant) sym-
bol u € S*(g, L(H,)). Its quantization yields a bounded operator u € L(H.,, H,)
that satisfies

(1) uu* = 1y, + O(e™) and u*u = 14, + O(e>)

(17) ullyu* =11, + O(e™).

Now one can first modify u to get a unitary operator. One observes that
u*u € L(H,) is a positive, self-adjoint operator that is O(£°°)-close to the identity.
Therefore

U® = (a*a) "2
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2.2 Adiabatic perturbation theory

defines a unitary operator which is O(¢*)-close to u. Finally one defines W¢ €
L(H,) by the so-called Nagy formula as

We = (1p, — (U0 — IL,)%) 2 (ILUTE U + (1, — I1,) (14, — USTIZU)).
We is a unitary operator which is O(£°)-close to the identity and

WeDE TS U= W= — I,
ie. Us:= WeU*sis a unitary operator with the desired properties of proposition

212. =

2.2.3 The effective Hamiltonian

Now we proceed with the final step in space-adiabatic perturbation theory, namely
to unitarily transform the Hamiltonian onto the reference space. While formally
the definition h = ufHfu"* seems straightforward, we project H on the relevant
subspace before rotating it to the reference space since H € S*(e, L(D, Hy)) and
u* € St(e, L(H/)) are formally not compatible. For the computation it will turn
out useful to introduce the kinetic momentum ¢ : R — R3 by

q(q,p) = q— Alp).

Note that with this notation we have uy = Uper © ¢, mo = Poer © ¢ ete. It is also
useful to define V f for any function f : R™ — R™ as the Jacobian matrix, i.e.

(V£)i; =05t

Note that with that convention, the chain rule becomes V(fog) = ((Vf)og) Vg
and the gradient of a scalar-valued function is seen as a row vector. We also
emphasize, that for vector operations as the scalar or the cross products we always
write operations, i.e. - and X, explicitly, whereas for matrix multiplication we just
put matrices behind each other.

Proof. (of theorem 2.6) We define h € M, (s, L(K)) by

h O, == uiHimsu® € ML, (e, L(H,)).
First note that h is well-defined by construction because

uHirfu" = m, (ufHimtu®) .
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2 Dirac-Bloch electrons

Since Hfr and w are in M*(e, L(H)) and T-covariant resp. right covariant it
follows that h € M!_;(e, L(K;)). In particular its quantization h is in £(K).

T

Clearly [lAl @ Oy, I1,] = 0 because II,, = 1 @ 0. Furthermore we have
exp(—iHt)IT, — U* (exp(—iflt) @ OKL) U

_ /0 t ds% (exp(=ifls)7U° (exp(~ib(t - 5)) & O ) ) U + O(=)

= — /Ot ds exp(—i[—A[s) (l’?ﬁ?U6 - U* (E D O,@)) <exp(—iﬂs) & 0,@) U=
+0(e*).

On the other hand Hfrfiu = uf (h &) Olc;) by construction and H7 = ﬁﬂ\ﬂ there-

fore
(}AHFU‘E _UE (ﬁ ® o,CL)) — O(e®)

and (2.14) holds. Theorem 2.6 now follows by observing that
h() @D OICJ% = UOH()?T()US.

[ ]

In the case of a single eigenvalue, i.e. E,(k) = E.(k), k € M*,n=1,...,N,
we also compute the subprincipal symbol h;. Note that this case typically occurs
if VI is inversion-symmetric and the family {E,},c7 is two-fold degenerate, i.e.
N =2.

Proof. (of corollary 2.8) By Moyal-multiplying the defining equation of h from
left with u* we have

u* <h @ OK#) = Himfu™.

Furthermore, we know that mfu* = u*m,.. Note that the distinction between sym-
bols with values in £L(H, D) and their extensions to E(Hf) may be neglected
because the derivatives in L£(H) are just the extensions of the corresponding
derivatives in L(H, D). Therefore h; satisfies (with H; = 0)

h; ® Oic; (2.27)

1 ?
= U <—u>{ (ho D OICJ%> + §{U0, ho D OICJ%} + Hou”{m, - §{H(), uém})

= —uoui B, + Suofuy, B)m, + uoHouim, — < {Ho.uim,}
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2.2 Adiabatic perturbation theory

with E,(¢,p) = E, o §(q,p) + ¢(p). Obviously we can multiply the equation from
right and left with 7, without changing the left hand side, therefore

h, © O,C]% = %muo ({ug, E*m} — {H,, uSm})

= —%muo{Ho — E*le, ug Y, — imuo{E*le, ug s

because the two other terms cancel each other due to m,ugHy = E*muo.

Now we turn to compute h; in terms of eigenfunctions of the unperturbed Hamil-
tonian. We have

{Hy — B 1y, uj}

= Vy((Hper — Ex)0q) -V, (U;or © a) =V, (Hper — Ei) 0q) -V, (U;or o &)
= (V(Hyo — E.) 0 Q) (VA - (m)T) (VU 09)

per

any x € R? where B := V x A is the magnetic field and VU*, = .

per J

where VA is the Jacobian of A. One has furthermore (VA — (VA)T> r = Bxuz for
<
therefore the v, u element of the first term in (2.27) contributes to (

(o T (Vb = B2) 02) - B x (Vi o)

_ —%B AVithy, X (Hper — E)Vith,,) 0 @

~—_—

where we used the vector equality a- (b x ¢) = —b- (a X ¢) (note that B is scalar-
valued) and shifted the gradient on Hpe — E. to ¢, by observing that

0 = v <¢n7 (Hper - E*) SO>
= <V¢na (Hper - E*)@) + <'l/)n> V([—Iper - E*)@)

for all ¢ € D. The second term in (2.27) can be manipulated analogously and
contributes to (2.15) with

i(Vo = (VE.0q) X B) - (ty, Vi) 0 G-
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2 Dirac-Bloch electrons

2.3 Semiclassical limit

All the results of the last sections are purely quantum mechanical, symbols were
used only as a tool. In this section, we show how to approximate the quantum
mechanical time evolution of observables which are quantizations of symbols by a
classical Hamiltonian system on an appropriate phase space. As a start, we sketch
the idea. The time evolution under the Hamiltonian h of an observable a with
a €S(L(Ky)) in the reference space, i.e. the quantity

a(t) = exp(iht/c)aexp(—iht/e)

satisfies the differential equation

dop i

A1) = —(ha(t) —a()h). (2.28)

€

Note that since we want to consider time periods of order O(¢7'), we have chosen
exp(iht/e) instead of exp(iht) as explained in the introduction of this chapter.
Formally the time derivative in (2.28) is expected to commute with quantization,
therefore we can translate (2.28) on the level of symbols and obtain the differential
equation

d i
a(t) = ~(hta(t) - a(t)th). (2:29)

If a and h are multiples of the identity, the right hand side equals {h,a} up to
order O(g?), therefore (2.29) is (up to order O(g?)) solved by a(t) = ao ®', where
! is the flow generated by the scalar Hamiltonian h.

Dealing with matrix-valued symbols changes the picture slightly. Most im-
portant, due to the prefactor é on the right hand side of (2.29), we must have
[hg,a(t)] =0 Vt € R which is in general only satisfied if hy is a scalar multiple of
the identity, i.e. in the case of a single (maybe degenerate) eigenvalue band. Since
lemma 2.2 tells us that an isolated family cannot consist of a single non-degenerate
band, we restrict ourselves to the case of a space-inversion-symmetric potential Vi
and N = 2. Then corollary 2.3 ensures us that each eigenvalue is indeed globally
two-fold degenerate and gives also explicit information about the corresponding
pair of eigenfunctions. Second, the right hand side of (2.29) contains an addi-
tional term [h;,a(t)]. Since symbols a and b with self-adjoint values in L£(Ky)
with Ky = C? can always be written in the form a = agli, +a-ox, with ay € R,
a € R?, oy, defined via the isomorphy £(Ky) = £(C?), one obtains

[a,b] =i(a x D) - o,
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2.3 Semiclassical limit

and uses this relation to go to scalar equations.

The strategy in this section is the following: In subsection 2.3.1 we perform
the semiclassical limit in the reference space. To this end, we introduce, following
[Teu], a correspondence between L£(C?)-valued symbols on the phase space RS and
scalar-valued symbols on the extended phase space R x S? where S? is the unit
sphere in R®. The points on S? can be interpreted as the spin of the particle.
We show that an appropriate e-dependent flow ®L on RS x S? generates a time
evolution of symbols that satisfies (2.29) and (after quantization) (2.28) up to order
O(e). If a is a multiple of the identity, we can improve the error to order O(¢?). In
subsection 2.3.2 we show how to translate the results in the reference space back
to the Zak representation. The effective equations of motion in Zak representation
that approximate the quantum mechanical time evolution up to order O(g?) are

q —Vy((p) —eB(p) - M(q,;n)) +ep x B(p) (2.30)
p Va(E(q) — eB() - M(g,n)) + £Qa(@,n) x ¢+ (VaA(gn)) - 7
n = nxQqp)

on the phase space RS x S? where S? is the unit sphere in R®. The terms M and
A are given in corollary 2.8 and definition 2.16 whereas Q4 (k,n) := Vi x A(k, n)
and € is given in (2.36). If we define ® to be the flow of (2.30) and

05 (q,p,n) = DY (q — A(p),p,n) + (Ao Y, (g — A(p)),0,0), (2.31)

we have the following theorem.

Theorem 2.14 Let Vi be inversion-symmetric and |Z| = 2, i.e. E is an isolated
two-fold degenerate Bloch band, and ®'F be defined as in (2.31). Let furthermore
be C(RS x S%,C) and

b.(t) = W(2 /S \()b o BLE (-, - )A(-, - n))

with A : R x S% — L(H;) defined in (2.47) and b, := b.(0). Then we have

—

exp(iHt /)b exp(—iH5t/e) — by(t) = O(e)
uniformly for any finite time interval, and, if b is independent of n,

—

exp(iH5t/e)bexp(—iH5t/e) — b.(t) = O(c).
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2 Dirac-Bloch electrons

If we restrict our considerations to O(g) and scalar-valued b (i.e. b independent
of n), then we can even translate the result of theorem 2.14 back to the physical
space. In [Teu] it is shown that the Zak transform is for a certain class of symbols
equivalent to exchange the arguments ¢ and p. If ®¢ is the flow of the equations

i = VE.(n) (2.32)
T = —Vo(q)
and ) )
®'(q,p) = (¢, p — A(q)) + (0, Ao (g, ¢ — A(p)), 0), (2.33)

we have the following corollary.

Corollary 2.15 Let Vi be inversion-symmetric and |Z| = 2, i.e. E, is an isolated
two-fold degenerate energy band and ®' be defined as in (2.33). Let furthermore
b € C(RS,C) be I™-periodic in the second argument, i.e. b(q,p +~*) = b(q,p).
Then we have

IF(mﬂﬁfﬁ@&mﬂ—ﬁfﬁ@—VWbmﬁ»HV:O@)

uniformly for any finite time interval, where the Weyl quantization is in the sense
of
b=0b(—iV,,ex)

and

Ha = (L{_l ® 1([:4) Haz (L{ ® 1([:4) .

Proof. We identify b with b : R® x S? — C, (q,p,n) — b(¢q,p). Then theorem 2.14
tells us that

exp(iH%t/s)B exp(—iHt/e) — W(2 /52 dA(n)bo ®(-, - n)A(g,p,n)) = O(e)

in Zak representation. Since b is scalar-valued and ®' doesn’t depend on n either,
b and bo @' are independent of n and can be taken outside the integral, i.e.

b = W(b2/SQdA(n)A(q,p,n))
= W(bn)
— bl 115 + O(e)
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2.3 Semiclassical limit

and
mx2[¥¢wnmo®gm,nwAabnn»
= W(bod)2 / dA(n)A(q,p,n))
S2

= bo @1y, 1T + Oe).
Note that we used
2 / aA(n)A (g, p. n)
52
= uﬁ2/ dA(n)A(q, p,n)tu*
= u]jm]jiz* =T.
Now in [Teu] it is proved that
b(x, —ieVy) = Ub(—iV ,, ex) U™
for scalar-valued symbols b that are additionally I'*-periodic in the first argument.

Then our result follows directly by inserting &/ ~'U/ between all the factors in the
statement of theorem 2.14. m

2.3.1 Semiclassical limit in the reference space

First we turn to define a correspondence between scalar-valued functions on R x S?
and L(Ky)-valued functions on R?. In the following, we always use boldface letters
to denote the latter ones.

Definition 2.16 We associate to each smooth function a : R? — L(Ky) = L(C?)
the function a : R? x S? — C given by

a(g, p,n) = tr(a(g, p)A(n)) (2.34)

with A(n) € L(Ky) given by
1 3
A, (n) = 55,,7” + \/gn SOy

37



2 Dirac-Bloch electrons

and vice versa to each smooth function a : R x S? — C the function a : R? —
L(K¢) given by

a(q,p) =2 /SQ d\(n)a(q, p,n)A(n) (2.35)

where X denotes the normalized Lebesgue measure on S?. Furthermore, the Weyl
quantization a of a is defined as a.

We left d undetermined since we are using this correspondence for symbols (i.e.
d = 6) as well as for quantities depending on the crystal momentum & (i.e. d = 3),
e.g. for A as defined in (2.8). Note that the two operations (2.34) and (2.35)
invert each other and that the symbol & becomes the function (g,p,n) — /3n
(see [Teu]).

Obviously we have

ho(g,p,n) = tr(ho(q,p)A(n))
= E.(q—Ap)

independent of n because hy is a scalar multiple of the identity and that

hi(q,p, 1) = —Fro(q,p) - A(g,n) — B(p) - M(g, n).

