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The Epidemiology of Childhood Related Diseases:
Stability Analysis and Optimal Control

Abstract:

Abstract 1

Childhood related epidemics such as measles are characterized by: (i) short peri-
odic outbreaks that may last for short periods of time, between two weeks and six
months. (ii) The timescale of such epidemics is therefore shorter compared to the
time scale of human population dynamics, since the human lifespan is 60 years on
average. (iii) Vaccination plays a key role in controlling such diseases.

We analyzed an SIR model with periodic contact and vaccination rates. We aimed
at stability of disease free equilibrium to obtain a criterion for determining optimal
vaccination strategy. Two stability analysis tools are used. Floquet theory offered
an orbital stability analysis for periodic orbit, while Singular perturbation theory
gave an instantaneous stability result. The conditions obtained from stability anal-
ysis were used to define two optimal control problems.

From the analysis of the optimal control problems, it turns out that optimal vacci-
nation should target at the instantaneous stability criterion. Focusing only on the
Floquet multiplier as the criterion for disease control may lead to a situation where
the instantaneous stability is not satisfied at some time points, even though orbital
stability holds, leading to short time epidemics that that are not controlled.
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Abstract 2

An age dependent model for Hepatitis B, with five compartments of individuals
(Susceptibles, Latents, Infectious, Carriers and Immunes) is analysed. The model
allows for vertical transmission and the newborns from carrier mothers who develop
infection enter into the Latent class.

The aim is to investigate bi-stability scenario, that has been reported in literature
for Hepatitis B models without age structure. The results point out that for sce-
narios when vertical transmission is not allowed for, the probability of development
of carriers should depend on the force of infection A (in an increasing manner), for
bi-stability to occur.

In the case when vertical transmission is allowed for, we show that if we hold the
probability of carriage development g(A) as a constant of force of infection A and
ensure that no new susceptibles occur, that is, we hold (w — ) non-increasing (pos-
sibly through mass infant vaccination), then, we are not likely to have bi-stabiliy
occurring in the system. The importance of analysis of bi-stability lies in its possible
effect on vaccination campaigns since possible existence of two endemic equilibrium
(low and high) may impact on disease control through a successful vaccination.
Keywords:SIR-epidemic models, Floquet Theory, Singular Perturbation Theory,
Optimal Control and Vaccination Strategies, Stability and Bi-stability analysis, Hep-
atitis B, Force of Infection.
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Zusammenfassung

Diese Arbeit untersucht optimale Impfstrategien fiir Kinderkrankheiten (u. a. Masern,
Windpocken, Mumps, Roteln und Hepatitis B). Die Theorie umfasst die Stabil-
itdtsanalyse eines epidemiologischen SIR Modells. Kontaktrate und Impfparameter
wurden als periodisch angenommen. Eine Stabilitdtsanalyse fiir das krankheitsfreie
Gleichgewicht (triviale Losung) wurde ausgefiithrt. Fiir periodische Systeme ist die
Floquet Theorie der Standardansatz (Orbitale Stabilitét).

Eine andere Vorgehensweise zur Analyse der Stabilitdt der trivialen Losung
lieferte die Singuldre Storungs-Theorie, die die unterschiedlichen Zeitskalen von In-
fektion und Populationsdynamik ausnutzt. Dies fiihrt auf die Definition von Instan-
taner Stabilitdt. Die Ergebnisse ergeben parallel zwei Optimierungsprobleme, die
zur Definition von optimalen Impfstrategien fiihren.

Wir definieren eine Menge von Losungen fiir die Optimierungsprobleme und bi-
eten Losungskandidaten fiir jedes Optimierungsproblem, das zur Menge optimaler
Losungen gehort. Weiterhin wurden beide Kontrollszenarien (Orbitale und Instan-
taner Stabilitdt) simuliert.

Die Untersuchungen deuten an, dass es meistens besser ist das Instantaner Sta-
bilitatskriterium anzuwenden, was zu einem fast optimalen Floquet Faktor fiihrt.
Die Fokussierung ausschliefslich auf den Floquet Faktor (Orbitale Stabilitdt) kann
zu Situationen fiihren, in denen die Instantaner Stabilitdt nicht gegeben ist und fiir
einige Erkrankungen Kurzzeit-Epidemien auftreten kénnen.

Der Abschnitt Hepatitis B ist eine Fallstudie. Eine altersstrukturiertes Hepati-
tis B Modell wurde analysiert. Motivation fiir diese Untersuchung ist eine friiher
veroffentlichte Arbeit zur Bi-Stabilitdt in Rahmen eines Modells ohne Altersstruk-
tur. Wir betrachten insbesondere die Frage, ob Bi-stabilitdt im Wesentlichen durch
Altersstruktur bedingt sein kann.

Summary

This work examines optimum vaccination strategies for childhood illnesses (such as
chicken pox, mumps, German measles and hepatitis B). The theory involves the
stability analysis of an epidemiological SIR Model. Contact rate and vaccination
parameter were assumed as periodic. A stability analysis for the Disease Free State
(trivial solution) was done. For periodically driven systems, the Floquet theory is
the standard tool (leading to Orbital stability). Another approach to the analysis
of the stability of the trivial solution was done by Singular Perturbations theory
which uses the different time scales of disease infection and population dynamics.
This leads to the definition of Instantaneous stability. The results lead in parallel,
to two optimization problems from which we obtain optimum vaccination strate-
gies. We define a set of solutions for the optimization problems and offer candidate
solutions for every optimization problem which belongs to the set of optimal so-
lutions. Furthermore both control scenarios (Orbital and Instantaneous stability)
were simulated. The investigations indicate that it is mostly better to apply the
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Instantaneous stability criterion which leads to an almost optimum Floquet factor.
The focusing exclusively on the Floquet factor (Orbital stability) can lead to sit-
uations in which the Instantaneous stability is not satisfied and for some illnesses,
short-term epidemics may occur. The segment on Hepatitis B is a case study. An
age-structured hepatitis B model was analyzed. Motivation for this investigation is
an earlier published work on Bi-stability in the case of a model without age struc-
ture. We look in particular at the question of whether Bi-stability can occur in the
case of an age structured model.
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SECTION A:

A general childhood disease model of SIR type with periodic coefficients is analyzed.
Stability analysis is done using standard tool of Flogiet theory which provides an
averaging "orbital stability” criterion. We conjecture that such an averaging behavior
may fail to capture short outbreaks in disease even when orbital stability is satisfied.

However an optional approach via Singular Perturbation theory provides an in-
stantaneous stability criterion which has the capacity to capture such small outbreaks
in diseases that may be unnoticed if one used an orbital criterion obtained from the
Flogiet case.






CHAPTER 1

Introduction

1.1 Introduction

Vaccination is widely used in medicine to control the spread of many infectious
diseases such as Measles, TB, Rubella, among others. The main concern is, "which
vaccination policies are optimal?" Optimal in the sense of disease eradication with
regard to associated costs.

This study is aimed at characterizing optimal vaccination strategies, given cer-
tain restricted costs. For instance, studies are ongoing to compare Constant Vac-
cination Strategy which involves vaccinating children homogenously over time to
Pulse vaccination Strategy. Whether single dose or booster vaccination, if the doses
are given randomly/uniformly in time to children in the population, then we still
classify the policy as constant vaccination. Booster vaccination is done for instance
in Finland and Sweden since 1982 and USA since 1989, where the MMR-(Measles,
Mumps, Rubella) vaccine is administered at two age groups/levels, with 97-98% suc-
cess [Alexander 2006, pp2|. An alternative strategy popularly referred to as Pulse
Vaccination Strategy (PVS) is also know as vaccination campaign, or the case when
vaccination is done for all children of an age group, e.g. 0-Tyears, in one particular
day. Mathematical theory of pulse vaccination as studied by Agur [Agur 1993] is
being widely investigated in Mathematics.

Mathematical theory in this work involves concepts form Pulse Vaccination and
Vaccination days, as in [Agur 1993, Eichner 1995] and optimal vaccination in peri-
odic setting, e.g., in [Anita 1998|. The idea of Vaccination days (where some special
day is set aside to vaccinate certain age group of children) seem very effective, but
the reasons are not completely clear. Some ideas to explain this phenomenon in-
clude:

(1) At vaccination days typically all children between say 2 and 7 years are vacci-
nated, irrespectively from the vaccination status; thus, children missed before
have at each vaccination day the chance to be vaccinated; initial vaccina-
tion failures get a second chance to become immune; all vaccinateds receive a
booster vaccination that ensures protection.

(2) There is a kind of resonance between periodic contact rate and periodic vac-
cination rate that yields a fast eradication of the disease (perhaps even before
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herd immunity is reached).

(3) Vaccination is more effective if vaccination days are carefully spread in time
(as in pulse vaccination), than randomly distributing them over time (like in
Constant vaccination) [Agur 1993, Shulgin 1998|.

We only address the last question, assuming that the disease is not present in the
population. The aim is to stabilize the population against invasion of the disease
using a given amount of vaccination doses per period. The tools used are those
developed from works on models with age structure [Hadeler 1996a, Hadeler 1996b,
Mueller 1998, Mueller 2000]. Interest is to apply the theories to model the spread
of childhood diseases such as measles whose contact rates are periodic due to school
terms, or seasonal changes, for instance.We determine stability conditions in terms
of orbital and instantaneous stability and illustrate optimal vaccination policies with
respect to the two stability criteria. The conjecture is that instantaneous stability
offers a more appropriate tool to trace disease outbreaks and hence develop an
effective vaccination policy for childhood diseases.

One requires mathematical tools to get an insight into biological problems such
as spread and control of epidemics. Standard mathematical tools may be available
for most problems. However, more work my need to be done, to get to the finer
details of such problems.

A system of ODE’s commonly referred to as SIR model in epidemiology, with
periodic coefficients is analyzed. We assume the manifold I(¢) = 0 holds and
seek solutions on this manifold. Assuming a smooth flow, positive invariance and
uniqueness of solutions is proved using Tangent conditions and Lipschitz conditions
respectively. Assuming N(t)=S(t)+1(t)+R(t), the Quasimonotonicity (cooperative
system) holds and uniqueness of solutions can be inferred.

As is standard with epidemiological models, we investigated the local stability
of disease free state (the trivial solution). Stability of the disease free state indicates
no infectives in the population. This is an indication of an effective vaccination
campaign in a system with vaccination. For a system with periodic coefficients,
Floquet Theory is the main tool of analysis. The results of Floquet theory gave us
an orbital stability criterion.

We incorporated more biological reality in the modeling, by assuming that we
have a fast time scale for disease compared to the time scale for the population
dynamics. This holds for childhood diseases such as measles or chicken pox that have
infective periods lasting short periods of time (e.g 2 weeks). Singular perturbation
theory handles stability analysis for systems with different time scales. The results
of singular perturbation theory gave us an instantaneous stability analysis criteria.

The work is organized as follow:

Chapter 1 introduces the model and its assumptions. Positive invariance and
uniqueness of solutions are investigated for a standard case of solutions in C*.
Chapter 2 addresses the problem of stability analysis of the disease free state. In a
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model with vaccination, a stable disease free state is an indicator of a successful vac-
cination effort. Orbital stability and instantaneous stability criterion are obtained
via two alternative mathematical theorems. In chapter 3, the two stability control
problems from chapter two are used to define two optimal control problems.

Problem 1.1.1 For v € L$(0,T), find the vaccination schedule that minimizes
- 1 [T
il =7 | 60 slulr) ar

under the constraint that the number of vaccination doses C[y)] = Cy is given, where
C)] is defined as
T
Clul:= [ 0(r) SHl(r)dr.

Problem 1.1.2 For v € L$°(0,T), find the vaccination schedule that minimizes

1R [¥]l| L = Hﬂwsaw}(t)

LOO

under the constraint that the number of vaccination doses C’[w] = Cy 15 given. Again,

T
CWLzé’MﬂﬂMﬁMr

It turns out that the optimal control problem (1.1.1) is a classical optimal control
problem, but the control problem (1.1.2), which involves minimizing a supremum of
a function, does not fall into any class of standard classical optimal control problems
unless with modifications. Since we are interested in comparisons of the two optimal
control strategies, we chose to handle both problems in a similar manner, by defining
aset & from which we guarantee the existence of optimal solutions. Section (3.2)
in chapter 3 is dedicated to characterizing the set of optimal solutions for both
problems. In chapter 4, we illustrate candidate optimal control solutions for the
two control problems. In chapter 5, we use the candidate solutions and simulate the
vaccination strategies obtained from the two cases using a set of parameters that
emulate measles epidemic.

Chapter 6 in Section B is rather a case study on Hepatitis B. Section A deals
with a general theory for any childhood related diseaes. The chapter offers an ex-
ample from Hepatitis B modeling with an aim at investigating a hypothesis that the
contribution of carriers in the population leads to possible bi-stability scenario. The
fixed point equation for the force of infection is used to investigate stability, a com-
mon approach used in the literature for age structured systems in epidemiology. The
motivation is to justify, in an age structured model, the hypothesis of contribution
of carriers for bi-stability as reported in an earlier published work [Medley 2001].
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We prove this hypothesis for a case when no vertical transmission is allowed in our

model.

Though we fail to prove the above hypothesis in a general case when vertical
transmission is allowed for, we however show that if we hold the probability of
carriage development ¢(A) as a constant of the force of infection A and ensure,
through mass infant vaccination, that no new susceptibles occur, i.e. (w — ) non-

increasing, then we are not likely to have bi-stabiliy occuring in the system.

1.2
(i)

(iii)

1.3

Definition of terminologies

SIR models: These are epidemiological models that separate a population
of (human) individuals into compartments, of susceptible people (those who
do not have disease and are at risk of being infected if they meet infected
people), infected people (who have the disease and can infect other people
they come into contact with) and immune people (who have recovered from
the disease and have some protection from infection). There are models that
consider more compartments of infection including incubation, Carriage and
even a return paths from Immune state to susceptible state.

Optimal Vaccination: Vaccination is the use of vaccines to prevent specific
diseases. Optimal vaccination requires good management of available resources
(money, time, personnel or any other costs considered) to achieve effective
disease control, even without vaccinating the whole population.

Vaccination Strategy: An approach of applying vaccination doses. This
can be studied in terms of vaccination doses used, number of immunes already
induced in the population or the number of susceptibles still remaining in
the population. In this study, the number of susceptibles in a population
undergoing vaccination S[¢](t) will be used to classify vaccination strategies.

Vaccination support: Any time point in which vaccination is done. We
expect the vaccination parameter (t) =0 outside the vaccination support.

Bistability: Also understood as "hysteresis" in general bifurcation theory.
It is a scenario where two non-trivial solutions co-exist for the same set of
parameters in a system of equations representing some natural system.

Model and assumptions

We assume a SIR-model with vaccination. We consider a large population that is
well mixed like the children of several large schools located close together (up to
a certain degree, these are contradicting assumptions and a mathematical fiction).
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We further assume that the immunes (who are immune either due to the disease
itself or because of immunisation) are completely protected for the rest of their lives.

The contact rate 8 = ((t) is assumed to be periodic with a period T. We aim to
control the disease by a periodic vaccination rate. Primarily from mathematical and
practical reasons (annual periodicity) we assume the vaccination rate to be periodic
with a period T that is a multiple of T,

T=1T, leN.

We use b to denote the influx rate into the population, p the exit rate (which may
be rather related to the exit from the population compartment under consideration
than to mortality) and « the recovery rate. Furthermore, the vaccination rate v (t)
is assumed in L°(0,T) (the non-negative L* functions) as well as § € L(0,T).
The contact rate is also assumed to be bounded away from zero, 3(t) > 3 > 0. All
rates are non-negative, (b > 0, u > 0 and a > 0). The standard SIR-model reads
in this situation

%S = b—puS—vt)S—BH)SI
%I = —ul+B(#)ST—al (1.1)
%R = —uR+¢(t)S +al

We now investigate the uninfected periodic solution and its stability; the proofs of
the statements are rather standard but are nevertheless given for sakes of complete-
ness.

Proposition 1.3.1 For given 1 € LL(0,T) there is a unique periodic solution with

I(t) = 0. All initial conditions with 1(0) = 0 tend to this solution.