Alternatively, by definition, we can write h; also in the form

hi(q,p,n) = tr(hi(q, p)A(n))

= Sir(n(g.p) — 52q.p) (2.36)

with
Q(q,p) == —V3tr (hi(q,p)ox,)

where o, is defined as

(O';Cf)lw =0, Vv,u=12
Now we turn to the derivation of the Hamiltonian equations. A natural can-

didate for the flow ®.¢ such that a(t) = 2 [, dA(n)a o ®L%(q, p,n)A(n) satisfies
(2.29) up to order O(&?) is the Hamiltonian flow of

h*(q,p,n) = E(q — A(p)) — 8?7’& -Qq,p),
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2.3 Semiclassical limit

on R x §2% ie. of h(q,p,n) up to order O(g). To be precise, we recall that S? is a
symplectic manifold if one uses the area two-form to define the symplectic struc-
ture. The corresponding Poisson brackets for functions on S? yield in particular

{a-mnyse = ——ax
a-n,ntg =——axn.
VE
As the symplectic structure on R® x S? is
1
{'7'}R6><52 = {'7'}R6 _'_g{'v'}SQv (237>
we derive the Hamiltonian equations corresponding to h°(q, p,n) as
¢ = —Vyphi(g,p.n) (2.38)

p = tha(q,p,n)
o= nxQqgp)

To simplify the translation to the physical space in the next section, we introduce
the diffeomorphism F : R x S? as

F(Q7p> TL) = (q - A(p)7p> TL) (239)

with the kinetic momentum ¢ = ¢— A(p) and compute the vector field correspond-
ing to the flow ®L° = F o ®L° o F'~! which reads explicitly

®%(q,p,n) = P (G + Alp),p,n) — (Ao @) (@+ Ap),p,n),0,0) .
We get the equations

¢ = —Vo(p)+px B(p) (2.40)
+eVp (FLar(q, p) - Alg n) + B(p) - M(q, n))
p = VE(Q) —eVi(Fa(q,p) - Al n) + B(p) - M(q, n))
o= nxQqp).
with Q(¢,p) = Q(q — A(p),p). The second and the last equation in (2.40) can

easily be derived from the corresponding equations in (2.38) (recall the definition
of ), whereas the first one comes from

i = ¢—p(VA) (p)
= —Vo(p) + VE(q)VA(p)
—eVi (Fror(q,p) - A(g,n) + B(p) - M(q,n)) VA(p)
+eVy (FLoe(@.p) - A(@n) + B(p) - M(G,n)) —p(VA) (p)
= —Vo(p) +p(VA(p) — (VA (p)
(p) - M

+eVy (FLae(q,p) - A(q, 1) + B(p) - M(q,n))
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2 Dirac-Bloch electrons

Now we turn to prove that the flow of (2.38) (or equivalently the one of (2.40)) can
be used to approximate the time evolution of observables. Indeed, for observables
a which are independent of n (i.e. a is a multiple of the identity) we have the
following result:

Proposition 2.17 Let ®'° be the solution flow of (2.38) and a € C{°(R® x S?,C)
independent of n. Then

a(t):=2 /32 d\(n)a o ®L°(-,-, n)A(n), teR

is in S* (e, L(K;)) and for all T < oo there is a constant Cr < oo such that for all
te[-T,T]
Hexp(iﬁt/&)ﬁexp(—iﬁt/s) — a(t)H < 2Cr. (2.41)

with a := a(0).

Proof. Since the right hand side of (2.38) is smooth and bounded together
with its derivatives, the same holds true for its solution flow ®%¢ (uniformly for

—_

t € [-T,T]), in particular a(t) is well-defined. It also follows that Sa(t) =
2 [dA(n)< (a0 @L) A(n) is smooth and bounded together with its derivatives
and that

Furthermore (for € # 0) an application of the Gronwall lemma shows that

% (a(t) — ao(t)) € SY(L(TC?))

uniformly in € and ¢ € [-T,T] where

ao(t)::2/ d\(n)a o ®(-, -, n)A(n).

S2

Now we turn to prove (2.41). We have
exp(iht/e)aexp(—iht/c) — a(t)

t d N — -
- /0 ds— (exp(ihz)a(t %) exp(—ihz))

= /Ot ds exp(z'ﬁz) (é (ﬁa(j——\s) - a(?—\s)ﬁ) — %a(T——\s)) exp(—z'ﬁz).
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2.3 Semiclassical limit

It remains to show that
é (hta(t) — a(t)gh) = 2 /52 dn ({hs, a(t)re + é{hs, a(t)}52) A(n) + O(e?).

Since the right hand side equals $a(t) by construction, (2.41) then follows imme-
diately by quantization.

Clearly hg is independent of n. We also know that ay(t) is independent of n since
a is independent of n and @f)q, <I>6p depend only on ¢, p by construction. Therefore

we have
(hia(f) — a(t)ih)
= 4/52 dn /52 dm{hg +eV3Q - m, ap(t) }rs A(m) A(n)

l
€

4 /S dn /S dm{hg, alt) — ao(t) s A(m) A(n)
+i[hy, a(t)]
. / An{he, a(t)}eo A(n) + O(2)
1
+z’[§§2 o, a(t)]
where the term {ev/3Q-m, a(t) —ao(t)}rs has been dropped because a(t) —ay(t) =

O(e). Tt remains to show that £[Q - o, a(t)] = 2 [,,dni{h% a(t)}s2A(n). This
becomes clear by

L0 o,a.(0)
= Z/ dna o ®4°(-, - n) [Q- o, A(n)]
52
= V3 [ dnao®*(-,-.n)(Qxn) o
52
= 2/52 dna o ®(-,- n) (Q x n) - V,A(n)
= 2/52 dnV,, (a o ®L°(-,-,n)) (2 x n) A(n)

2 e
— g/S2 dn{h®, a(t)}s2A(n)

where we used that V,, (2 x n) = 0 for the integration by parts. =
If we reduce the desired order to O(e), we can deal with arbitrary observables.
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2 Dirac-Bloch electrons

Proposition 2.18 Let ®LY be the solution flow of (2.38) for ¢ = 0 and a €
C°(R® x S2,C). Then for all T < oo there is a constant Cr < oo such that for
allt € [-T,T

exp(iht /e)aexp(—iht/e) — a o ®°|| < eCr. (2.42)

Proof. As in the proof of proposition 2.17 it is enough to show that

g (hta(t) — a(t)th) = 2 / dn ({h, alt) Ygs + é{h, a(t)}gz) A(n) + O(e).

S

Note that in contrast to proposition 2.17 a does now depend on n in general.
Therefore we have

(hia(t) — a(t)th)

= 4/52 dn /52 dm{hg, a(t) }re A(m)A(n) +ifhy,a(t)] + O(e)

l
€

il
= 2 /52 dn{hg, a(t) }re A(n) + 2[59 -o,a(t)] + O(e)

— 9 /S 2 dn{ho,a(t)}RaA(n)+§ /S dn{h,a(t)} 2 A(n) + O).

and (2.42) follows as in proposition 2.17. =

2.3.2 Translation to the Zak representation

Propositions 2.17 and 2.18 approximate the time evolution of the quantization of
a symbol a in reference space, i.e. the quantity

exp(iht/e)a exp(—iht/e). (2.43)

However, if we want to describe the time evolution of a observable B € L(L?*(R3)®
C*) in the Zak representation, i.e. the quantity

exp(tHyt/e)Bexp(—iHt/¢), (2.44)

we have to relate (2.43) and (2.44) using theorem 2.6. Therefore it follows imme-
diately that B must have the form

B = U*@®0)U* (2.45)
= W(u't(a® 0)fu) + O(e™)
— b+ 0O(E™)
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2.3 Semiclassical limit

where a satisfies the conditions of propositions 2.17 or 2.18 in order to allow for a
semiclassical limit. In this case we have

exp(iHt /)b exp(—iHyt/e) (2.46)
= U (exp(—iﬁt)a exp(—iht) ® o) Us + OE=(1+ |t])
= W(uta(t)fu) + O(e>(1 + |t])).

In the case of proposition 2.18 we have the following result:

Proposition 2.19 Let b € Ci°(R% x S2,C) and b € S*(RS, L(H,)) be given by

b =2 /S AN, o)A - )

with

A(gq,p,n) = u*t (A(n) ® 0) tu. (2.47)

Then we have

exp(iHEt /)b exp(—iHEL /<) — W(2 /S )b B0, m)A(g,pm) = OF)

uniformly for any finite time interval.
Proof. We have

u*ta(t)fu
— i [ Ao 80 muon EA ) + O
S2

= 2 [ a\wao B AW + OE)
52

because a o ®LO(-, -, n) is scalar-valued. Now the statement follows immediately
with (2.45). =

In the case of proposition 2.17 the following lemma allows us to incorporate the
Weyl product with v and u* into the flow.

Lemma 2.20 Let a € S'(s, L(K;)) with ay independent of n and

b:=u"t(a®0)tu.
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2 Dirac-Bloch electrons

Then
a— 2/ AAR) (b0 T (- n)An) + O() (2.48)
5‘2

and vice versa

b :2/ AR (@0 T) (- n)A(g, p.n) + O(2) (2.49)

5‘2
with
Ti(q,p,n) = (q£(VA) A(g— A(p),n),p £ cA(g — A(p).n),n)

and

b(q,p,n) == Tr(b(q,p)A(q,p,n)).

Proof. We prove (2.48). Then (2.49) follows by Moyal-multiplying with «* and
u and observing that T_ inverts T, up to order O(e?) as can be seen by Taylor-
expanding T_ o T, and neglecting terms of order O(g?). As in proposition 2.19

a0 — 2 /S (oA (n)

= 2/52 dA(n)byA(n)

agrees with the principal symbol of 2 [o,dA(n) (bo Ty) (-, -,n)A(n) because
T.(q,p,n) = (4,p,n) + O(e). In particular we have ag = by. To compute the
subprincipal symbol a; in terms of b one proceeds as in the proof of corollary 2.8.
We have

(a®0) fu = ufb

and therefore
ap ) 0= (u0b1 + (Uoﬁbo)l — ((30@0) JjUO)l + Ulbo — (30@0) ul) Ua

Projecting from both sides with 7, doesn’t change the left hand side, but on
the right hand side the last two terms cancel each other because by = bymy and
ag = agl. For the same reason we can replace by by byl and ag by agl and arrive
at

ad0 = wuybiu; — %m{uo, bol}ugm, + %{mao, U fugT,

= uobyug + im{bo1, uo fugm,

= yobyuy — iVybem, - (VUP o q) VAuim,
—iV,bor, - (VUP 0 §) uir,

= ugbyul 4+ Vobom, - (VAT Ao G+ Vbl - Ao
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2.3 Semiclassical limit

with
AV,MUO =1 <¢n(k>v vk¢m(k)>Hf y V= 17 2
as in corollary 2.8. Writing the last line as an integral over S? and using that
uobyuf = utbifu* + O(e) we have
a0 = 2/ dA(n)bi(-,-,n)A(n)
S2
+2 / AA(n)V by - (VA) T A(G,n)A(n)
S2

42 / AN(R)V,bo - A(F, ) A(n).
g2
A comparison with the Taylor expansion of bo 7', now proves the claim. =

We note furthermore that with 7', := F o T, o F~! we have
(FoTyoF ) (gp.n) (2.50)
= F o T+(67+ A(p)>pv n)
= F@@+A(p)+¢(VAP) AGn),p+eA@G n),n)
= (+A(p) — Alp+eA@n)) +(VA@P) " AGn),p+eAdn),n)
= @+ ((VAP) = VA®R)) A@n).p+eAGn).n) + O()
= (§+eA@n) x B(p),p+cA(@ n),n) + O

and analogously for 7. Now we can translate the flow ®%¢ of (2.38) into a flow
@7 in the Zak representation.

Proof. (of theorem 2.14) By construction we have b = H%BH% + O(e*),
therefore theorem 2.6 tells us that

exp(iH5t/e)bexp(—iH5t/e)
= U ((exp(=iht) ) & (exp(~iht) ) © 0) U + O(=)
with a @ 0 : = uffbfu*. Proposition 2.17 tells us that
exp(—iht)a exp(—iht)
= W(2 /52 dA\(n)a o ®L°(-,-,n)A(n)) + O(c?).
Using lemma 2.20 we have that
exp(iH%t/é)B exp(—tHyt/e)
- oW /S AAm)bo Ty 0 8 0 T (-, n)A(n)) + O).
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2 Dirac-Bloch electrons

It remains to show that
T, o®LE o T_ = O + O(e?)
resp. in terms of the kinetic momentum to show that
Ty o®F 0T =l + O(?)

where (as before) &% := F o &% o F~! etc. To do so, it is, using Gronwall’s
lemma, enough to show that the vector fields agree up to order O(g?). To start
the computation, we recall the vector field of ®%¢ given in (2.40) as well as the
explicit formula T, (¢,p,n) = (7 + eA(q,n) x B(p),p + eA(q,n),n). We call the

physical variables @, IT and n and start with the computation of Q:

Qi = @i+ e (A@n) x B)),

= —0;0(p) + (B x B(p)); — ¢ (9;Velp) = VE() x 9;B(p)) - Alg, 1)
+20,B(p) - M(@.n) + ¢ (A@n) x Bp)) + ¢ (A@n) x B)

= —0;0(p) —eV;d(p) - A(g,n) +£0;B(p) - M(g,n)

5 B)), += (A@n) < B))
FeVE@) x B(p) - A@.n) + = (A@.n) x B() +0()

= —9;6(I) + £0,B(II) - M(Q,n) + (H X B(p)>

J

+ell x 9;B(II) - A(Q, n) + ¢ (A(@’,n) x B(n))j +O(£?)

= —9;0(I0) + <0, B(I1) - M(Q,n) + <H x B(n)) 40

In the third equality we just regrouped the terms to make the following changes
in the fourth equality more transparent. Then we used Taylor expansions and the
fact that in first order terms we can exchange the arguments ¢, p by @, Il as well

46



2.3 Semiclassical limit

as VE(q) by II. The final equality becomes now clear by noticing that

J

= £ Z €klmH18ij(H)Ak(@, TL) + € Z ejkmAk(@7 n)Bm(H)
k,m

k,l,m

eIl x 9,B(I1) - A(Q,n) + ¢ (A(@,n) x B(n))

= ¢ Z (extmOj B (I1) + €xm 01 By, (1)) I144(Q, n)

k,l,m

= &) (jimOkBn (1) I AL(Q, 1)

k,l,m

= (Tt (B) - B(p)) +O(?)