Proof: If 1(0) = 0 we find I(t) = 0 for all times, i.e. we are left with a linear set of
equations. Since the equation for S is independent of that for R, we find

H{(t)

H{o) do

t t t t
S(t) = e Jontemdrg ) +b/ e otV 4o — H(1)S(0) +b/
0 0

where we use the abbreviation H(t) = exp(— fg w~+ (1) dr). We first look for the
periodic solution, which is given by S(T') = S(0), i.e.

. H(T) CE|
5(0)_b1_H(T)/0 i 0

_ ., H(T) T H(t) ¢
S(t)—bl_H(T)/O H(U>da+b/0

Thus

H(t)
H{o) do
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is the only candidate for a periodic solution.

It is straight forward to check that it is (the unique) periodic solution and attracts
all trajectories: Let S(to) be any solution, then u(t) = S(t) — S(t) satisfies @ =
—pu — P(t)u, i.e. u(t) = u(0)H(t) — 0 exponentially fast for ¢ — oo.

O

Definition 1.3.1 For ¢ € LS let S[¢] : [0,T] — R denote the susceptible compo-

nent of the unique determined, periodic solution of (1.1) with I(t) =0
p(1)2(t)

_, pMT) [T p()(t) e .
S0 =0 TEmatms Jy iy b/ p(o)2(0) "
where we used the abbreviation p(t) = exp(—ut) and P(t xp(— fgw s.t.

1.4 Asymptotic behavior of I(t).

It is standard to show that stability of disease free state is achieved if the infective
population, I(t) tends to zero asymptotically (for the reproductive number- Ry less
that unity) [Zhou 2003].
From the results of Floquet analysis in the next section, we observe that Ry < 1
if
/ B(r)S[W](F)dr < T(+ o).

Proposition 1.4.1 The Infectious population I(t) tends to zero asymptotically for
Ry<1.
Proof

I(t) = I(0)exp
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where

A= exp (= [ () - STl )ir)

P = exp <— /Otﬂ(a)gexp {— /Ot(u - w(r))dr} do>

Note that as t — oo, (t) — oc.
Thus exp {— fg(,u + w(T))dT} — 0and P, — 1.

We further investigate FPp.
We notice that if

and

/ﬁ T)dr < t(p + ),

then Py is decreasing. I(t) cannot exponentially grow hence no possibility of
outbreaks.
We proceed to show I(t) goes to zero. A quick note is that

n o= oo~ (e + a) — B(r)STY] (7))

= o (= [ W+ ) e ([ snsivier)

— oxp(—t(u+ ) exp ( / ﬁ(T)SM(T))dT>
As t — 00, exp(—t(p+a))—0 and Py — 0.

Alternatively, let t = nT+t; and 0 < ¢; < T (n denotes the number of periodic
circles as I(t) is periodic). As t — 0o, n — oo as well, since ¢t =nT +¢;.

t

nT
B(t) = exp{—/o (u+a)—ﬁ(7)5[¢](7)d7+/ (u+a)—ﬁ(f)5[w](7)d7}

T
— By(nT)exp {— [ a0 = ryst (TW}
< P(nT).Q (1.2)

By(nT) = (B(T))"

where F[4] = [y B(0)S[](¢) dt.

exp{—n(T(u+a)—.7}>}—>0 as n — oo,
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Py(nT) — 0 as n — 0o
and
Py(t) — 0 as n — oo.
Notice that @ in (1.2)remains bounded if f[fl B(T)S[Y)(T)dr < t1(p+ ).
Hence

= 1I(t) — 0, as t — oo.

1.5 Positive Invariance and Uniqueness of Solutions

Denote system (1.1) by the equation
y=ry),

where vector y denotes (5,1, R)T. Assume f € C"(0,00); 0 <7 < oo, asmooth
flow. We show that solutions to system (1.1) live in an invariant positive domain
and are unique.

Theorem 1.5.1 Consider the ODE system vy = f(y), y € R3, where y= (5,1, R)T
and f(y) continuous. Consider an invariant set M € Ri, for this system i.e.,
y(0) € M, and y(t) € M, ¥Vt > 0. By the tangent condition, suppose f :
[0,T] X M +— R3, and n(z) defines the outer normal vector at z to set M, then;

i) the closure of M is positively invariant if

(n(z), f(t,z)) <0, Vvtel0,T], zedM,
i1) if the following Lipschitz condition holds, then y = f(y), v(0) = yo, y €

R™, is uniquely solvable in [0, c0),

(1 — y2), (f(t, 1) — f(t,92)) < Llyr — ya2f

For proof, see [Wolfgang 2000, pp124]. O

Proposition 1.5.2 Based on the assumptions of theorem (1.5.1), system (1.1) de-

fined by the equation
y=fy),
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where vector y denotes (S,I,R)T has solutions in a positively invariant set M €

R3. The solutions are unique.

Proof:
Part(i)
Define three boundary points to M by

z=1{(5,1,0),(S,0,R),(0,I,R)}, S,I,R>0.
Define corresponding outer normal vectors at these points by
n(z) = {(Oa 0, _1)7 (07 _17 0)’ (_L Oa 0)}

At each boundary point, the following condition should hold.

(n(2), f(t,2)) <0, Vte|0,T],z€ oM,

<(0707 —1), (fl(ta Z)a f2(t7 Z), f3(t7 Z))> = _fS(tv 5'7j70)

<(Oﬂ_170)ﬂ(fl(tuz)ufQ(t7Z)7f3(t7z))> = _fQ(tvsv()?R)
<(_17070)7(fl(t7Z)7f2(t72)7f3(t72))> = _fl(t707]~7R)

77

Part (ii)
Lipschitz condition offers a sufficient condition for uniqueness of solutions, see
e.g., [Wolfgang 2000, pp124| and [Chicone 1999, pp120].
We have, Yy = (S, I7 R)T, thus, Y1 = (Sl,Il,Rl)T , Y2 = (SQ,IQ,RQ)T.

We show that given y; and y, that satisfy v = f(y),

(g1 — y2), (f(t,y1) — f(t.y2))) < Llyr — |

Let

((y1 = w2), (f (1) — f(t,42)) = Q,
then
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Q = (S1—S)fit,y1) — filt,y2)] + (11 — L2)[fa(t, y1) — fa(t, )]
+(R1 — Ro)[f3(t, y1) — f3(t, y2)]

= (51 = 92)[(b— pS1 —P(t)S1 — B(t)S111) — (b — Sz — (t)S2 — B(1)S2I)]
+(1 = I)[(—pdy + B(0)S111 — aly) = (—ply + B(t)S212 — aly)]
+(R1 = Ro)[(—pBy +9(8)S1 + alh) — (—pRa + 9(t) 52 + aly)]
—(n+ () (S1 = 82)* = (n+ a)(Iy — I)?> — p(R1 — Ry)?
+(t)(R1 — R2)(S1 — S2) + a(R1 — R2) (11 — I2)
—B()(S111 — S2){(S1 — S2) — (I — I2)} (1.3)
— (4 Bt)S2)(S1 = S2)* = (= BN (I — 1) = (n— 9(t) — @) (R1 — Ry)?
—u{(S1 = 82)* + (I = I2)* + (R1 — R2)*} = Lly1 — yo|*.

Here, we need a continuous bounded Lipschitz function L, which we have ap-
proximated with g . However, in the second last statement above,L is defined and

finitely so if Sa, and Iy or simply S(¢) and I(¢) are bounded functions and
this follows since S(t) + I(t) + R(t) = N(t), and we know that

IN A

N(t> :b_,uN(t)>

such that limy_.oN(t) = %. The equation (1.3) is modified using
(1) S11y — Soly = S117 — Soly + Soly — Sols.
(ii) (S1 — S2)(I1 — I3) < (S1 — S2)% + (I — L)%

The solutions for (1.1) remain positive on the time interval [0,7") and is unique,
for some set of initial conditions. Positivity of solutions for SEIR type model is also
illustrated in |Herzog 2004|, for general cases and for quasi-monotone systems.

O

Theorem 1.5.3 Quasimonotonicity: Consider an ODE system ¢ = f(t,y), f:
[0,00) XR3 — R3. Suppose f(t,y) is quasimonotone increasing and continuous, and
there exists some continuous function L :[0,00) — R , a defined function g(.) and

two possible solutions © and vy, that satisfy the system, such that
g(f(ty) = f(t,x)) < L(t)g(y — =), V=0, x<y,
then y = f(t,y), y(0) = yo is uniquely solvable on [0, 00).

Proposition 1.5.4 The ODE system (1.1) is quasimonotone (cooperative) system
and by theorem (1.5.3), the system is uniquely solvable and solutions live in a

positively invariant corn R7.
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13
Proof: We make use of |[Herzog 1998, Theorem 1| and the condition N =
S+I1+R.
d
%S = b—uS—9Yt)S—-p(t)S(N—-S—R)
d
%I = —ul+p1t)SI—al (1.4)
d
aR = —puR+Y(t)S+ ol

The general Jacobian matrix to the ODE system (1.4) reads,

—p——B(N —S—R)+pS 0 8S
J = 61 —u—a—06S 0
(0 a —p

The off diagonal terms are positive, hence we have a cooperative system. By theorem

(1.5.3), the system is uniquely solvable, and positivity in the positive corn R3  of
solutions for this case, holds [Herzog 1998] .

O






CHAPTER 2

Stability Analysis

2.1 Orbital stability of periodic solution

We now investigate the stability of the solution in the full model. We use Floquet
Theory, whose direct object of study is a linear differential equation with periodic
coefficients |loos 1990].

Proposition 2.1.1 The Floquet multipliers for the solution S[Y](t) read
pr = e Jo prv@dr A~ (era) T[] B d
Proof:

Consider the linearization of (1.1) around a periodic solution by setting

S(t) = s+ S, R() =r+ <z _ Sm(t)) Cand I(t) = i +0.

We find
Do = s —lt)s — BOSI)
%Z- = —pi+ BO)SWI(t)i — ai (2.1)
%T = —ur+(t)s +ai

A fundermental matrix of (2.1) consists of solutions satisfying the initial conditions
(1,0,0)%, (0,1,0)T, and (0,0,1)7.
Consider the initial condition (0,0,1)”. We note that

t
i(t) = i(0) exp {—/ A+ B(r)S[Y)(T) + adT} =0 since (0)=0
0
Then we consider the equation for s(t), i.e.,

S(t) = 5(0) exp {— / it wwm}— / exp {— [ ne wde} B(r)SIA(ri(r)dr.

Since i(t) =0 and s(0) =0, s(t)=0Vt.
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Finally,

10 =r0e{~ [ul+ [eo{- ["ubwmsrraimir = o {- [}

Hence we obtain the solution,

s 0
=10 |e™
T 1

In a similar manner, we obtain the other two solutions. All the three independent
solutions with initial conditions (0,0,1)” (1,0,0)7, and (0,1,0)” read,

5 0 s exp(— f(f (7)) dr)
7 = 0 ef”t, i — 0
r 1 r Jo exp(u(t — 7)) ¥(7) exp(— [y p+¥(0)do)dr
and
S *

~.

= | exp(— [ p+adr+ [l BS[W)(r)dr)

<

The Monodromy matrix M (T'), which is a fundamental matrix ¢(t) of the linearized
system, evaluated at time T'(the period), has the form

exp(— Jy p+(r)dr) * 0
0 exp(— fOTu—i—adT—kaTﬁS[w](T) dr) 0
* * exp(— fOT,udT)

The entries (*) in the matrix are assumed equal to zero. The columns of the Mon-
odromy matrix are defined by the three independent solutions, and the matrix is
evaluated at period T. As M (T') posseses a block structure, it is possible to read the
spectrum from the diagonal entries, which therefore define the Floquet multipliers
as pi1, p2 and p3. O

The local stability of the disease free equilibrium is satisfied if
lpil <1 i=1,2,3.

That is, the eigen values should lie in a unit circle [Chicone 1999, Theorem 2.53,
ppl68]|. Since the absolute value of p; and ps are less than one, therefore, lo-
cal stability is determined by ps, especially by the value of the average quantity
1/T fOT B(t)S[](t) dt and we are led to the following definition.

Definition 2.1.1 Let F : LY — R,

T
ﬁW:;Aﬂﬁﬁwwﬁ.

If F[Y] < (1 + ) then the uninfected periodic orbit is orbital stable.
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2.2 Instantaneous Stability Analysis

2.2.1 Fast Epidemic

Now we assume a different point of view. Consider a disease which is quite infectious
but has a short infective period in comparison with the period of the contact- and
vaccination rate. This situation may be given in cases like measles. Thus, § and «
are both large. We may express this fact in introducing a small parameter ¢,

d 1

Y9 — p_uS— _Z I

05 = bopS—v()S — 6(0)S

d 1 1

—I = —ul+ - I——-al 2.2
o pl+-B()SI - —a (2.2)
d 1

We want to know, if an epidemic is possible in this situation. It is important to
be precise what the statement “an epidemic is possible” means. The idea is, that
we start at time ¢y close to the uninfected periodic solution (especially with I(tg)
nonzero, but small) and find - for short times - a trajectory that resembles the usual
epidemic model in case that the reproduction number is larger than one, i.e. the
trajectories resemble that of the ODE

s =—PBsi, i =(Bsi—a&i), r=ai.

It is well known that there is an invariant functional « : R? — R on these trajectories
of the form
x(s,1) = —s+ (a/F) In(s) —i.

Le., z(s(t),i(t)) is constant, or, equivalently, i = —s + (/) In(s) — = where z <
max{—s + (&/8)In(s)|s € R.} = z9 = (&/F)(In(&/F) — 1). We aim to apply
Singular perturbation theory. The theory requires clearly separated time scales
and an autonomous equation. Thus, we first (formally) decouple time and periodic
functions and augment the state space with a variable ¢ € [0,7] where we identify
g=qmodT,ie q¢c S' (notethat this variable lives in a compact set) and obtain

d 1
28 = b—puS— _Z I
dtS wS —(q)S 5ﬂ(61)5 ,
d 1 1
S = —uIl+ - I— —al
g 1 +€5(Q)S O

d 1
YR = - Zal 2.
i pR+4()S + Zal, (2.3)

d

%q
The time scale ¢ of (2.3) is the time scale of the population dynamics. If we transform
time to the fast time scale of the disease, using ¢t = 7 and dropping the equation
for R since R(tg) = b/ — S[Y](ty) and equations for S, X and q do not depend on
R, we obtain the new system,

=1
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d
—S5
dr
d
—17
dr
4
dr q

e{b—pS —(q)S} — B(q)S 1,

—eul + B(q)ST —al (2.4)

Taking ¢ — 0, (2.4) becomes an SIR-model without population dynamics, from
whose dynamics we obtain the constant relation X = —S+(a/83(q))In(S)—1I. Since
X is constant on a fast system, it defines a slow variable in the context of Singular
perturbation theory, and hence our choice of X(g) to transform the system into a
distinct fast-slow system.

2.2.2  Variable transformation.

We observe that system (2.3) mixes the slow time scales of population dynamics and
vaccination with the fast dynamics of the epidemic. In order to use Singular pertur-
bation theory, we need to separate the time scales explicitly using a transformation
of variables.

The idea for a variable change is the following: on the fast time scale of the
epidemic, ¢ is fixed. Thus if ¢ — 0, we expect a trajectory of (2.4) to follow a pure
SIR-model without population dynamics or vaccination. That is, there is a relation
between S and I of the following form

—S+ (a/B)In(S) — I = constant.

The SlI-plane is fibred by these curves, indicating the time course of epidemics with
different initial values. This observation gives rise to the definition

X = =5+ (a/B(q)) In(5) — 1

As S;I > 0, X assumes values only below the maximum of —S + (a/3(q)) In(S5).
The maximum is assumed at S = (3(¢)/«, and thus

X <X =-p(g)/a+ (a/B(q) n(B(q)/).