J

where ey, is the Levi-Civita symbol. We go on with calculating Hj:

I; = pj+eA;(gn)
= 0,E(q) — €0, (FLor(q,p) - A(g,n) + B(p) - M(q,n))
+e0, A;(q, n)q} + €0, Aj(q, n)1y
= O;E(Q) — € (0, Froe(@,p) - A(G, n) + B(p) - O, M(q,n))
+e (O A (@ 1) — Ok, A@ ) G + €00, Ay (T )7y

= 0,B(Q) — =B(IL) - 9, M(Q,n) + £ (QA(@,n) x ég)j + e0 Ay (T, 1)y
where we used that § = F1o:(q,p) + O(e) and

05, Fron(@ ) - AT 1)
eV, E(3) x B(p) - A(@,n)
_ -B() x AGin) - VO,E@)
= 9;E(q) — 0;E(Q) + O(?).

Observe that from the proof of proposition 2.17 it follows that we could have added
an arbitrary term of order O(¢) to n = n x Q(g,p) in (2.40) without changing
the validity of the semiclassical approximation. Therefore, for n we only have to
compute the first order, i.e. we have

n=mnx QQ,I).
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3 Pauli-Bloch electrons

In chapter 2 we set ¢ = 1 in the definition of H® in 2.1. The c-dependent Hamil-
tonian H*®¢ reads explicitly

H* := B + c(—iV, — A(ex)) - a + Vi () + ¢(ex). (3.1)

The nonrelativistic limit of (3.1), i.e. the behavior of H*“as ¢ tends to infinity, has
been intensively studied since the famous paper [FoWo] of Foldy and Wouthuysen.
They showed in a formal calculation that (H=¢ — ¢?) is, up to higher orders in 2
unitarily related to the so-called Pauli Hamiltonian

1
HY = H @ 1 — 583(6%’) ® o (3.2)

with the usual nonrelativistic Schrodinger Hamiltonian

1
H* = 5(—1’Vm — A(ex))? + Vi() + é(ex).
H&T is self-adjoint on H?(R3) ® C? ¢ L?(R3) ® C? under assumption (A1).

In this chapter, we first study in section 3.1 how to relate the time evolution
generated by (3.1) and the one generated by (3.2). Next, we will undertake for
H&T the same program as in chapter 2 for H5¢: we will identify subspaces that
are invariant under the dynamics generated by the unperturbed Hamiltonian, i.e.
by H*=" in section 3.2 by studying the unitarily transformed Hamiltonian

HP = (u &® 1((:2) H€:O’P (Z/{_l (029 1@2)

per

acting on H, = U (L*(R3))®@C2. In section 3.3 we will perform the space-adiabatic
perturbation theory for H5* and finally, in section 3.4 we will study the semiclas-
sical limit. Since the program is analogous to chapter 2 we will state the rele-
vant theorems, but instead of full proofs merely comment the changes. We also
note that H° is just the nonrelativistic Schrodinger-Bloch Hamiltonian studied
in [Teu|, chapter 5. Clearly, all the following results for H*" differ mainly from
the results derived there by an additional ®1c2 at the end of symbols and op-
erators and the fact that we have an additional subprincipal term coming from
—3eB(er) ® 0.
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3 Pauli-Bloch electrons

Remark 3.1 For sake of notational simplicity, we suppress the superscript P for
Pauli in in H>Y and in all derived quantities w,u, h etc. in sections 3.2, 3.3 and
3.4. For the comparison of the Dirac and Pauli quantities, we will re-introduce the
superscript in chapter 4.

3.1 The nonrelativistic limit

As mentioned in the introduction, we first aim to compare the time evolution
generated by the full Dirac Hamiltonian H¢ and the one of the Pauli Hamiltonian
H®? . The basic ingredient is the fact, as written in [Th], cor. 6.5, that the resolvent
of H>¢ — % ie. (H®° — C) ! has for each fixed ¢ € C\ R and each fixed ¢
a power series expansion in 1 that is absolutely convergent in ||-|| cr)- A careful
analysis of the proof in Thaller in our context shows that the power series converges
even in Sup.epo ) |l z(z2 g1y s will be important for the following.

Lemma 3.2 (H*°—c*—()! has, for each fizred ¢ € C\ R a power series expansion
£,C - 1 E
(H T Z C_n n
n=0

that converges absolutely in sup.cio.y [|*lzz2 1y for ¢ large (depending on ()
enough. The first two terms are

-1
mi©) = (3@ +viro-c) P

BQ) = 5P (504 Viro—c)

1 (1 !
9 Q+§Q<§Q2+VF+¢_<) Py

with
Q= (—iV,—Aer)) - o
Proof. In [Th] it is shown that

(Hs,c _ C2 _ C>_1

= (Pt g e@+ 0) K (14 g5 (i 9 @+ O)

with 3
K = (12 50RO R

2c2
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3.1 The nonrelativistic limit

and .
_ 1 -
RaQ) = (17— 7' = (50" + (e + )P — )
whenever all quantities are well-defined. For fixed e, we know that

RS (Ol £(z2,m2) < o0,

therefore one can expand K(c™2) into a power series in % that converges in
[l £(z2,zr2)- 1t follows that also (H#¢—c?>—()~! can be expanded into a power series
that converges in ||-|| ;2 gy (observe that [|Q|;(z2 g1y < 00). It remains to show
that the expansion is uniform in e. Since we know that sup.cjo..) Q| £ g2 g1y < 00
(because A is bounded together with its derivatives), it only remains to show that

sup | RS (Ol g (z2, a2y < 00
e€[0,e0)

To this end note that with a variant of the resolvent equation we have

R = (38 -¢) (1= Lagr)

with (34, — C)_l € L(L?, H?). Furthermore
(e — %Ax) — 2A(cx) - Vs + £(VA)(ex) + A(ex)? + eB(ex) + Vi(x) + dlex),

ie. (H** —2A,) is bounded from H' to L? uniformly in e (recall that Vi is
infinitesimally bounded w.r.t. V) and we have that

sup ||R;(C)Hz(L2,H2)§C sup ||RZO(C)H,C(L2,H1)'

€€[0,e0) €€[0,e0)

Since we also know that (1A, — ()_1 € L(H™',H") and that (H=® — 1A,) is

bounded from L? to H~! uniformly in e, we can repeat the argument and have

sup (| R (Ol zz2,my < € sup [RS(Ol 222
€€[0,e0) €€[0,e0)

and the result follows. =

As explained in chapter 2, we are interested in time scales of order (’)(é) How-
ever, the difference in the time evolution between H®¢ and H® comes not only
from the e-dependent external potentials, but also from the presence of the peri-
odic potential Vi and therefore one cannot expect that the Pauli approximation
holds over time scales of order O(1). Instead we study time scales of order O(c)
and get the following result:
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3 Pauli-Bloch electrons

Proposition 3.3 One has
1
(explict(H™ = ¢*)) = exp(ictHp) © 0) X(_q,q (H™") ® 1 = O(=(1 + [t])(a* + 1))
for any spectral projection x(_, (H® PY of the Pauli Hamiltonian.
Proof. We write
(exp(ictH*") ® 0 — exp(ict(H** — ¢*)) (H*" — i)' ® 0)
1
= (H*—c—i) "1+ 2—@) exp(—ictH") ® 0
c
. €,C 2 €,C 2 A\ —1 1 1
—exp(—itc(H* — ) (H® — c* —1)" (1 + 2—CQ) + O(E)
t
= / dsdi exp(—ic(t — s)(H*® — *))(H** — ¢* — i)~}
s
1
x (1 + 2—CQ) exp(—icsH") ® 0 + O(E)

with O(2) in the norm of bounded operators because

1
(Ha,c _ C2 o i)_l _ (Ha,P _ i)_l — O(E)
in £L(L* H') and Q € L(H"', L?). Next we consider the integrand. One has

js <exp( ic(t — s)(H™* — ) (H™ — ¢ — i)' (1 + %Q) exp(—icsH*") @ 0)

= dcexp(—ic(t — s)(H" — ¢?))
« ((1 + i@) C(H - - i) (1 + ziccg) (B i) @ 0))

x exp(—icsH®T)
= icexp(—zc(t — 8)(H€C - ))

<1+ Q) (H> =) ®1) —(Ha’c—cz—i)‘1(1+2%@))
x exp(—icsH®T) ((H6 oD e 0)
= 0() (B> ~ i) ©0)

with O(2) in the norm of bounded operators (recall that the power series of (H=¢—
c* — 1)~ converges in L£(L? H')). Together

<exp(—léHa’P) _ exp(—z’%(HE’c - 02))) (H — )2 @1) =0l

Cc
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3.2 The Pauli Hamiltonian

in the norm of bounded operators. Now, if we project with X[_a,a](He’P) ® 1, then

H (exp(ict(HE’c — ) —exp(ict H") ® 0) (X[_a,a](Ha’P) ® 1) Hﬁ(y)
< |[(exp(ict(H* — ¢*)) — exp(ictH*") ® 0) ((H*" — i) @ 1)
[((F=F = )? @ 1) (Xj-g (") @ 1) |

< (a4 1)(9(%).

Hc(m)

L(L2)

3.2 The Pauli Hamiltonian

In this section, we want to start the adiabatic analysis of (3.2) by studying the
unperturbed Pauli Hamiltonian. As in section 2.1 one applies the Zak transform
and has

®
(Z/{ (29 1@2) HEZO (U_l X 1((32) - / Hper(k)
R3
with
1, .
Hualh) = (509,407 4 V50) ) @ 1c:

= :HS ®1c2, keR3

per
Hyer (k) is self-adjoint with domain D := H*(T?) ® C* C L*(T®) @ C* =: H; for
each fixed k and 7-equivariant as function of k. The same holds true for A3 (k)
with domain D¥ := H?*(T?) C L*(T%) =: H}. Each Hye(k) (and HJ, (k)) has
purely discrete spectrum accumulating at infinity because

RowlCF) = () = )"
= RS(CH) @1

is compact. In contrast to chapter 2, H,. is semibounded and therefore the
labelling of the eigenvalues causes no problems. We denote the eigenvalues of
H,e:(k) in increasing order and according to their multiplicity with £, (k), n € No.
Note that to each eigenvalue of HJ corresponds an eigenvalue of Hpe (k) with
twice the degree of degeneracy. This degeneracy corresponds to the symmetries of
lemma 2.2 and corollary 2.3, the latter one now being valid even without inversion-
symmetric Vr. To reflect this structure, we introduce E (k) as the n-th eigenvalue

of HS, (k) and note that with this convention we have

E2n+j:E57 nEN07j:071'
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3 Pauli-Bloch electrons

Furthermore, the corresponding eigenfunctions ¢, (k) of Hpe (k) and ¢ (k) of
H?S (k) satisfy the relation

per
802n+j(k) :¢5<k)®6% nEN07j:071

where e; is the j-th unit vector in C?. Finally we note that the resolvents Rpe (¢, k)

and Rgcr(g , k) are smooth in k and that all its partial derivatives are holomorphic

in ¢ on {(k,¢) : ¢ ¢ o(Hper()) = o (H3 (k) }-

3.3 Adiabatic perturbation theory

Now we want to analyze the Hamiltonian

H% : :(L{®1C2)H€ (Ll_l@lcz)
= G(—ivy +k— A(EVE)? + Vely) + ¢(€VZ)> ®1c2 — eB(EV]) @ &

1
= H @1 — 5BV @0

To this end, we start with the observation that H¢ is the Weyl-quantization of the
symbol Hy + eH, € S¥° (e, L(D, H;)) with

Holan) = (509,40 AP+ Vel + o)) @1e: (33
= Hy(q,p) ® Lez,
o) = Lo (350)-0).

Due to the eigenvalue structure of H,e(k), every isolated family stems from an
isolated family {Ej},ezs of HS, (k). Therefore, we first fix (w.l.o.g.) an isolated

family {Es,4;(k)}nez,j—01 of bands of Hye (k) with Z = [I_,I;] NNy as well as
enclosing circles Ape (k). The corresponding projection satisfies

Pper(k) = /A ®) dCRper(Ca k:)

P
per

= P5 (k)® 1 (3.4)

per

where P3_(k) corresponds to the isolated family {E, (k) },ez of HS. (k). Following

per per

[Pa] there is a smooth, right 7-covariant unitary U3 (k) € U(H7) intertwining
P5 (k) and P2 (0) =: 72, i.e.

US (k) PS (K)US (k) = P2 (0).

per per per per
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3.3 Adiabatic perturbation theory

It follows that also
UL (k) :=US (k) ® 1¢2 (3.5)

per per

is smooth, right 7-covariant and intertwines Ppe (k) and Ppe(0) =: m,. Defining
U, (k) == Uper (k) x,, With x,, :== ¢,,(0) we have

Pper(k) = Z <¢2n+j(k)> '>¢2n+j(k)

neZ,j=0,1

where
Yoy (k) =105 (k) ®ej, neI® j=0,1

are smooth and 7-equivariant in k, but not necessarily eigenfunctions of Hpe (k).
We also introduce

K; : =RanP,(0)
= (RanPs(0)) ® C?
_ xS 2
= Ky eC
i.e. K; = C?N with 2N = |Z|. Now we can apply the same technique as in chapter

2 and obtain an analogous result.

Theorem 3.4 (Peierls substitution) Let {Es,+;(k)}nezj—01 be an isolated
family of bands in the sense of Definition 2.5 and let Assumption be satisfied.
Then there exist

(i) an orthogonal projection 115, € L(H,),
(i) a unitary map U® € L(H,, H,), and
(iii) a self-adjoint operator he L*(T*,Ky)
such that
[fexp(—iH7t), ][ = O(=(1 +[¢]))

and

Hexp(—z'H;t)H; _ye (exp(—iﬁt) @ o) U|| = o= + 1)),

The effective Hamiltonian h is the Weyl quantization of a semiclassical symbol
h € Sl_ (s, L(K;)) whose asymptotic expansion in € can be computed to any
order.
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3 Pauli-Bloch electrons

Proof. The proof is exactly analogous to the proofs in chapter 2, except that one
has to replace the order function w by w? (and one has a nonvanishing subprincipal
symbol H;). However, the new order function causes no problems regarding lemma
B3 =

Since Hyper = HY, (q,p)@1c2, Poor(k) = Po (k)®@1c2 and Uper(k) = US,, (k) ®1ce,
one might ask whether also the quantities of theorem 3.4 have this form. Indeed,
if we denote by u®, 7% h® etc. the quantities that appear when applying space-
adiabatic analysis on H;S, we have the following result which is useful for the

explicit determination of h as well as for the following semiclassical limit.