On the fast time scale, X is constant. Instead of the SI-plane we investigate
the system on the SX-plane.
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We find
d ;. oS afl(gd /
ax = s T R MO
_ 1 alb—puS —(q)S — 15(q)S 1]
= b+ pS+v(@S+ _B@)S T+ 50)5
i / 1 1
_0‘52((‘1;)q In(S) +pl = ~B(@)S T+ —ol
_ alb—pS—9(@S]  af(a)d
= —b+uS+v(q)S+ o8 (0 In(S) + ul
(2.5)
From the definition of X we have
I'=-5+(a/B(q))In(S) — X
hence
dy _ _ alb—puS—v(Q)S]  af(q)d
th = —b+uS+v(q)S+ 305 2(0) In(S)
+u[=5 + (a/B(q)) In(S) — X] (2.6)
Define
9S0) = S+ (@) + LTSI U o) n(s)
(2.7)
then Ux 50 d
B af'(q)q
= = 0 kX +9(8,9) - 2(q) In(5)
We thus obtain the transformed, slow system
% = —b-— MX +g(S7Q) - agg((qq))q lH(S)
B~ b S~ (@)S) - @S [-S + (a/A@)n(S) - X]  (28)
dqg
i 1
Since % =1, we have,
ax af'(q)
2 = b S~ Y@ - H@S -5+ (/@) () - X] (29
dg

dt

=1
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Using 7 =t/e, fast system reads

X el~b—puX +9(S,q) — o1

In(S)]

dr 3(q)

O = b S~ (@S]~ B@)S[-S + (a/A(@) n(S) ~ X] (210
0o

dr
W= X a5 - 0 s

O = b S~ (@)~ B@S[-S + (/A ($) - X]  (211)
0o

dr

Remark 2.2.1 Invariant Manifold {I = 0}

We know that in the original equation the plane {I = 0} is invariant. This is
also true for the transformed system, as this is defined by a reqular transformation.
In the transformed system, this manifold, which we denote from now on by M*, is

given by
M* ={(5,1,q)[1 =0} ={(X,S,q)| —X -5+ aS5/B(q) =0}.

The dynamics in the (S, I, q)-system reads

d
55 = b-uS—9(@)S

and I = 0. As I resp. X s not involved in these equation, also in the transformed
coordinates (X, S, q) the dynamics on this manifold is given by these very equations,
where X is given by X = —S 4+ «S/B(q).

It is necessary to note, that neither the manifold nor the dynamics on the man-
ifold depends on €. Thus, also in the limit of € — 0 (for the fast as well as for the

slow system, see below), this manifold will be conserved.

All feasible initial conditions (S,1,q) € Ry x Ry x [0,T] correspond to points

{(X,8,9)[X < -S+aS/B(q) € Ry,q € [0, T}
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2.2.3 Limiting fast and slow systems.
Fast system
Consider the fast system, taking ¢ to zero,

ax
dr
E
dr
dg
dr

— 0
= —B(q)S[-S + (a/B(g)) In(S) — X] (2.12)

= 0

On the time scale of the fast process (the epidemics), the trajectory for S resem-
bles that of a simple SIR-model without population dynamics. We determine the
stationary states of S, if X and ¢ are given and fixed. Either S =0, or

X = =5+ (a/B(q) In(S).

As only X < X* is allowed for X, we find additional stationary points. Given gq,
the stationary points in the SX-plane are sketched in figure 2.1. The parameters
used are 3(q) = 3, @ = 1.The stability of the branches is indicted by the linestyle,
where the dashed line indicates the unstable branch while the solid line indicates
the stable branch. The arrows indicate the direction of the fast field.

-1.4

-1.6

-1.8

0.0 05 1.0 15 20

Figure 2.1: Solution branches on the SX-plane, including fast and slow manifolds.

Slow system

Consider the slow system, taking ¢ to zero,

ix af' ()¢

i —b—uX +9(S,q) — (q) In(S)

0 = B(@)S[=5+ (a/B(q)) In(S) — X] (2.13)
dq

— = 1.

dt
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We are interested for the dynamics on the two unstable and the stable branch
of stationary points.

Case 1: Unstable branch S = 0:

The function g¢(S, ¢) becomes unbounded for S — 0. Thus, this branch is not
feasible. Neither can we compute for any solution X (¢) that defines the slow mani-
fold.

Case 2: Unstable and stable branch S > 0:
On this branch, we have

X = =5+ (o/B(q)) In(5)

and hence
9(5,0) = pS+blg)s+ 2" /;?q)—sw(q)S] +uX (2.14)
and thus
X' = b X 4 S+ (g)8 + 2L ’;(Sq)_sw@s] touX — ag;((‘i]))‘f In(S)
O o i gfq)—sw(qw l_ O‘g;((q(j)q/ In(5S)
R T 015
¢ = 1

One possibility is to express S in terms of X with help of the algebraic relation
between X and S. As this is not explicitly possible, we use the other way: We
express X’ in terms of S and S’ and derive an ODE for S’ on this slow manifold.

r_ /_O‘B,(Q)q/ n o '
X =5y Ot 550

That is,

A CI a o _ (B@S+a)b-uS—9(@)S] ab9d |

TP B TP 3@)S Bl ™)
L (—B@Sta\  (~B@)S + )b uS - ¥()S)
- S( B3(@)S )‘ 3@)S

= S = b—uS—1v(q)sS (2.16)

We thus have an explicit solution for S(¢) along the slow manifold, in the form,

() = sOeap{ - [ tuw(q)dq} o f con{- | tu+w<q>dq} do,

and from the relation

X = =5+ (a/B(q)) In(S) — 1,

we substitute S(¢) and have an expression for X(¢).
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2.2.4 Stability along slow manifold

From system (2.13), the slow manifold is given by
h(S) = —B(q)S [=5 + (a/B(q)) In(S) — X].

In order to determine the stability along the slow manifold, we inspect the deriva-
tive of the slow manifold. The derivative reads

W(S) = =B(@)[=5 + (/B(q)) n(S) — X] = B(g)S [-1 + (a/B(a)) /5]

and h/(S) < 0 = stable branch. There are three solution branches for h(S) = 0.
The first branch is S = 0. The graph — S+ (o/B(q))In(S) = X has two solution
branches for 0 < S < «/B(q) herein referred to as the middle branch and S >
a/B(g) which we refer to as the right hand outer branch.

(i) Since h'(S) — oo for S — 0, branch S = 0 is thus unstable.

(ii) Consider — S + (a/B(¢))In(S) — X = 0. If, B(q) # 0, and S # 0, then
R(S) <0 if

[~1+(a/B(9)/S1>1 = Blg)S/a <1,

from which we define Rg. This condition is satisfied in the middle branch only.
The middle branch is thus stable, the right hand outer branch (s > a/f)is
unstable.

As we start in {(X,S)|X = h(S)}, a perturbation close to the unstable branch
will jump to the stable part via the fast field.

For e positive but small, there is a time layer O(e) and a trajectory of (2.11)
that is e-close to the lines X =constant, if we start close to the unstable branch of
the invariant manifold M*. This is possible for initial conditions S(tg) = S[¥](to),
R(to) = b/pu — S[Y](to), and I(ty) > 0, I(ty) = O(e) if and only if the curve
(S[¥](q), I[¥][q], q) enters the unstable part of M*, i.e. iff |5(¢)S[¢](t) /|l p~ > 1.

We are led to the proposition.

Proposition 2.2.1 For ¢ > 0 but sufficiently small, an epidemic is possible iff

1B(#)S[1(t)/allLe > 1.

2.3 Comparison: Floquet Theory vs Singular perturba-

tion Theory

In figure(2.2), we illustrate that Orbital stability of the uninfected periodic solution
may not play a role, but the instantaneous stability at a certain time point is the
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Figure 2.2: Epidemic scenario when Orbital stability holds, instantaneous stability

fails in-between.

decisive criterion if or if not an epidemic may happen. The figure gives a simulation
of an epidemic for time independent contact rate (dashed curve) and slowly varying,
periodic contact rate (solid curve). Parameters used are b = 0.05, u = 0.016666,
a =1, e = 0.3. For the constant case, = 1.4 while for the varying case § =
0.9 + cos(t)0.5. We define the instantaneous reproduction number as follows.