Lemma 3.5 We have
7Tj:7TJS®1(Cz, j:O,l

and
uj=ul ®1lcz, j=0,1.

Proof. For j = 0 this follows immediately from m(q,p) = Poe(q¢ — A(p)) and
uo(¢,p) = Uper(q — A(p)). For m, we first observe that

Ri(€) = —(Ro(Q)t(Ho — (), Ro(C) — Ro(¢)H1Ro(C)
=~ ((RSOUHS —0), BS(0) ® 1 + SRSORS(O) @ (B) - o)
= RIQ 1o+ (R(Q) © (Bo) - o).
On the other hand
[ ac(m©)* =0

therefore
T = 7Tf ® 1((:2

follows. Since for the construction of uy only ug, 7o and 7, are used, also
up = ud ® g2

is clear. m
Now we can also compute the principal and (in the case of a single eigenvalue
band) subprincipal symbol.

Corollary 3.6 The principal symbol of the effective Hamiltonian in theorem (3.4)
15 given by
ho(q,p) = hg(¢,p) ® L2
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3.3 Adiabatic perturbation theory

where hi has matriz elements

hg(qvp)vuu = <¢§(q - A(p)), H(?(Qap>¢i(q - A(p))> ) v, € {17 R N}

where HY is defined in (3.8). If the family {E,}ner consist of a single 2-fold
degenerate eigenvalue E,(k) = E2(k), then we have (in the notation of theorem

ho(g.p) = (E7(2) + ¢(p)) Lies ® e

and
hi(q,p) = (=FL.(@p)  A%(@) — B(p) - M*(@)) 1xs ® 1=

31k © (B) o),
where § = q — A(p), v,u=1,2. F2 A5 and M are defined by
Fro (k. p) == =Vo(p) + VEZ (k) x B(p),
AS(K) 1= i (4 (R), Vi (1)),
and ,
MO (k) 1= 5 (Vi (), < (H, (k) = B3 (R) Vi (k)
Proof. One has
hy ® O,CJ% = uoHomouy;
= wiHSmoud* @ 1co
= (h§ & OK?,L> ® Lco
= (hf @ 1c2) ®Oprs
where we identified
(KieKiheC 2 (KieCh)e (/cﬁ* ® C2> .
Furthermore
hi(q,p) @ OICj; = (ufHolimgu™), (¢, p) + woHimous(q, p)
= (uHF I 8u), (q.p) ® 12

5 (1 ©1c2) (1s © (B) - 0)) (nfu* © 1c2)

1

The computation of hi and hy is as in chapter 2. m

57



3 Pauli-Bloch electrons

Remark 3.7 The Hamiltonian hi + chy is just the effective Hamiltonian derived
in [Teu], chapter 5.

3.4 Semiclassical limit

As in chapter 2 one obtains, in the case of a single 2-fold degenerate eigenvalue
band FE,, semiclassical equations of motion in the reference representation. The
degeneracy is, as explained in lemma 3.5, of a particular simple form, i.e. it does
not interact with the transformation between Zak and reference representation.
Therefore, we can translate all our results back even to the physical representation,
in contrast to chapter 2 where this was only possible in principal order for scalar-
valued symbols. As to be explained in detail below, one arrives at the equations
of motion

g = V(B (m) (q) - M5()) + eQus () x 7 (3.6)

w —¢eB .
Vy(d(q) —eB(q) - (M®(m) +n)) + ¢ x B(q)
n = nx B(q).

with Qs := V x A% and A°, M?® as defined in corollary 3.6. To be precise, let
Pt = ((i)ff, PLe, (fff) be the flow generated on R® x S? by 3.6 and let

< (q, p,n) == (g, p — A(q),n) + (0, Ao B:*(q,q — A(p)),0). (3.7)

Then we have the following result for observables b that are the Weyl-quantizations
of symbols b € S*(R®, £(C?)) and T'*-periodic in the second argument.

Theorem 3.8 Let E, be an isolated two-fold degenerate Bloch band and ®%¢ =
(®Le, BLF) be defined as in (5.7). Let furthermore b € Cpo(RS x S2?,C) be I'*-

q,p’
periodic in the second argument, i.e. b(q,p +~v*,n) = b(q,p,n), let

IF .= (Z/l_l ® 1@2) IS, (U @ 1¢2)

b.(t) := 2/52 d\(n)bo ®"°(-,- n) (%1@ + \/gn : 0') :

Then we have

and

e (exp(@'H'ft/g)Bexp(—z'Hft/e) - b/o(T)) I = O()
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3.4 Semiclassical limit

and, if b is independent of n,

—

e (exp(@'HEt/e)Bexp(—z'Hft/e) - be(t)> I = O(c2)

uniformly for any finite time interval, with b := b(0) and the Weyl quantization
in the sense of b = b(—iV,, ex).

To prove the theorem, we use the same strategy as in chapter 2. First we do
the semiclassical limit in the reference space, then we translate it back to Zak and
physical representation. Since many of the steps are similar, we shortened the
presentation except for the parts where substantial differences arise.

We start with introducing the same correspondence between E(ICJIf ) = E(IC? ®
C?) = £(C?)-valued symbols on R® and scalar-valued symbols on the larger phase
space R® x 5% as we did in section 2.3. Note that now the quantity A(n) has the
particular simple form

1 3
An) = Tgs @ (51c: + \/;n-a).

The effective Hamiltonian including the first order reads
h®(q,p,n) = ho(q,p,n) +€hi(q,p,n)
with
P o~ s s V3
hl(Q>p7 n) = _FLor(Q>p) A (a) - B(p) - M (a) + TB(p) - .

In analogy to the results in section 2.3 we first get the equations of motion in the
reference space as

q = _Vpha(qap> n)
) = vqh'e(cbpv n)
n = nx B(p).

resp. the equations of motion in terms of the kinetic momentum as

q = —V¢(p)+15><B(p)+€§vp(3(p)-n)

+5vp (FLor(zjvp) ' AS(&') + B(p) ’ MS(&'))
p = VE(@) —eVi(Fa(@ p) - A%(@) + B(p) - M5(9))
n = nx B(p).
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3 Pauli-Bloch electrons

The translation of the equations back to the Zak representation requires some care,
therefore, we give a proof of the following lemma which is in principle analogue to
lemma 2.20

Lemma 3.9 Let a € S*(e, L(Ky)) with ag independent of n and
b:=u"t(a®0)fu.

Then
a=2 / ) (00 T) (- m)A() + O)

and vice versa

b =2 / ) (@0 T) (- mA(n) + O()

with
Ti(q.p,n) = (gt (VA Alg— Alp)),p £ eAlg — A(p)),n),
An)=7°® (%1@ + \En o)
and

b(q, p,n) := Tr(b(q,p)A(q, p,n)).
Proof. We have

b = ui(a®0)tu
~ / AA(m)usa(-, - n)butus (A(n) @ 0) fu
S2

= 2 [ dxmutals - mguzA()
SZ
= 2 [ 4\ (ol i) @ 1cr) EA ()
5‘2
where we used lemma 3.5. Now, as in lemma 2.20 one shows that

u*fa(-, -, n)ju’ = ao T_(-,-,n) + O(?).
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3.4 Semiclassical limit

Furthermore, one has

u't (A(n) ©0) fu

= (uS* & 1@2) i <<1K? ©® OK?,J_) ® (%1@2 + \/gn . 0')) i (uS &® 1@2)

- (3 (1 000) ) 0 et o)

1 3
= ® (51(32 + \/gn co).

Moyal-multiplying from both sides with u* and u gives the second statement. m
Now, as in section 2.3 one can translate the equations back to the Zak represen-
tation and has the equations

i = —V,(6(p) —eB(p)- (M@ +n))+ep x B(p) (3.8)
p = Va(E@Q) —eB®p) M) +eQus(q) x ¢
n = nx B(p).

Not surprising, the first two equations in (3.8) are the equations of motion derived
in [Teu|, chapter 5, except for the fact that we have an additional term com-
ing from the subprincipal symbol H; of the original Hamiltonian. If we call the
corresponding flow as étz’a resp. the flow in physical coordinates as @tZ’a, ie.

DY (q,p,n) = 5 (¢ — A(p),p,n) + (Ao Y (¢ — A(p)),0,0),  (3.9)
then we have (as in chapter 2) the following result.

Proposition 3.10 Let |Z| = 2, i.e. E, is an isolated two-fold degenerate Bloch
band and Y be defined as in (3.9). Let furthermore b € C°(RS x S2,C) and
b € SY(RS, L(HF)) be given by

ba(t)::2/ dA(n) (bo (Ith’a) 1,s ® <11<c2 + \/gn : 0')
52 f 2 4

Then we have
TS, (exp@H;t/g)Bexp<—¢H;t/g) - b/o(\t)) I, = O(c)
and, if b is independent of n,

I, (exp(@'Hgt/e)Bexp(—z'H;t/e) - bg(t)> 5, = O(<?)

with b = B(O)umformly for any finite time interval.
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3 Pauli-Bloch electrons

Proof. The derivation of the semiclassical limit in the reference space is exactly as
in chapter 2. For translating the result back to the Zak representation, we observe
that lemma 2.20 is valid as well because of lemma 3.5. m
Now we can give the proof of theorem 3.8.
Proof. (of theorem 3.8) We insert U ' ®1¢2 and U ® 1¢2 between the quantities
of proposition 3.4. By definition we have
IIF = (L{_l (29 1@2) H‘EZ (LI & 1@2)
and
exp(iHt/e) = (U™ ® Lc2) exp(iHyt/e) (U @ 1c2) .

Furthermore we have

U@ 1) W (2 /52 dA(n)bo ®“°(-, -, n)A(q, p, n)) (U 1c2)

- 2/52 dA(n) (u—lw (b o b (-, -,n)lH?) u) ® <%1C2 + \/gn : a>

including the cases ¢ = 0 and t = 0 (the latter one leading to B) Now as in
chapter 2 the result follows with proposition 5.21 in [Teu]. m

3.5 Adiabatic perturbation theory with relativistic
corrections

In section 3.1 we stated a theorem relating the time evolution of the Dirac Hamil-
tonian with the one of the Pauli Hamiltonian. Unfortunately, we were not able to
prove such a relation including relativistic corrections of higher orders. However,
one can, as done in the physics literature derive relativistic corrections to the Pauli
Hamiltonian at least on a formal level. The resulting Hamiltonian derived in [Yn],
p- 84 reads in our case

1
H>" . =H>" — @((—zvz — A(er))? — eB(ex) - 0)?

1
+@ (VVi(z) +eV(ex)) x (—iV,) - o — AVp(z) — e*Ag(en)) .
The unperturbed Hamiltonian in Bloch-Flouquet representation reads in this case

1 1
() = 5(=iVy+ k) +Vily) = £ 5(=iV, + b)*

1 , 1
—l-@VVp(y) X (=iVy+k) o — @Avp(x).
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3.5 Adiabatic perturbation theory with relativistic corrections

Under suitable additional assumptions on Vr, Hy7 (k) is self-adjoint with domain

D := HYT?*) @ C* C L*(T?) ® C? and one can apply space-adiabatic perturbation
theory as in the Dirac or Pauli case. The resulting effective Hamiltonian yields

("), (¢:p) = (V3 (q — A(p)), Hy (¢, 0¥ (g — A(p))), vipe{l,...,N}

with
sr 1 . 1 :
Hi (q,p) = Hy — @(—Ny +q—Ap)* + 52 (VWr(y) x (—=iVy) - o — AVr(y))

and 7" (k) eigenfunctions of the unperturbed Hamiltonian H’! (k). As in the

per
Dirac and Pauli case, one can compute the first order corrections in the case of a

single two-fold degenerate eigenvalue band FE, (k) as

(h1),,(¢:p) = —Fra(q,p) A .(q9) — B(p) - M}, (q)
+ (W3 (g — Ap)), Hy" (¢, p)¥5 (¢ — A(p))) -

where ¢ = q— A(p), v,u=1,...,N. FrLo, A and M are defined analogously to
the Dirac resp. Pauli case and H{" is given by

1 1 ,
Hi"(q;p) = —5Bp) 0= 15(=iVy+q-AP)*(B) - o)
1 .
+@V¢(P) X (=iVy+q)-o.
Due to the spin-orbit term VVp(y) x (=iV, + k) - o, that appears already in
the unperturbed Hamiltonian, one has no special symmetry in the eigenfunctions

of a band as one had in the Pauli case for |Z| = 2. Therefore, the results do not
provide new insight compared to the Dirac case.
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4 Nonrelativistic limit of
Dirac-Bloch electrons

After having studied the adiabatic limit of the Pauli Hamiltonian, it is natural
to ask whether all the quantities in chapter 2 have a limit as ¢ tends to oo and
whether this limit agrees with the corresponding quantities derived from the Pauli
Hamiltonian. To fix notation, we put a super- or subscript P on the quantities
of chapter 3 and make the c-dependence of the quantities of chapter 2 explicit
either by putting a superscript ¢ or writing the quantity as a function of ¢. The
keystone for our analysis is, as in section 3.1, the fact that the c-dependent resol-
vent Rye(C, k, ¢) as introduced in (2.6) has for fixed (¢, k) a power series expansion
around ¢ = oo of the form

1
cn

Rper(g + 62, k’, C) = Rper,n(Ca k)

WE

Il
o

n

for ¢ large enough according to [Th]. An analysis of the proof of Thaller in section
4.1 shows that in our case the power series converges not only pointwise, but
can be also differentiated coefficientwise with respect to k& and ¢ and that the
power series of the derivatives converge uniformly in k € M*, ¢ € Aper(k) for 1
small enough. Moreover, one can even give a lower bound R on the radius of
convergence independent of the degree of the derivatives. In particular, for % <R,
the existence of an isolated family {E,(k,c)}ner enclosed by circles AL (k) + ¢
with Af . from chapter 3 independent of ¢ follows. Furthermore also Ppe(k, c),
the unitary Upe (K, ¢) and their derivatives have uniformly convergent power series
expansions for % < R.

Next, in section 4.2 we will study how these results are related to the symbols
7(c),u(c) and h(c) resp. their quantizations. To make the quantities comparable,
one chooses as reference space the reference space of the Pauli Hamiltonian. Then

one can show that 7(c), u(c) and h(c) — ¢ have, for £ < R power series expansions

in % that are absolutely convergent in ||||£Ll) for any n € N, which translates to
a norm-convergent power series expansion for their quantizations. The result is
given in theorem 4.4. An obvious question is also whether the central statements
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4 Nonrelativistic limit of Dirac-Bloch electrons

of theorem 2.6, i.e.
[exp(—iH7t), II5]|| = O(e™(1 + [t]))

and

exp(—tH )l — U™ (exp(—z’ﬁt) ® 0) U®

= O™ (1 + [t]))

hold uniformly in ¢. Unfortunately they don’t need to, but one can at least show
that the error term is at most linearly growing in c¢ as stated in theorem 4.4.

Finally we also study the behavior of the semiclassical limit. In particular,
theorem 4.7 tells us that one can approximate the time evolution of an observable
under the Dirac Hamiltonian by the semiclassical equations of motion derived from
the Pauli Hamiltonian.

4.1 The unperturbed quantities

As mentioned in the introduction of this chapter, we first concentrate on an ex-
pansion of the unperturbed resolvent Ry (¢ + ¢? k,c) and the existence of an
isolated family {F,(c)}nez in a neighborhood of ¢ = co. After that we focus on
the projection Py (k,c) and in particular on the 7-equivariant unitary Upe(k, ¢).
As a start, we fix an isolated family { EZ'(k)},cz of eigenvalue bands of the Pauli
Hamiltonian and enclosing circles Af:er(k) as in chapter 3. In the following, we will
deal with the Hamiltonian
Hx. (k)= H! (k) ® %(—Ny — k)?

per per

self-adjoint on DF @ DF =: D> C HY = H}D ® H}D and its resolvent

R%.(C, k) := (Hpe(k) =€)
Therefore it will turn out useful to assume that

it dist(Af (k) o(H3%,(K))) > 0.

-1

per per

Note that this condition on Afjer is stricter than the one introduced in chapter 3,
but since £(—iV,+k)? has for fixed k € M* purely discrete spectrum accumulating
at infinity and it was not required for AT to be continuous, this can be satisfied

without further problems. Furthermore we choose Of,, C C x R? and Kb, C
C x R? such that

U (ADL(k) x {k}) c KL, c OF, ¢ | (C\ o(HZ (k) x {k}).

kER3 kER3
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4.1 The unperturbed quantities

Finally, we introduce the projectors
T = lpm)® (1cz @ Oc2),
m = 1—my

on the upper resp. lower components. The quantizations of w4 (precisely: of the
symbols (¢q,p) — 74) are Py := w1. In the following, we will frequently use the
splitting of an operator A € L(Hy) into its diagonal resp. even part

AP =q Am, +m_Am_
and its off-diagonal resp. odd part
AP — g An_ 4 mw_Arm,.
Now we turn to the expansion of R (C+c?, k, ¢) starting with the following lemma.
Lemma 4.1 Let K(C, k,c) == (1 — 55¢ RX.(C k) Re.(C.k). Then K(C k,c)
1s well defined for ¢ > \/ |C| HR and has the power series ex-

panswn

1

per C k H,C(H?O,Dw)

oo n+1
Kk => 55 (Srnen)

Moreover, for any a € Ny x N} the series converges absolutely in the sense of

SUP (¢ k)eKE, for

%ewr]
R Nl £ Do)

c> sup
(CR)EKL,

Proof. Clearly, for fixed (¢,k) € OL, and ¢ > \/ P 1 R (M) e oy W
f )

can expand (1 — —C RX.(C, /’{;))_1 into a von Neumann series that converges in
|-l L) It remains to show that the series converges in the sense of

|C * Reg,(C. k)

E(Hw,Dw)

aa . .
(g,ks)lgl){&r H (C,k) HL(H;O,D“’)

To this end, we fix [ € N and observe

2 l
a&,k) (< per(g k))

- Z a1, a1 a(l Ha&(/’i < (e k)>

a(l)-l,-----l,-a(l)_a
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4 Nonrelativistic limit of Dirac-Bloch electrons

For | > |a| every summand has at most |a| factors that with ¥ # 0, therefore
we have the norm estimate

<2 C2 I—|o
a&,k) ( por(< k)) < l|a‘Ca por(c k)
L(HF,D>)
with
C lex]
Co:=|1+ sup sup 8 —R;‘;r(c,k) < 0.
(CR)EKL, B<a L(HF,D>)

Co < 00 can be seen inductively by noticing that K. is compact, R (¢, k) €
L(HF,D>) and differentiating the relation (Hgg, (k) —C) R%.(¢, k) = 1 from which

per
one obtains

DR R) = —REGE) Y (g)aék< B (k) — O) 02 RS(C,B).

B<a,B#0
Now the claim follows by observing that the radius of convergence of the power

series Yoo 192! is 1 independent of . m

Proposition 4.2 For each fized (¢, k) € O

per

and all o € N} x Ny, O oy Rper(C +
2 k,c) is well-defined for % small enough and has a power series expansion

(0% o 1
a(g‘,k)Rper(C + C2> k. c) Z _n Ryern (¢, k).
n=0
Moreover, the series converges absolutely in the sense of sup ., k)EKE 8& K’ ( :
er ) L Hf,D

with convergence radius R independent of co. The first two coefficients are given
by

RPGT,O(C7 k) = per(g k)
_ 1 0 per(g k) ((_Zvy + k) . 0-)
fpera (&) = 5 (((—z‘vy F) o) BE(CH) 0 )
Proof. According to [Th], one has the identity
Rou(C+ ¢,k 0) (4.1)

= (Por g (o w0+ ) ) ko
x (1 + Qicvr(y) <a (—iVy — k) + %C) K (¢, kxc))_l
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4.1 The unperturbed quantities

whenever the right hand side is well-defined. For fixed ((, k) the last factor can be
expanded into a von Neumann series

(1 + 5 Vi) (a =iV, — k) + %c) K.k, c)) B (4.2)
- > 2 (540 (- mma -0+ ) K o)

whenever c is large enough that
1
c

< 1.
L(Hy)

%Vp(y) (a (—iVy, — k) + %C) K(C k)

Note that such a c exists since | K((, k, ¢)|| £(1; o=y Stays bounded for large ¢ (as it
is a power series in < for ¢ large enough) and Vi (y)(—iV, - @) as well as Vi (y) are
bounded operators in £(D*,Hy) by assumption (Al). Together with the series
expansion of K (¢, k, c) in lemma 4.1 it follows that Rye. ({4 ¢?, k, ¢) has a (a priori
pointwise) power series expansion

[e.e]

1
Rper(c ‘I’ C2, k C C_aner n C k (43)

n=0

The first two coefficients follow by direct computation as in [Th].

with conver-

Next we show that (4.3) converges in sup y)exr

per

(C”“)'Hz(nf,p)
gence radius R, depending on «. To this end let, for = < Ry, K(C, k,c) converge

I Sup(¢ pyexp, (C’k)'Hg(Hf - for all 8 < «,
sup  sup K(( k C)H <1
(¢k)eKE,, B<a (C k) L(Hy,D>)

and

1
— sup sup
C (¢,k)eKD  B<a

per

<1
&

8&,@%%(9) <04 (=iVy — k) + EC)

L(D>,Hy)

Then also (4.3) converges in sup(¢ yyerr for all # < «, in particular

per

e
B lenym)

o 1.,
a(gk)Rper(C + 02’ k’ C) = Z C_na(gk)Rper,n(Ca k) (44)
n=0
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4 Nonrelativistic limit of Dirac-Bloch electrons

Finally, we show that there is even a a-independent lower bound R on the radius
of convergence. One observes that the derivatives of R,e.(C, k, ¢) satisfy

a&,k)RPCT(C + 027 ka C)

Q a—
= —Ryu(C+ ko) Y < ﬁ) O gy (Hper(k, ) = 0) 07 1 Rpex (C + ¢, k).
B<a,B#0

Inductively it follows that 0&7,6)Rper(§ + ¢%,k,c) is a sum of compositions of the
derivatives of Hpe(k, c) — ¢ (that are either 1 or ca;) and the resolvent Rye, (¢ +
% k,c) itself. This sum of compositions expands therefore into a polynomial
. . . 1 .

in ¢ and a power series in - that converges absolutely in sup ;e KE, |l £(H;,D)

for % < Ry =: R. By uniqueness of the power series expansion this expansion
and (4.4) must agree, therefore it follows that the power series (4.3) converges in

le" 1

This proposition gives us also information about the existence of a c-dependent
isolated family.

SUP(¢ k)eKP

per

Corollary 4.3 Let {EF(k)}ner be an isolated family of eigenvalue bands of the
Pauli Hamiltonian. Then, fm’% < R, the family { E,(k, c)}nez 1s also isolated and
enclosed by the circle Afer(k:) +c%. In particular, all the quantities of chapter 2 can

be constructed for % < R.

Proof. We recall that Afjer(k;) +¢? can be chosen to be locally constant in k. Since
Rpex (-, ki, ¢) is defined on AL (k) + ¢® for k € M*, 2 < R by proposition 4.2, we
know that

Poulkre) = /A o G 10
per +02

_ / A Roer (€ + P )
Aper(k)

is for all k& € M*,1 < R an projector of (by local continuity in k) constant

dimension d and that Al (k) + ¢ separates d bands of eigenvalues (resp. bands
whose degree of degeneracy add up to d) from the rest of the spectrum. This family
must necessarily be isolated. Furthermore, the indices of the families {EX(k)} ez
and its corresponding cdependent family (i.e. the set Z) are the same since £ (k, ¢)
was defined as the lowest eigenvalue greater than 0 as in the case of the Pauli

Hamiltonian. =
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4.1 The unperturbed quantities

It remains to show that also P, (k, ¢) and Upe (K, ¢) have power series expansions
in L. For Py (k, c) it follows by the formula

Poer(k,c) = / dCRper (C + e, k,c)
Aper (k)

and proposition 4.2 that

=1
Pper(kv C) = Z on (/A " dCRper,n(C + 02, k))

where the power series is for all m € N absolutely convergent in

sup sup ||81?'HL(HJ»,D)
|a|<m keM*

for % < R. For Upe (K, ¢) we know that

Upero = UL (k) ® exp(iky) (4.5)

per

is smooth, right 7-covariant and intertwines P,e; (k) and Pper(0), i.e.
Uper,0 (k) Bper, 0 (k) Uper0 (k) = Ppero(0), k€ M™.

Now if we choose (w.l.o.g.) R small enough such that

1
D || Prcro(k) = Poes(I )] < 5
keM*

for all £ < R, we can define Uy, (K, ) using the Nagy formula, i.c.
Uper (K, ) (4.6)

= (1= (Bero(k) = Boerlk, 0))*)
X (Bper.c(F) Bper (K, €) + (1 = Poere(k)) (1 = Poer (K, €))) -

1
2

Now we know that

U? o (k, €) Poer (ky €)Uper (K, €) = Ppero(0).

per
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4 Nonrelativistic limit of Dirac-Bloch electrons

Furthermore, by construction it is clear that Up,e(k,c) is right 7-covariant and
smooth in k. Furthermore, formula (4.6) shows that

e e}

1
per k: C _n pern (47)

n=0

where the power series is for all m € N absolutely convergent in

Sup - sup 105 H[,(Hf D)
|a|<m keM

for T < R and with Upero(k) given in (4.5).

4.2 Adiabatic perturbation theory

Now we turn to the question how the results of the last section can be used to
derive power series expansions of the symbols derived in section 2.2 resp. their
quantizations. The following theorem follows from proposition 4.5 and the proof
at the end of this section.

Theorem 4.4 Let {EF(k)},er be an isolated family of bands of the Pauli Hamil-
tonian and, for 2 < R, {E,(k,c)}nez be the corresponding isolated family Hpe,(k, c)
(see corollary 4.3). Then the following holds:

1. 115°,U%¢ and ﬁ(c) as in theorem 2.6 have power series expansions

H'}C—Z —117 ., Z US and h(c Z

that converge absolutely and uniformly in for < R.

2. One has
[[exp(—iHZt), TI5°]|| = O(ce™ (1 + [t]))

and

Hexp(-z'H;%)ngc —(UEe)* (exp(—ifl(c)t) @ o) e

= O(ce™(1+|t])).

To prove theorem 4.4 we start, as in section 4.1 with the Moyal resolvent R((, )
and continue with studying the symbols 7(c), u(c) and h(c).
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4.2 Adiabatic perturbation theory

Proposition 4.5 Let 1 < R and R;(¢,c) be as constructed in lemma 2.10. Then
there are coefficients R;,, € SH(L(H;)), j,n € Ny such that

=1
R;(¢+ % ¢) Z C—HRM (4.8)
n=0

where the right hand side is, for any m € N, absolutely convergent in ||||7%) uni-
formly in C. Furthermore, R;, is diagonal resp. off-diagonal in the m-splitting
for n even resp. odd and Ry = 1 R;omy for all j € Ny.

Proof. For Ry we have immediately by proposition 4.2 that

(C+C qu :ZC%RpornC (b() (p))

with convergence in ||||$) uniformly in (. Now assume that (4.8) is valid for j < n
and that furthermore for j < n

R;o(C) = 7 Rjo(Q)my

and that R;,; is diagonal (resp. off-diagonal) in the m splitting for [ even (resp.
odd) which is obviously satisfied for j = 0 (see also Thaller [Th]). Then for n + 1
we have by definition

Rya(C+c2c) (4.9)

= —Ro(C+¢¢) ((H Z»SJR + ¢ c>
n+1

<n

= —Ro(¢+ o) ((c@'- o+ ¢1)ﬂZ€jRj(< + cz,c)>
n+1

j<n

where we used that the (¢, p)-independent terms of H(c, g, p) do not contribute to
the right hand side. Obviously, we have

Rua(C+ 6 =5 eRy 1O+ 3 - Rial)
n=0

where the power series part is for all m € N absolutely convergent in ||| S) uni-
formly in ¢. Furthermore, from (4.9) it follows that all R;, with n even (resp.
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4 Nonrelativistic limit of Dirac-Bloch electrons

odd) are diagonal (resp. off-diagonal) because cav maps diagonal terms into off-
diagonal terms (and vice versa) and shifts the index about 1 whereas ¢(p)1 leaves
diagonality resp. off-diagonality invariant. Finally we observe that

Ruy1-1(Q) = —Roo(C) <c§-aﬂZejRj,o(<))

jsn

= —mRoo(C) (c&- TLam Z 5jRj,0(C)7T+>
n+1

j<n

=0

and

Ruy10(0) = —Roo(Q) Ca'aﬂZEjRj,1(<)>
n+1

Jjsn

Jj<n

—Ro1(C) | cq - af Z 5jRj,0(O>
n+1

—Roo(C) | 014 Z 5jRj,1(O>
n+1

j<n
= 7T+Rn+170(<)7f+

where we used that 7, commutes with diagonal terms. m
Using proposition 4.5 we can expand the other symbols of chapter 2.