Definition 2.3.1 The instantaneous reproduction rate (in presence of vaccination)

R, is defined by

We call the uninfected periodic orbit instantaneously stable, if

HRUHL‘X’ < 1.

Note, that R, is not well defined for every time point, since g is an L*°-function.
However, R, € L>°(0,T"). We reach the following conclusion.

Proposition 2.3.1 If the uninfected periodic orbit is instantaneously stable, it is
also orbital stable. In general, it is not true that Orbital stability implies Instanta-
neous stability.

On the first glance, the proposition seems to contradict itself. For e small, but
positive, we may look at the system under the point of view of Orbital stability
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as well as under the point of view of instantaneous stability. There are situations,
where orbital stability is given, while instantaneous stability is not. Thus, if we start
close to the uninfected periodic orbit, we ultimately converge to this orbit though
an epidemic outbreak is possible, as depicted in figure (2.2).

The reason for this seemingly contradiction is the fact, that orbital stability
only implies that eventually the density of infectives tends to zero. In between, the
number may (again and again, periodically) become quite large, s.t. an observer,
who only consider the prevalence of disease locally has the impression that local
outbreaks occur. However, these outbreaks become after each period T smaller and
smaller and eventually fade out. The case of measles which has clearly shorter time
scale relative to population dynamics would exhibit this scenario.

Let us consider the fate of a trajectory starting O(e) close to the uninfected
solution at time points, where this solution is instantaneously unstable. If the I
component is sufficiently large, an instantaneous epidemic outbreak will happen.
However, as time changes, we will reach a parameter region where 8(t)/a(t) < 1.
At the latest here, the epidemic breaks down and the trajectory comes close to M™*.
As the dynamics of the epidemic process is fast, we will find (for € sufficiently small)
that we are e /%-close to M* if we enter next a parameter region where we have
instantaneous instability. As we are very close to M*, where dI/dt = 0, it takes a
long time until the perturbation grows s.t. I is in the magnitude of O(¢), and another
instantaneous epidemic occurs. Indeed, we will leave the instantaneous unstable part
before this happens. This so-called slow passage effect yields the orbital stability of
a trajectory (S[¢](¢),0, R[¢](t)) with instantaneous unstable parts.






CHAPTER 3

Optimal Vaccination Strategies

3.1 Definition of Optimal Control Problems

We assume as is often the case, that the budget for the control of the disease is
restricted. During one period for vaccination we want to spend at most Cy vaccina-
tion doses. The aim is to find a vaccination schedule that is as effective as possible.
The idea is to get an impression what can be gained by optimization concepts, as an
effective vaccination strategy. The efficiency may be measured in terms of orbital
or instantaneous stability of disease free state.

Problem 3.1.1 For 1 € LS°(0,T'), find the vaccination schedule that minimizes

- 1 (T
Pl =1 | A0S ar
0
under the constraint that the number of vaccination doses C~'[77Z)] = Cy is given, where

Cy)] is defined as
_ T
Clul:= [ 0(r) SHl(r)dr.

Problem 3.1.2 For v € L$°(0,T), find the vaccination schedule that minimizes

1R[]l = Hﬂ(wsa[w}@

LOO

under the constraint that the number of vaccination doses C’[q/)] = Cy is given. Again,

T
O] = /0 (r) S (r) dr.

Problem (3.1.1) can be formulated as a classical Maximum Principles problem.
Considering all the details of the optimization problem(3.1.1), we define the following
proposition.

Proposition 3.1.3 Consider the population profiles S[](t), I[¥](t) =0, R[Y](t).

Define the set of optimal vaccination strategies,

U = {0 < ¢ < Ymaa; @Z)GLf h
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The optimal control problem is to minimize,

T
FlW)(t) = /0 B(r) S (r)dr

subject to

St)=b—puS—vS; S(0)=S8(T)
C(t)=vS; C(0)=0,C(T)=C

This problem is an optimal control problem with singular arc of infinite local order.

Proof:
Using the Minimization principle of Pontryagin, we define a Hamiltonian,

H(S,C, A1, A2,0) = A1 (b — S — S) + AapS + B35,
which is affine in the control variable ), and can be written as,
H = Ho+ ¢ Hy,

where Hy = A\ (b— pS) + BS, and Hy = (A2 — \1)S.

This is a singular case of optimal control [Robbins 1967] with a singular arc
when Ao = A;. The control variable v appears linearly in the Hamiltonian, thus
its optimal value ) will be piecewise constant function (A bang-bang control)
[Neubert 2003, pp845] of the form;

0,  if d—A\ >0
Y= Ymaz, i A2 — A <O0;
*, if )\2 = )\1.

One needs to know what happens when H; = As—XA; = 0, in a defined interval of
time. To determine 1 in this interval, one needs to differentiate H; = Ao — A1 = 0,
with respect to time ¢, until the derivative satisfies the condition

o (d*’H,
o0 { a2 } 70,

where p defines the local order of the singular arc [Robbins 1967, pp849]. Taking
the derivative of H; with respect to ¢, one fails to achieve the above condition for
finite p. Hence, the (local) order of the singular arc in the optimization problem
here is infinite.

0
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Remark 3.1.1 (i) It turns out that the control Problem (3.1.3) is a classical
linear optimal control problem with a singular arc of infinite order. This problem
has been already handled in literature [Baumann 1998]. However, the second problem
of minimizing an essential supremum is not a straightforward classical optimization
problem and may need reformulation to apply classical tools.

(i) To match the orbital optimization problem with the alternative instantaneous
optimization problem, we choose to define a set of solutions that would guarantee

existence of solutions for both optimal problems. We define the set as &.

3.2 Characterizing the set of Optimal Solutions

The worst strategies maximize F[tp] and ||Ry[1)]||s0, respectively. We aim to prove
existence for solutions. It turns out, that in general we do not find solutions for
€ LY. We need to extend our search to a larger set.

The success of a vaccination program can be defined in terms of how many
susceptible individuals are still in the population. An excellent vaccination program
implies no susceptibles in the population. We study vaccination strategies in terms
of a set of susceptible population profiles & = {S[¢] |v € LL} € L®(0,T), whose
closure we denote by &.

First we show the set of all population profiles originating from & is bounded
and compact. We also need to show that it is convex.

3.2.1 & is bounded and compact

Proposition 3.2.1 For any ¢ € LY we find uniform bounds for ||S[¢]|r~ and

C[y], i.e.,
I1S[lloo < b/n
and
Cly] SbT.
Proof:

The function S[¢](t) satisfies the differential inequality S[0](t) < b— uS[0](t), under
no vaccination and thus the solution of ¢ = b — po is a super-solution, where

S[01(t) := S[I(#)y=0-
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This solution tends asymptotically to b/u and S[)](t)||p-0 stays periodic, bounded
above by b/u . Thus,

0< Sl <b/p =[Sl <b/p.

In order to estimate C[t)] = fOT ¥(1)S[Y](7) dT, we integrate the differential equation
for S, with respect to ¢ over one period, (I(t) =0 assumed).

d

S

)
Td T T T
/0 < stlndr = /0 bt /0 uS[Y(t)dt — /0 B0 ST (1) dt

b — uS[P)(t) — P (@)S[YI(E

T
0 = 07— [ Sl Cl
hence we find .
Ol = Tb — /0 S[)(t) dt < T

O

To investigate compactness, we use a remark [Evans 1998, pp274]| that follows
from sobolev embedding theorem in [Evans 1998, Theorem 1, pp272|. We start with
both the remark and the theorem(without proof as this follows from the reference).

Theorem 3.2.2 Assume & C R" is open, bounded and Lipschitz domain, s.t.,

06 € C. Suppose 1 < p < oo, then
WhP(S) cc LY(&)

_ np
for 1 < q<p* and p*—n—_p.

Remark 3.2.1 If p* — oo, as p—n, then
(1)
WhP(&) cc LP(6)
forall1 < p < o0.

(i)

!

Gn

W, () cc LP(S)

even if 06 ¢ C*.
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Using the above remark, we specify the following proposition.

Proposition 3.2.3 The set & = {S[Y]|v € LL} C L=(0,T) is a bounded subset
in W0, T) and is precompact in L.