Proposition 4.6 Let 2 < R and 7;(c), u;j(c) and h;(c) be as constructed in chap-
ter 2. Then one has

— 1 = 1 = 1
mi(c) = Z i uj(c) = Z i and (h(c) — 02)j = Z Cz_nhj?"'
n=0 n=0 n=0

where the power series are, for any m € N, absolutely convergent in ||||7(71) For

7 = 0,1, the zeroth order terms in % are diagonal in the m,-splitting and agree

with the corresponding terms in the Pauli case of chapter 3, i.e.
Tjo = wf ®0, Tiujomy = uf ® 0 and hjo = hf ®0, j=0,1.
In the case of a single eigenvalue of the Pauli Hamiltonian, i.e. |Z| = 2 we have

1 1 _ 1
(hpo), =~ <<pf, [—§A§ —io - (VW xV,) + §AVF]¢5> , v, ueT.

v T4
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4.2 Adiabatic perturbation theory

Proof. The definition
e = [ AR
AP+C2
= /<x&@+§¢)
AP

gives the expansion
o
1
mj(c) = E o an
n=0

where the right hand sides are, for any m € N, absolutely convergent in ||||£r1L)
for% < R. Next it follows that also the Moyal unitary u has a power series
expansion

1
u;(c) = > —ujn
n=0 cr

absolutely convergent in ||||7(71) for all m € N since u is constructed as a sum of
products of US_(q — A(p)), = and their derivatives.

per
It remains to prove the statement about h. We start with the observation that

HEpr) = [ acnico
= / dCR(C + ¢, ¢)¢
AP
2 d R 2
+c /AP CR(C+c*,c)
= / dCR(¢C + 2, ¢)¢ + *r(c).
AP

By the definition
ho O,CJ% = ufHimju"

it follows that

1

CTL

(h(c) — 02)j = i

n=0

h;,

where the right hand side is absolutely convergent in ||-| S) for all m € N. Next,
we want to show that all odd coefficients 5 9,11 vanish. In the series expansion of
Rper(C+c% K, ¢), the odd coefficients are all off-diagonal in the 7, -splitting whereas
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4 Nonrelativistic limit of Dirac-Bloch electrons

the even coefficients are diagonal. The same holds true for H,.(c). Since R,,
u and h are all constructed by multiplication, integration and differentiation of
these quantities and the product of a diagonal term with a off-diagonal term gives
an off-diagonal term whereas diagonal times diagonal terms and off-diagonal times
off-diagonal terms give diagonal terms, we conclude that also in the expansion
of (h(c) —c?) & O+ all odd coefficients are off-diagonal. However, we have that

7, = wym,m, and therefore all coefficients of (h(c) — ¢?) ® O,CJ% must be diagonal,
therefore the odd ones must vanish.

To compute the zeroth order terms in % explicitly, we state that since R o(¢) =
RE(¢) ® 0 it follows that

To,0 = /dCRo,O(O
A
= 7 ®0.

Furthermore, one has (see definition 4.5)

U, 0T+ = Ué‘il(q — A(p))my
Uper(a = A(p)) ® 0
= u)®0

and therefore
h(],o - héD

Next, we turn to the first order terms, starting with the computation of Ry(( +
2
o)

Ri((+cPc) = - (Ro(¢ + 2 0)fi(Ho — ¢ — %)), Ro(C +¢*,0)
= S{Ro(C+ ), Ho} Ro(C +¢,0)
= 5 {R00(©), 9} Roo(0) = 5{Roa(C). v~ @} Ron(0)

_%{30,0(0, a- T} Ros(C) + 0<%>-

Since the first term agrees with the corresponding term in the Pauli case, we go
on with studying the second and third term.
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4.2 Adiabatic perturbation theory

For the second term we obtain, using the relation (a-a)(b-«) = (a - b) 1+i(axb)-S
(and therefore [a - a,b- o] = 2i(a x b) - S)

(B Q). - 7} Rao(<)
- %{RO,O(C)(—Z'V@/ — @) - qiRoo(C)

%{((—Ny —q) - o) Ryo(C), - g1 Rp0(Q)

-

=0

]

_ —ZRO,O(C){?j' a, o Ry o(C)

7

+7 ({Roo©). T (=iV, = @) Roo ()

_i ({Ro,0(C), g} x (=iVy —q)) - SRo,0(C).

The third term becomes
5 {Rool©), 0 @} Roa ()
= ({Boo(Q).a- D=1V, =) - xR ()
= 2{R00(0). @ - (=¥, = D Roo(C)
7 {Ro0(Q). @)  (=iV, = D) - SRoa(0).
Putting this together, we arrive at
Rio(¢) = 5{Roo(¢),6}Roo(0) = 5 ({Roo(€),d} - (<iV, = 8)) Roo(¢)
7 Roo(O){7 - oo @} Roo(6)
= S{Roo(0), (=i, = D)’ + 6}Roo(€) + 5 (B() - S) Roo(¢)FoolC)
= R(Q®0.
Now it follows that

T1,0 = Wf@o,
(Him) = / a¢ (RP(Q) @ 0) ¢
Aper

= (H"#r"), ®0
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4 Nonrelativistic limit of Dirac-Bloch electrons

and also
P
U107+ = Uy ®0

since u, is constructed from wug, 7y and 7. Now
hl,O == hf ® O
follows directly.

In the case of a single eigenvalue band EX, we can also compute the term of
order % in hg as in [Th]: One has

Upor </A dCRpor(C + 027 ka C)C) U;er

= Upor </A dCRPCr(C + 027 ku C)(C - E*)) U;er + E*ﬂ-T

1 1
- U ( [ achpeatc e - E») Ui+ Bur, + O(2)
_ EPmo4 412 (=Y, + k) - &) (V — ) (—iVy + k) - &) 7.

where the terms prcrdQRper,j(C, k)(¢ — E.) vanish for j = 0,1 because Ry ;(C, k)

have only a pole of order 1 in EX. Furthermore, if one knows that also the
eigenvalue bands of Hp. (k) consist of a single eigenvalue E, (e.g. in the case of
inversion-symmetric V1), one has furthermore that (again as in Thaller, p.188/189)

1 1 . 1
(hy, 2) = <<py , [—§A§ —io - (VWr x V) + §AVF]¢5> , v, u€eTL.

]
Now we are able to give the proof of theorem 4.4.

Proof. (of theorem 4.4) We first study how the resummation procedure of
proposition A.7 can be adapted to the c-dependent case. Since the resummation
is a subtle point, we introduce the notation 7(c) = ZN(’S) elmj(c) ete. for the
resummation in contrast to chapter 2 where we used 7 for both the formal power
series and its resummation. For any formal symbol with coefficients 7; that have
a power series expansion

[e.e]

1
=D i
=0
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4.2 Adiabatic perturbation theory

that is absolutely convergent in ||H,(€w) for all k € N for 1 < R, we replace in the
proof of A.7 the definition

— min (L2 w)
5k.—m1n<z,§(l—l—r?<%x||7rl||k) ), kEeN

€k = min

| =

-1
1
5 <1+maxsupz 70| ) , keN. (4.10)

With this definition of e, we construct resummations

J
an]

and analogous for @, h. Introducing 7, := Z;V:(S)

quantizations 7, etc. we know that

g7, ete. and the corresponding

() = f: Clﬂm f: in and (c f: (4.11)
n=0 n=0 :O

where the right hand sides are absolutely convergent in sup.c( . |- () TESP.
SUD¢[0,c0) H~H£(Hfﬂr) resp SUP.efo.z) || [l (7, because of definition 4.10. In order to
not confuse 7,, as used in (4.11) with 7}, i.e. the quantization of the j-th coeflicient
of the formal power series 7, we use in the following the expression 7(c0) := 7,
7(00) = Ty ete.

We turn to the question how we can translate the results to I1;° and U=, We
know that with the explicit bounds of propositions A.7 and A.9

~2 ~ oo
|7*(c) — 7(c)|| = O(e™)
uniformly in ¢ because all ||7rj||£i) are bounded uniformly in ¢. In particular,

oo = d¢(7(c) — )"
= [ AE9 -

is well-defined (for ¢ small enough independent of ¢) and

1 — 7(c) = O(=™)
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4 Nonrelativistic limit of Dirac-Bloch electrons

uniformly in c. Furthermore,

o0

M=y,

n=0

where the right hand side converges in the operator-norm uniformly in ¢ since
(7(c)—¢)~! has a power series expansion that converges uniformly in € and (. Since
U=¢ is constructed from u(c) and II3° by analytic operations, i.e. multiplication
and taking the square root, one can similarly show that

[e.9]

1
s = U

ca "
n=0

where the right hand side converges uniformly in ¢ and
U= —a(c) = O(e™)

uniformly in c.
Next, we want to estimate

Hlexp(—iHZt), 11|

From the proof of theorem 2.6, one can see that all the estimates involved hold
uniformly in ¢ except for the estimate of

H7*7(c) — (HZ7(c))”

due to the fact that H,“ is polynomial in ¢. We use

SO 1o 1.
W(C)—W(OO)—}—E;C—nﬁnH

as in (4.11) with
m(o0) = m m(oo)my.
With
H = 3B+ =iV, + k= A(EV}) - a+ Ve(y) + (V)

and
*B7(00) = *7(o0) = (*B7(c0))”
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4.3 Semiclassical limit

it follows that

T (HZF (o) = (HZ7(c))")

= ' ((Hy = B)i(o0) — ((HZ — B)7(0))")
+e (HZ (7 () — 7(00)) — (HZ(7(c) — 7(20))")

= 0O(e")

with O(e") uniformly in ¢ because ¢ '(H — ¢?), ¢ >H and ¢(7(c) — 7(c0)) are
bounded uniformly in ¢. Finally we estimate
exp(—iH ;)13 — (U9)" (exp(—z’ﬁ(c)t) ® 0) U=*
= exp(—i (HZ" — 1y, ) )15
— (U= <exp(—i (ﬂ(c) - 021,C) t) @ o,cl) e

in a similar way. All the estimates done in the proof of theorem 2.6 are uniformly
in ¢ except for the estimate of

(Hy(c) — 1a, ) (c) — (U (E(c) . 021,C) @ 0L U
= (Hz"—*B)R(00) + (Hz — *1y,) (R(c) — 7(00))
—(UEe) (ﬁ(c) - 021;c> @ 0 US*
where we used that 7(c0) = 7, 7(co)m,. However, one has that ¢! (H — ¢?08),
¢ (HZ" — *1y,) and ¢(7(c) — (c0)) as well as their corresponding symbols are

uniformly bounded in ¢, therefore the substitution of the Weyl-product E with the
Moyal product f costs an error of order O(ce*>) which concludes the proof. m

4.3 Semiclassical limit

The last step in our analysis of the nonrelativistic limit is to study the semiclassical
limit. Combining the results of our previous theorems, we arrive at the following
result.

Theorem 4.7 Let E, be an isolated two-fold degenerate Bloch band of the Pauli
Hamiltonian and @, p be the flow defined in (3.6) and (3.7). Let furthermore

81



4 Nonrelativistic limit of Dirac-Bloch electrons

b€ C*(R9%x 5%, C) be T*-periodic in the second argument, i.e. b(q, p+v*) = b(q,p),
let TI¢ := (U™ @ 1ea) U3 (U @ 1¢4) and

b.(t) := 2/52 dA(n)bo @ p(-,-,n) <%1<c4 + \/gn . S)

with b, := b.(0). Then, for + < R one has

e (exp(iHe’ct/é)Bexp(—iHe’ct/é) - bj(?)) 115 = O(ce™(1+[t])) +0(%) +0(e)
and, if b is independent of n,

e (exp(iHs’ct/é)Bexp(—iHe’ct/é) - @) ¢ = (9(050"(1+|t\))+(’)(%)+(’)(52)

uniformly for any finite time interval, where the Weyl quantization is in the sense
of b=b(—iV,,cx).

Proof. From theorem 2.6 it follows that

Hexp(—z'H;Ct)ngc — ey (exp(—iﬁ(c)t) @ o) U=l = 0= (1 + |1])).

From proposition 4.6, it follows that h; and u; agree, for j = 0,1 with the cor-
responding Pauli quantities up to order O(%) resp. O(1). Together with the

construction of U= in the proof of theorem 4.4, it follows that U5* and h(c) agree
with the corresponding Pauli quantities up to order (9(% + ¢%), therefore

(U=eY* (exp(—ifl(c)t) ® o) Uee - ((U;)* (exp(—iﬁpt) @ o) U;) D02 (s L2(19)602)
is of order O(% + ¢?). Furthermore, from theorem 3.4 we have
exp(—iHg pt)IT5, p — U (exp(—z'ﬁpt) @ 0) Us = O(>(1 + |t])).
Together we have
exp(—iH7 ;" — exp(—iH7 pt)l17 p @ Or2(ms L2(19)0c2)
= 0@ (14 ]t]) + 0(%) L O,

Now theorem 3.8 gives the desired result by observing that the translation to the
physical representation is independent of ¢ and does not affect the 7, -splitting. m
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A Pseudodifferential calculus

In this appendix, we give a short overview on pseudodifferential calculus. For
the proofs and also a detailed description, we refer to [Fo] and also the appendix
of [Teu]. In the whole paragraph we assume that H;, Hy and Hs are separable
Hilbert spaces. In the following, we use multiindices o € N¢ and define, as usual

la =% oy and ! = []%, a,l.

A.1 Weyl quantization and symbol classes

The basic idea of quantization is to associate to a function on a phase space R*¢ an
operator on the Hilbert space L?(R?). One requires that the function (q,p) — ¢
is turned into multiplication with x and the function (¢, p) — p is turned into the
differential operator —icV, for some £ > 0. If one has a function of the type

f(a,p) = g(q) + h(p)

one can easily define a quantization rule because g(—icV,) and g(x) are defined
via the functional calculus for operators on L?(R%). For more general functions,
such an easy definition is not possible since —ieV, and x do not commute. A
possible choice is the Weyl-quantization rule which is in some sense ”symmetric”
in (¢, p) and has the advantage that it maps real-valued functions into self-adjoint
operators. To define the Weyl quantization, let A be a L(H;, Hz)-valued smooth
and rapidly decreasing function, i.e. A € S(R?*?, L(H1,Hz)). Then we can express
A as

1 .
A = — dnd¢(FA i(n-q+¢&-p) Al
(¢,p) o) /de nd§(FA)(n,§)e ; (A1)
where F A denotes the Fourier transform of A. Now due to
L*(RY,Hy) =2 L2(RY) @ H,
it seems reasonable to replace in (A.1)

el at&p) |, i d+eD) o 1y,
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A Pseudodifferential calculus

where ¢ is multiplication with x and p = —ieV,. One arrives at the expression
1 PP
[ dndee 10 @ (7)), (A2)
(2m)? Jgad

For ¢ € L?(R%), the exponential is explicitly given by

(ez(nﬁ+§ﬁ)¢) (flf) — eia (’72'5)

e ap(z + e£), (A.3)

therefore if FA belongs to L'(R%, £(H1, Hs)) then A : L2(R% H,) — L2(R?, Hy)
given by

~

A = ﬁ /R 5 dndee’mitEP) @ (FA)(n, €)y, € LA(RY Hy) (A1)

is a bounded operator with

~ 1
AH < / dedy | (FA)(n, .
H L(L2(RY,H1),L2(RE,H,)) — (2me)? JRaa £y [(FA) 0 ll 2, e

If we put (A.3) into (A.2) then for ¢ € S(R?, H;) we have the explicit formula

P@) = g |, dEvAG @ +9). e uy). (A5)

where

p = <(271r)d /R  dndge! T @ (FA)(, £)) .

If ¢ € S(R? H;) then the formula (A.5) makes sense not only for A with FA €
LY(R*, £(H,, Hs)) but for a larger class of symbols. The type of symbol classes
which we are going to use are defined in terms of so called order functions.

Definition A.1 A function w : R? — (0,00) is called order function if there are
positive constants Cy and Ny € N such that

w(z) < Cofx—y)™ w(y) Vo,yeR?
where (z) := (1 + |z[*)=.
If wy,wy are order functions, then so is wy 4+ wy (obviously) and w; - wy because

wy - wp(r) = wi(z) - wa(z) ,
< Colz—y)™ wi(y)Co v — y)™0 wa(y)
= CoCf(a —y)™ 0wy (y) - way).
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A.1 Weyl quantization and symbol classes

Furthermore, the function (-) (hence also (-)", n € N) is an order function, whereas
for each order function w with w(z) < Cy (z — y) " w(y) Vi,y € R¥, clearly we
also have w(x) < Cp ()™ w(0) resp. Cow(y) > (y) " w(0) by setting y = 0 resp.
x = 0. Now we have the ingredients to define our symbol classes.

Definition A.2 Let w be an order function. Then we define

AT = max sup (110 A4) ()] gy ) 0 ()

|| <K z€R2d

for Ain C®(R*, L(Hy, Hy)). The superscript L(Hy, Hy) is omitted in the following
whenever no confusion arises. Furthermore we define

SU(L(Hy, Ha)) = {A € C®(R™, L(Hy, Hs)) : | A\ < coVk € Ny}

and
S(C(ri )= | SU(L(HL ).

w order function

Remark A.3 We state that S"*(L(Hy1, Ha)) C S™2(L(H1, He)) if wy < const -
wy. Furthermore S(L(H1, Hz)) is a complex vector space and SY(L(H1,Hs)) are
subspaces. Together with the directed family of norms

||‘||](€w,E(H1,H2)) , k E NO

SY(L(Hy,Hsa)) are Fréchet spaces.

Proposition A.4 Let A € SY(L(H1,H2)), then (A.5) defines a continuous map-
ping from S(RY, H,) to S(RY, Hy). More precisely (in the notation of (A.5)) there
1s a m € N depending on w and d such that for alln € N

S w S
ol < Cou 1N 1117

where

[l = sup sup [|(z)" 8¢ (x)|

|a|<n zeRd

o 1=1,2.

Proof. If ¢ € S(R?, 'H,), then clearly

g(x,§) = /]Rd dyA(%(x + y),g)q/;(y)e—ééy
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A Pseudodifferential calculus

is well-defined and smooth. Moreover, the integrand is a Schwartz function for
each x, ¢ and we get by partial integration

0,8 = [ dye G (1= 28, Al e +).00)

from which it follows that

90,6 < Car (€ wlzw,€) | AN) ( [Lan(ze) s ||aaw<y>r|)

lal<2M

where we used w(z) < Cy (y — )™ w(y). Since w(z, €) is polynomially bounded
in ¢, it follows that g(z, -) decays for fixed x faster that any polynomial, in partic-

ular . |
o) = o [ A€t )

is well-defined. Again by partial integration one can show that

1

}85839(93,5)} < CM(§>_2MU’(§I7§) ||A||§X/.)r+\a|+\m

1 ||+ N .
) ( / d dy<§y> s 0 w<y>||>

and therefore 9%¢(z, -) is even a Schwartz function. Now we are able to use partial
integration also in the outer integral and arrive at

()" Ogp(x)
1
= d€ gﬁesﬁxav (a7 5)
(2me)? |ﬁ+w<|a\ /R“
1
(2ne)" /Wdf TR (1 = AN D (2, )
|ﬁ+’y\<|a\

Choosing M, N large enough one has that ¢ is indeed a Schwartz function and
moreover that its Schwartz norms can be bounded by the ||-||"’-norms of A and
the Schwartz norms of ¢). =

Whereas (A.2) was only a formal expression, we can now define

WS(A) : S(RY, Hy) — SR Hy), A€ S(L(Hy, Hs))
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A.1 Weyl quantization and symbol classes

through (A.5). By duality one can extend WS (A) to a continuous mapping
WS (A) : S' (R, Hy) — S'(RY, Hy).
More precisely, we choose the (anti-linear) inclusions
SR, H) 29— Ty € S'(RYH,), i=1,2

with
Tyle) = [ de wie). oy,

and define
(WE ) ()] ) =T [(WE(49) ()]

Note that taking the pointwise adjoint of A does not affect the symbol class.
An important fact in pseudodifferential calculus is, that symbols in S*=*(L(H))
become bounded operators on L?(R?, H):

Proposition A.5 (Calderon-Vaillancourt) There is a constant Cy < 0o such
that for every A € SY(L(H)), WS'(A) can be restricted to a bounded operator

A=WF(A) e L(L*(RY, H))

with

A < Gyl A,
1] e gy < ol

For the proof see Theorem 2.73 in [Fo]. This theorem is in particular useful to
translate estimates about the symbols into statements about the corresponding
operators. We note furthermore that if A € S*(L(H)) is pointwise self-adjoint,
then A is a self-adjoint operator on L2(R%, H).

Since the Weyl-product Hg, that is introduced in the next section, can be formally
expanded in powers of €, it makes sense to define suitable classes of e-dependent
symbols, the so-called semiclassical symbols.

Definition A.6 A map a : (0,e0) — SY(L(H1,Hsa)), € +— a. is a semiclas-
sical symbol with order function w if there is a sequence {A;}jen with A; €
SY(L(Hy, Ha)) such that for every n € N one has that

n
sup |la. — Y A e < oo,
J=0

e€(0,e0)

(w)
!
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A Pseudodifferential calculus

If this is the case, we write
a: X Zngj-
5=0

The space of these symbols is denoted by S™ (o, L(H1, Ha)) or short as S (go) if
clear from the context. Furthermore

Se)= |J 9

w order function

In this context it is also convenient to introduce the space of formal power series
with coefficients in S*(gq, L(H1, Ha)) as

MY (L(Hi, Hs)) - :{Zgjaj:ajesww(m,m))}
M(L(H1, Hs)) @ = U MY (L(H1, Hz)).

w order function

Observe that it is not required for the formal power series to converge in any
sense. However, every formal power series in M"(L(Hy,H2)) is the expansion of
a (non-unique) semiclassical symbol as explained in detail in the following propo-
sition (see also proposition 2.26 in [Fol).

Proposition A.7 Let {A;};cn be an arbitrary sequence in S™)(L(Hy, Hs)). Then
there is a a € S™)(eq, L(Hy1, Ha)) such that a. < Y 22 &l Aj in

SW) (g, L(H1, H2)). Furthermore, a is unique up to a symbol that is O(¢>®) in
HH,(;") for any k € N and uniformly in €. The semiclassical symbol a is called a
resummation of the formal symbol 3=, &’ A;.

Proof. We define

11 -
€, = min (—, = (1 + max ||Al||£zw)) ) , neN.
n 2 I<n

Note that (g,,)nen is monotone decreasing and converging against 0. We define
furthermore a : [0,0) — S™)(L(Hy,Hs)) by

ae = Zejl[o,gj)(e)Aj.
=0
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A.2 The Weyl-Moyal product

Then one has

(w)

sup o~ (N+D) ZgyA
€€[0,e0)
(w)
= sup e WNFD Z /1)) A
e€[0,en+1) j=N+1 k
(w)
+ sup e WHD Zé‘” Ljoe,) — Loeo)) 4;
e€len,0) §=0 k
—(N+1 (w)
< ZH’53+N+1 ]+N+1H i %%(HAJHI“
=1 7 (w) —(N+1)_N (w)
< Z%Z(HKEE%CHHAM“N“) [Ajen+lly” +en ey IJHS%(HAJHI@
]:
max(0,k—N—2) 1 () 1
(w) (N+1)_N (w)
< Z o MAjenally™ + > 5 ten e maxliAl
=0 j=max(0,k—N—2)+1
< 2max |4y + 2 + o< mae 4y
J=

The uniqueness statement follows by linearity because the difference of two resum-

mations a,a’ must have the zero series as expansion. m

A.2 The Weyl-Moyal product

The most useful property of symbols is that one can define an associative product
between symbols that corresponds to the composition of operators. To be more

precise, we have the following proposition (see [Fo], theorem 2.47):

Proposition A.8 Let A € S“'(L(H2, Hs)), B € S¥?(L(H2, Hs)). Then

W (AWS (B) = WF'(C)



A Pseudodifferential calculus

with C € S""2(L(H1,Hs)) given by

Clap) = (2) [, andiimimenEa-a)w-pm) (10
< exp(~ 2 (g — )" (o — 1)) Alar, ) Blar, 1)
= <A’HEB) (va)'

Furthermore there is a m € N depending on w and d such that for alln € N

ICIE™) < G 1AL, IBISE

n+m n+m

Proof. The full proof is given in [Fo|, we only sketch the idea. Note that a priori
(A.6) is not necessarily well-defined for arbitrary A, B, but only e.g. for A, B with
compact support. Therefore, it is part of the proof to show in which sense (A.6)
is to be understood. To give a formal derivation of the formula, we note that by
definition
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A.2 The Weyl-Moyal product

Furthermore, for x, » € R?

Ke(z, z) )
- (2) [ enier -

% / dq/dp/dq//dp// eXp(E(,T + o — 2q/) . (é—// _ p//))
RA4d €
{

6(.:6 + 7 — 2q//) . (é—// _p/))A(q/7p/)B(q//7p//)

2 ¢ RPN/ "
= <—) /(3 dp'dq’'dp” exp(=(z — z) - p")
R3d

x exp(

l
ET €

x exp(%(q/ —x)- (p" = ')A, )
" i / 1 " /
X /Rddg exp(—g (q — i(x— Z)) 2(6" =)

x /d dq” exp(é(q// . 2(£// . p'))B(q",p")
R

2 ¢ /1.1 /1 i /"
— <—) / dp'dq’'dp” exp(=(z — z) - p")
ET R3d €

x exp(%(q' —xz)- (p" = p")A(d, D)
x (%)d (2m)*B(q' - %(w —2),p")
= [ vy esp(t =) i)
x exp(L(x —y) - #) A5 + ), 2) B3y +2).0")

3

Here we changed the order of integration (which has to be rigorously justified in
the full proof) and used the Fourier inversion formula

v =o' [ [ dves(ir - o))
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A Pseudodifferential calculus

Finally we substituted y = 2¢' — x. On the other hand we know that

(WE(AW2 (B)Y) (=)

1 ' |
- o /R ey A (x +y), et
1 1 T ¢/
. W /Rgd dgleB(i(y + Z), 5,)655 (y_z)'éb(Z)

1 1 X
= W/Rd dzw /de dfdf’dyA(§(;p_|_y)’€)

i 1 il
xes S UB(S(y + 2),§)es ()

and a comparison gives the desired result. The norm estimate can in principle be
given as the estimate in proposition (A.4). m

Furthermore one defines the Weyl product H between semiclassical symbols a €
S (E(), ,C(Hg, Hg)) and b € S"2 (80, E(Hg, Hg)) as

(o) = acteb.

Note that the function ¢ — (aEb) may not be in S*1"2(eq, L(Hs3, H1)) although it

3
takes values in S"*2(L(H3,H1)). To following proposition shows how to expand
the Weyl product in powers of €.