Proof:

We already showed that [|S[¢)]]|co is uniformly bounded, and thus, we only consider
the bounded interval [0,7]. ||S[¢]|l1 is also bounded in this interval. The norm of
the derivative can be derived using the differential equation,

T T
| gstma < [+ uswe dt*/ v
= T + p|| Sl + Cly]

All the terms in the last line are uniformly bounded, i.e. S is a bounded subset of
WH1(0,T). Since WH1(0,T) is compact embedded in L', then & is precompact
in L' and its closure & is a compact subset of L!. U

Remark 3.2.2 (1) Let & be the closure of S under the L'-topology. Then, & is
a compact subset in L'. Furthermore, since the L>®-norm is bounded for all

elements in S, & is also a bounded subset of L™.

(2) The cost functional C' : & — R, <C(S[w]) = é[¢]) has an unique extension
C : 6 — R, since this functional can be represented as a function of ||S[¥]|1-
Since C is a bounded linear functional, and by Hahn-Banach theorem, C is

continuous on S.

(3) The vaccination effect functional F : & — R, (.7-"(5’[1#]) = f[zﬁ]) has an

unique extension F : S — R, since this functional depends on S[y] only via

T
/0 B(r)S[y)(r) dr

which is a continuous, linear functional w.r.t. the L'-topology.

(4) We denote with Co the maximal possible costs. Since & is compact and C
continuous, the functional C' assumes its mazimum and the maximum (Cs)

1s well defined.
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Theorem 3.2.4 If 0 < Cy < Cw, the problem 3.1.1 has a solution in S, where
Coy denotes the number of vaccination doses, and Cs the mazimum number of
doses available for the vaccination program.

Proof:
Since 0 < Cy < Cu, and since C is continuous, the set {S € &|C(S) = Cp} is
non-empty and compact. Thus, the continuous functional F assumes its minimum
within this set. O

Theorem 3.2.5 We assume 3(t) > > 0. If 0 < Cy < Cw, the problem 4.2.1 has

a solution in S.

Proof:
We aim to minimize

||Ry|| Lo = supess{R,}.

It is possible to control S(t) through vaccination, in order to minimize supess{ R, }.
Let m define the optimal value for aR, under the usual cost constraint, where,
m = inf supess{3(t)S(t)}.
S€6  ie(0,1)
The problem has a solution if we could find a profile 3(¢)S(t) that corresponds to
m.
Let S; € & s.t. the values m; = supess,c o 1) 3(t)Si(t) converge against m. Since
G is w.r.t. the L'-topology compact, we find a subsequence of the S; that converge
in the L'-norm to S € &.
We show that
supess 3(t)S(t) < m. (3.1)
te(0,T)
If this is not the case, then there is an € > 0, s.t. supess;¢( ) B(t)S(t) = m+e > m.
Hence, there is an measurable set J C (0,7)

J={te (0,T)|B(t)S(t) >m+¢/2}

with measure larger than zero. For ¢ > ng, for some arbitrary no € Ry large
enough, we have m; < m + €/2. Hence,

IS—Sill, > /JS—SAdt-/JS—Sidt—/J1(ﬁ(t)S(t)—ﬁ(t)Si(t))dt

B0
s el
= | 5w ™ A

in contradiction to the fact that the S; tend to .S in the L'-norm. Thus, (3.1) holds
and S is a solution of the problem. ([

>0
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3.2.2 Convexity of &

We show that & is convex and compact. According to the theorem of Krein and
Milman, the extremal points structure the complete set. Consequently, we investi-
gate this special set. The inside structure we obtain here is the centerpiece for later
considerations about the structure of the optimal points in &.

Proposition 3.2.6 The set G is convez and so is its closure &.

Proof: Let Srand S; = S[¢]; i =1,2; +; € LY be population profiles in &. We
find an € > 0 with S; > € > 0, i.e. also S; is bounded away from zero.

If & is convex, then S; € & can be expressed as a convex combination of
S, €6:i=1,2.

Se(t) = 781(t) + (1 — 7)Sa(t).

We check that S, € &, that is, it satisfies the original differential equation for S(t)
for some vaccination rate 1, (t).

d d
£ST(75) = T%Sl( )+ (1 - T) Sa(t)
= (b pS1(t) —p(t ) 1(t)) + (L —7) (b — puSa(t) — 1 (t)S2(t))
= p(TS1(t) + (1 —7)52(t)) — T91(t)S1(t) — (1 — 7)3h2(t) S2(t)

= b-— IUST(t) - /l/]TS’7'<t)' (32)
where

TP1(£)S1() + (1 — 7)1ba(t)S2(?)
S-(t)

@Z)T(t) = (33)

Since v;(t) and S;[¢](t) are periodic functions, 1-(t) linearly depends on peri-
odic functions, hence it is periodic, and so is the solution S;(t).
We also show that 1, € L.

TP1(8)S1(t) + (1 — 7)aba(t) Sa(t)
S7(t) L

oo () + o0 (S5
< Il e + 2] oo < 00

or Ol =

LOO

Hence S;(t) € &. Since & is the closure of a convex set, it is also convex.
Hence, 6 is a convex and compact set. By the theorem of Krein-Milman

[Yosida 1980, pp362], it can be characterized completely by the set of its extremal
points 3(6). O
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3.2.3 Definition of Vaccination Support for S[¢|(t) € &

In order to obtain a better inside structure of the set (&) of extremal points,
we define the vaccination-support of a population profile S € &, i.e. we derive a
criterion for these time points, where v does not vanish. If the rate 1 is in LY, we
may use the differential equation, multiply this equation with a non-negative test
function ¢ € C2°(A, B) and integrate between arbitrary points (A,B) that is,

B B B B
[ o Wi [“owa—u [ swsiwa- [ owuwsiwa

We integrate the LHS by parts and note that S[.](A) = S[.](B) = 0 since A and B
are boundary points of the function support. We then obtain

B B B
/ S(0)6(1) ST (1) dt = / (& (t)—ud(t)) STI(E) di+b / o(t) dt = H(S[], & A, B).
A A

A

Then, H is (for A, B, ¢ given) a continuous functional on &. For a given S € & and
given A, B, we find that H vanishes for all ¢ € C2°(A, B) if and only if ¥|(4 g) = 0
in L : 9|45y € L. We are led to the following definition.

Definition 3.2.1 Let S € & and 6 C [0,T) the set of points x so that A < x < B

exists, s.1.

H(s,¢;4,B)=0 Ve CF(A B), ¢=>0.

The vaccination-support supp,(S) of the population profile S is defined as [0,T)\ 6.

Remark 3.2.3 (1) If ¢p € LY, this function can be interpreted as a general-
ized function, and thus supp(t)) is well defined. It is straight forward to see that
supp(y) = supp,(S[Y]) through H(s,¢; A, B).

(2) Since H(S,¢; A, B) is non-negative for ¢ > 0 and S € &, this is also true

for S € G.

3.2.4 Continuity of S[¢](t) about discrete vaccination points.

In the next section, we will define candidate optimal vaccination strategies that
vaccinate at discrete time points. We demonstrate that the functional S[¢](t)
has well defined left hand and right hand limits at vaccination points, tg. Consider
following Lemmata.:
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Lemma 3.2.7 Let tg € [0,T] be fized and & > 0. Define two functions,
A = ess sup S[Y](t)|t € [to,to + €],

Be = essinf S](t)|t € [to, to + €],
Then, for 0 <&’ <e
1A > A,

2. B. < B..

Proof:
The set,

{t € [to, to + )| S[I(1) > A} C {t € [to,to + £]|S[](1) > A}
and
p{t € [to, to + €'S[¥](t) > A} < p{t € [to, to + €][S[YI(t) > A}
p{t € [to, to +€l|S[W](t) > A} =0 = pu{t € [to, to + €][S[P](t) > A} =0
= At € [to, to + )| S[U)() > A} = 0> Alu{t € [to, to + £/|S[] (1) > A} = 0
= As > Aa/a

where u{.} defines the measure of a set. Similarly,

B. < B..

Corollary 3.2.8 [t follows that,
A > Aa’ > B > Be
for arbitrarily small positive real values & < e

Lemma 3.2.9 The lim. o |A. — B:| exists and is equal to zero.