Proposition A.9 Let A € S“*(L(H2, Hs)), B € S¥?(L(H2, Hs)). Then

(w)

e < oL A, B,

Af.B =) & (AtB),

i<n

sup
€€(0,e0)

with m independent of n,m,

@(Q,P) = wl(q,p)u@(q’p) <q>2(N1+N2)

and

1
B, an = > o mag g s,
la|+]8]=7

Proof. Once again we don’t give the full proof (which can be found in [Fol,
theorem 2.49) but a sketch. We start with the observation that one has, using the
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A.2 The Weyl-Moyal product

Taylor expansion formula,

Alqt, pr)B(g/t, i)

le! 3
-y Al pcflaﬁ!B(q“(q—q) (¢ - )

lo|+[B]<n
£ Y a8 / / e 08 A + (e~ ).
|loe|+[8]=n+1

X9 Bla+1'(d = q),p")(d — 9)*(¢" — )’ (1 — )1 (1 — )P,
Inserting this result into (A.6), observing that
! af I B 21 T 2 T
(@ —@)*(¢" —g)7exp(— (g —a/) (p—pr) exp(=—(a—a/) (p—p/))

(2|&+)|ﬁ| ey, 0, exp(— (q —af) (p—pir)) eXP(—;Z(q — g (p—p))

and integrating by parts we arrive at

(AE€B> (¢,p)

2\ 1 (1) %
- (= b o +16] - -
— (m) > NPT /R  dardprdgrdpn eXp( (q—qn (p—pm))

|| +[8]<n

2i
X exp(—;(q — q1) " (p — p1))020, Alq, p)92 0% B(q, p1)
+e" " R, (q,p)

1 (=1
— al+|8 a 00 G Qo
= | zl’;l glol+18 2 NEPLEE 070, A(q,p)0, 95 B(q, p)
al+|B|<n

+e"" R,.(q,q,p)

with
R.(q",q.p)
(=)l e
= Z | ||ﬂ‘ '6' 2n+l (AaﬂijBﬁpc) (qvp)
| +|Bl=n+1
where

1
Al 5(dp) = /011@2“3514(61”th(cz’—q”),p)(l—15)'“'_1
0
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A Pseudodifferential calculus

and Bq defined analogously. To see that R, is well-defined, we state that with a
direct calculatlon

|

ie. Aglﬁ (q”>_N1 € Suia)™ uniformly in ¢”. The next step is to show that

o]+ |8+ |v|+]8]

8[},8;3:4‘1 (¢, p)wi'(¢,p H < |4ty ("M ()Y

is differentiable and to estimate its derivatives in terms of the norms of A and B.
Clearly we know that R, (¢”, ¢, p) is smooth with respect to ¢ and p. Furthermore,
we have that

1
O A p(d,p) = /0 dtae P A(q" + t(q' — ¢"),p) (1 — ¢+~

— AT, 4(d\p)

and likewise for Bgﬁa. Furthermore, one can even show that the derivative 8;,,143:/5

exists not only pointwise, but in the sense of the norms of Sui(a)™ Together it
follows that R, (q”,q,p) is smooth. This observation yields the the formula

R, (q,p)

B ! )
- Y ea(y)

§'<
< Y lall8 ,ﬁ,g,}g;“' (500 (A7, BBY ) @) Lo

o +[B|=n+1

Now we can conclude with the estimate

2(N1+N2)

~ ||(wiw2(q)
|7
k

where m may depend on w;, wy and d, but not on £ and n. m
For semiclassical symbols, we have the following corollary.

Corollary A.10 Let

a. < Zsjaj in S (€0, L(H3, H2))

J=0
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A.2 The Weyl-Moyal product

and

b, = Zeﬂb in SU2(go, L(Ha, H1)),
then agb € S®(gy, L(Hs, H1)) has a semiclassical expansion

(a]j@)6 = isj (aﬁb)k in S®(ey, L(Hs, H1))

given by

(aHb)k: 3 L (-1 S 0r 0P Ay(q, )P0 Bilg, p) (A7)

algl lal+8] “a 7P
||+ Bl +5+I=k

with k,1,j € N and o, 8 € N, @(q, p) = w1 (g, p)wa(gq, p) (q)* 2.

Regarding this corollary, it makes sense to introduce the Moyal product f :

M (L(Hsz,Ha)) x M(L(Ha, H1)) — M(L(Hs, Hy)) by (A.7).
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B Weyl calculus for 7-equivariant
symbols

In this chapter we present the special results related to T-equivariant symbols. To
this end, let I' C R? be a regular lattice, i.e.

d
F:{xeRd:x:Zaﬂj for some a € Z}.

J=1

Obviously, one can regard I' as an Abelian group isomorphic to Z¢ with addition
as group operation. As in the main body of the thesis, we denote the centered
fundamental cell as

d
11
M= {x 6Rdi$=2aﬂj for o; € [—5,5]}.

j=1

Furthermore, we assume that
T:FHE*(Hl)v WHT(ry)

is a representation of the group I' in the space of bounded invertible operators
on H, i.e. 7(y+ /) = 7(y)7(y7) for all v,/ € I'. If more than one Hilbert
space arises, then 7 is a collection of such representations. Now let L., be the
operator of translation by v € T on S(R%, H), i.e. (L,¢)(z) = ¢(x — 7) resp.
(without change of notation) its extension to S'(R%, H), i.e. for T' € S'(R%, H) let

(LyT) () = T(L ().

Definition B.1 A tempered distribution T € S'(R? 'H) is said to be T-equivariant
of
LT =71(y)T forallyel,

where (1(Y)T) () = T(1(7)"Lp) for ¢ € S(RY, H). The subspace of T-equivariant
distributions is denoted as S.. Analogously one defines the Hilbert space

H-o={v € L (R, H) : p(x — ) = 7(7)¢p(x) for ally €T}
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B Weyl calculus for T-equivariant symbols

equipped with the inner product

(o1 g, = /M e (o), (),

Now one can easily define 7-equivariant symbols:
Definition B.2 A symbol A € SY(L(H1,Hz)) is T-equivariant, if
Alg —,p) = 12(1)A(g, p)T1 (7)™ for ally €T.
The space of T-equivariant symbols in S* (o, L(H1, Ha)) is denoted by
57 (€0, L(H1, Ha)).

In the same way one can of course define S¥(go, L(H1, Ho)) and M (L(H1, Hs))
as the subspaces of S¥(eg, L(H1, Hz)) resp. M™(L(Hi, H2)) where a. is T-equiva
riant for each € resp. A; is T-equivariant for each j € N. Note that if

a = Zsjaj in S*(e0, L(Ha, H1))

=0

and a. € S¥(eo,L(H1,Hs2)), then necessarily also the coeflicients a; are in
S¥(L(H1, Ha)) resp. 372 ela; € MY (L(Hi, Ha)): Indeed, it follows from

14o(- =7, ) = T2(7) AoT1 (1)1

< [l Aol =7, ) = ac(- = 7, )
+llas(- = 7,7) = T2()ari(y)
+{|72(v)acT1(y) = T2(v)AoT1(7)
[ Ap — acly”
C,/Y&?_l

I

15

IA A

that Ag is 7-equivariant and inductively also for A;, j > 1. If w depends only on
q and 7 is unitary we have the following result.

Lemma B.3 Let w be an order function that is independent of p and let T be a
unitary representation. Then one has

(inf (@) 141 < 1410 < (swpwia)) 1417, keN. ()
qeEM qeEM
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Proof. We have
10507 Alg —.p)|| = ||m2(1)58] Alq, p)m1 ()7
1959, Ala, )|
for all v € I, therefore

sup [|070)Alg,p)l| = sup {|070,A(q, )

(g,p)€R? qEM,peR4

and the result follows. =
Next, we want to show that the quantizations of 7-equivariant symbols preserve
T-equivariance.

Proposition B.4 Let A € SY(L(Hy,Hs)), then
(W' () (57, (R, 1)) € 1, (R, Hy).

Proof. It suffices to show that (L, WS (A)T) () = (T2(y)WE'(A)T) (i) for all
T € S (R%H;) and ¢ € S(RY H,). We first observe that for W?(A*) and
arbitrary ¢ € S(R%, H,)

WS (A L) (2) = | Ka-(z,9)(y—7)

Rd

=/, Ka-(z,y +7)U(y)

= /Rd (7'1 (’}/)_1)* K o (5(3 -7 y)72(7)*¢(y)
= (L) WA () ) ().

Here we used the fact that with
Ka(oy) = s [ dea(lo+y), et
’ (2me)? Jpa 2 ’

we have

KA*(']:_f%y_fy) = (271'8) /]Rd dgA*( (I+y) 7, é’)es (@)

= (ri(7)” )KA*(x,y)m(v)*-
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B Weyl calculus for T-equivariant symbols

Now it follows by definition of WS'(A) that

(L WS’(A)T)( )

(Ws (A")L <p)

T (L) W2 (A7) (12(1) ) )
- ( <>WS< m(7)” lLW)
= (WE(AT) (0).

[ |

Next we observe that the pointwise product and the Moyal product preserve
T-equivariance since translations in the phase space commute with derivatives.
Similarly, also the Weyl product preserves T-equivariance:

Proposition B.5 Let A € S**(L(Hs, H2)) and B € S¥?(L(Hs, Hs)), then aib €
S (L(Hs, Hy)).

Proof. We have

~ 2\ 2i .
(AjjeB> (q—v.p) = (—) /R  dardprdgrrdpr exp( (q—v—q) (p—pn))

em
21

xexp(=—(¢—v—a) " (p—p1)Alat, p1) B(gt, pi)

2\* 2
— <_) / dq/dp/dq//dp//exp( (g—q)"(p—pm)
]R4d

ET

21
X exp(——(q - g™ (p — p1))Algr — ~,pt)B(gt — ~, i)

2\* 2i
— <_) / dq/dp/dq//dp//exp( (g—qn"(p—pn)
R4d

ET
X exp(— (g — a) (p — p1))s(7) Alal, )
x72(7)72(7) " Blgn, pr)mi(v)
= 750 (A5B) (@ p)mi(7) "

]
The next important observation is that also the Calderon-Vaillancourt theorem
is valid for T-equivariant symbols.
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Theorem B.6 Let A € SHL(H)) and 71,79 unitary representations of T' in
L(H), then WS'(A) can be restricted to a bounded operator A in L(H.,, Hr,)
satisfying

A <cylA

4], s, = CollAIE
with Cq and m independent of A.

Proof. Let n > ¢ and w(z) := (z)™". We define the Hilbert space

L= v € LM+ [ dou(a) [0(@)]; < oo).
Rd
One has, for j = 1,2, H,, C L? and for any 1 € H., the norm equivalence

Cul9lhe,, < 1¥lzz < Co 46,

for appropriate finite constants C7, Cy. The first equality is directly seen (observe
that w # 0) and the second one follows from

1l = / daw(z)? [$(@) 3
-3 /M daw(2)? ()2,

vel

where we used that Hlp(x)H?1 is periodic because 7; are unitary. Now it clearly suf-
fices to estimate HWQSI(A)Hz(LgU)' Let ¢ € C2°(R%, H), then WS (A)y € CX(RY, H)
(see [Fo], theorem 2.62) and we can estimate

], = fuw ],
S O I
Sl L o [ T
ie. HWSI(A)HL(L%)) < waf'(A)w—l .
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B Weyl calculus for T-equivariant symbols

Now the usual Calderon-Vaillancourt theorem tells us that (with some m € N
independent of A, ¢)

, ~ ~ (1)
BT R Tt
L(L?) 2d+1
< A

where on the right hand side w is short for the symbol (¢, p) — w(q)1y. =
Finally we show that for A € S*(L(H)) the adjoint of A € L(H,), denoted by
A* is given through the quantization of the pointwise adjoint, i.e. A*.

Proposition B.7 Let A € SY(L(H)) with a unitary representation T and let A*
be the adjoint of A € L(H,), then A* = A*.

Proof. Let ¢ € H, and ¢ € C®(R? H) such that ¢ := 10 € C(RY, H), i.e.
has support in M. For such ¢ we have

(e A0y, = [ ao{st@) @),
= [ ae (3. (Ao,

= [ {(F) @),
- [l [ avrace y>@<y>,w<x>>H

_ / a < /M dy K (2, )3 (y), ()

H
Writing the integral over R? as [ VeEDY er We have

)
(pdv), = [ ([ stz o))

~er H
- [ dxz< / dw(v)-lK:;(x,y—v>7<v>¢<y>m<v>-w<x>>H

-/ dxz< / dyKZ($,y—7)@(y—v),¢($)>H

- [/, dsz<x,y>¢<y>,¢<x>>H

- <;1\*S0’1/}>HT '
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Again we used that

K (z =,y =)= (11(0)7") Ka(2,9)72(7)"

and the 7-equivariance of ¢, 1. Since ¢ with the properties from above are dense
in H, the result follows. m
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List of symbols

General notation

£
Il

H

<.’ '>H
L(H1,H2)
A*

D(A)
o(A)
Tr(A)

[A, B]

1y

Banach space

norm of the Banach space £

separable Hilbert space

scalar product of the Hilbert space H

Banach space of bounded linear operators A : H; — Ho
adjoint operator in L£L(Hz, Hy) for A € L(H, Hs)
domain of a densely defined linear operator on ‘H
spectrum of A

trace of a trace-class operator A

commutator [A, B] = AB — BA of operators A, B
identity operator on the Hilbert space H

characteristic function on the set A

the function RY — (0,00), z — (z) = (1 + 2 - z)2

a function f : (0,g0] — &, £ some normed vector space,
satisfies f(e) = O(e™) iff 3C' < oo such that

| f(e)]|ce™™ < C for all € € (0, &)

fle) =0(e®) <= f(e) =0(e") for alln e N
Cartesian product of sets or vector product in R3
vector of Pauli spin matrices,

0 1 0 —i 10
2=(0) (0 0) ()

Function spaces

@) open set in R?
C*(0,€)  space of k times continuously differentiable functions O +— &
Ck(0,€)  space of k times continuously differentiable functions O + &,

that are bounded together with their derivatives
S(R4,H)  Schwartz functions with values in H
S'(R4,’H) dual space of S(RY, H)
LP(R4,E)  space of functions A such that ||A]% is integrable
HP(R4 &) Sobolev spaces of order k
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W2'(4)

A or W.(A)
SY(L(H1, Ha))
S(L(Hi, Ha))
5%(eo)

S(&o)

MUJ

M

(Ae)n

Weyl quantization W5'(A) : &' (R H;) +— S'(RY, Hy)
of the symbol A : R? — L(H,, Hs)

WS'(A) restricted to an operator on L*(R?, H)

space of symbols with order function w

S(L(H1, Hz)) = Uy order function 9" (£(H1, H2))

space of semiclassical symbols with order function w

S(€0> = Uw order function SY (50)

space of formal power series with coefficients in S™
M = Uw order function M

n-th term in the asymptotic expansion

of a semiclassical symbol A,

Weyl product 1 : S(e) x S(e) — S(e)

Moyal product §: M x M — M

Poisson bracket
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