Proof

We know that A, > A, > B > B..
Thus |A: — Be| > |Ae — Bo|  for &' <e.
Define V(¢) := |A; — Be|, monotonously increasing in e.

Define ¢ = liminf. ,o{V(e)}. We show that the limit exists for § = 0.
Suppose & > 0. We know that for ¢ decreasing, A, is monotonously decreasing
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and bounded function, B. is monotonously increasing and bounded function,
hence the following limits exist:

limg_@Aa = A()

and
limgﬁo Bg = Bo .

t 1(t)

A, \

AO ........................................... /. ..................
A =5/4
B, + /4

2 CIT TN D

Bé.'

t, t,+& t, + ¢ !

Figure 3.1: Limits of S[|(t) w.r.t a vaccination point tg.

Suppose 6 > 0. We have S[¢](t) monotonically increasing in (tg,to + £). Since
By > BVt € (to,to+¢),3 g0 € (0,e) s.t.  S[¥](t) < Bop+4d/4 in the interval
(to,to + €0), thus  S[Y](t) < Ag— /4 in (to,to + o). Hence

pdt € [to, to + €0l [S[Y)(t) = Ao — 6/4} = 0.
= A < A —(5/4 V g€ (0,50),

st.as € —0, Ay < Ay—9/4.
=0<-§/4. =6 <0, a contradiction. O

Lemma 3.2.10 lim. o |A: — B.| ezists and is equal to zero.

Proof:
The proof parallels that of lemma (3.2.9), reversing time and changing the roles
of the supremum and infimum. O

Proposition 3.2.11 Consider any vaccination point to € [0,T]. Then the limits,

limg—yy4+ S[)(t) and limi_,—S[1](t) are well defined.
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Proof: It follows from lemma (3.2.7) to lemma (3.2.10) that the limit is well
defined. g

Since & is compact and convex, we characterize it by its set of extremal points.

3.2.5 The set of extremal points, 3(G5).

Proposition 3.2.12 Let M C [0,T) be a closed nonempty set, M C {supp,(S)}.
Define the map A : [0,T)\ M — Ry by
t—max{z e M|z <t} if {aeM|lz<t}#0

A(t) = :
t+ (T —max{x e M}) if {zeMlz<t}=10

Define the function S* € LL(0,T) by

5(t) 0 ;teM
*(4) = ’
b/u(l —e MY - else

then S* € ¥£(6).

Remark 3.2.4 Every compact subset of the space R™ is Lebesque measurable
[Amann 2001, Theorem 5.1, pp4l]. For M compact subset in [0,7"), then M is

Lebesque measurable and for all time points = € M, S* € L!

Proof:

Step I. We show that S* € &.

We need to take care about the cyclic structure of [0,7). Let M = {z e R|Ji €
Z:x+iT € M}.

Now we mollify M:

For n € N, we define the sequence of sets

M, ={t€[0,T)| min(|t —ml|) <1/n; m=z+iT; ie€Z},
meM

the rates ¢, = n®xa, (t) € LL(0,T), periodically continued on R and denote
Since M, D M, then, supp,(S,) D M and

mnGNSUppv(Sn) =M.

Let x € M.We show that there exists a sequence S,(z) — 0, Vz € M.
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Considering the lower interval, [z — 1/n,z] C M,. Since 1, € L*°, the function
S, € CY. Thus we are able to inspect the functions S, at the point .

T

0<Sule) = Sulo—Unme Fanbt @ty [7 g <‘/ <u+wn<t>>dt> “
z—1/n t

b = v ’

< Ze fz_l/n 2dt_|_b/ exp (—/ nzdt> dt
Hw z—1/n t
b

= —e¢ "+ 5(1-e")—0 forn— oo
i n

We use the fact that lim;_,o S[¢](t) = b/p and that S[](t) has b/u as its upper
bound. Hence, we find that the convergence S, |y, — S* = 0|ar is pointwise and
uniformly, sup,eas [Sn(z) — S*(z)| — 0.

Now assume that x ¢ M.

We show that there exists a sequence S, (z) — S*(z) = b/u(1 — e *20) vV ¢
M.

Without restriction we assume that n is large enough to ensure z ¢ M,,. Let
A =max{y € M|y < x}. Then, A, = A+ 1/n € OM,, and (A,,z] C R\ M,.
Therefore, the functions S, satisfy S/, = b — uS, in (A,,z], in other words,
(Ap,x] ¢ suppy(Sy). We thus have S,(t) = b/u(l — e #t=4n)) and S*(t) =
b/p(1 — e #t=AY in (A, z].

[Sn(@) = 5(2)] = Sn(z) —5%(2)

= Zexp{—,u,t}(eXp{—,UA} —exp{—pAn})
< Zexp{_mexp{—w} — exp{—p(A+1/n)})

_ Z exp{—pt} exp{—pA}(1 — exp{—p/n})

= 0 n—o

A similar argument like above shows us that S, (A,,) — 0 for n — oo, uniformly
for all right boundaries of connected components in M,,. Thus,

lim sup |Sp(z) —S*(z)| — 0
n—00 1e(0,T)
and hence also [|.S, — S*||,1 — 0.
Step II: We show that s* € ¥(6).
Consider a time point x € M :
We know that both lim;_,,+ S*(¢)and lim,_,,+ S;(¢) are defined for time points
x € M where M is defined as a subset of the vaccination support of the susceptible
population profile, as shown in proposition (3.2.11).
By definition,
lim S*(t) =0,

t—z+
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and by convexity, we have
S*(t) =781(t) + (1 — 7)Sa(t);

From this expression and since

it is not possible that convexity holds unless

lim S;(t)=0, i=1,2.
t—z+

(no sum of two non-negative numbers adds up to zero, unless the two numbers are
both zero). This applies in an open interval (A, B) C M s.t.

S*(t)]a,B) = S1(t)|(a,B)y = S2(t)|(a,B) = 0.

Thus for x € M, S* cannot be represented as a sum of two or more extremal points.

Now consider a time point x & M :

Choose an interval (A, B) ¢ M but such that A € OM. (A, B) is then outside
the vaccination support (hence 1) = 0)and thus %Si =b—uS; Si(A) =0 and
%S* =b—uS*; S*(A)=0.

Then, in (A, B) € R\ M,

S*(t) = Si(t) = Z<1 — exp{—pAt}).

Thus S* cannot again be represented as a sum of extremal points in &.
We conclude that S* is itself an extremal point. (|

Remark 3.2.5 We know that & is compact and bounded. Since X(&) C &, the
closure of (&) is compact. Thus, there is a sequence S} that approximates
S*[y] € M. Furthermore, any function in L' can be approzimated by a sequence

of step functions.






CHAPTER 4
Candidate Optimal Vaccination
Strategies

4.1 Candidate Optimal Strategies with respect to orbital

stability
To get an inside look into the set of solutions, we offer a discrete (approximation)

version of problem (3.1.1) and thus, redefine vaccination rate in terms of vaccination
doses wu(t) instead of the vaccination rate (t).

Problem 4.1.1 Consider S[u|(t), Rlu|(t) as solutions to

R[u)(t) = b/ — S[u)(¢)

d

2 SMul(t) = b— pS[u(t) — wS[u] (1),

Let

U={ulu=> dis(t—t;): i=12,.,n}
=1

Let furthermore, Clu](t) = fOT u(t)dt represent the cost of vaccination.

We atm to minimize,

T
Flul(t) = /0 B(r)S[u) (r)dr

subject to,

Su)(t) >0 V¥ tel0,T]

Rlul(t) = b/p — S[u](t)

and the costs Clul(t) given.
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First we show that we may go back and forth between representations of vacci-
nation strategies by ¥(t) and wu(t).

Lemma 4.1.2 Consider on the one hand ¢ € ¥ together with S[¢)] > 0 and on the
other hand {u € Ulu = >"7" | d;id(t—t;)} together with S[u](t) > 0. Given ¢ (t) € ¥y,
we find u € Y s.t. the periodic solution of S[u] = S[] is true. Conversely, if we
have a non-negative solution Slu| for uw =", d;6(t—t;), there is a strategy 1 € U,
s.t. Slu] = S[] is true.

Proof:

(a) Construction of u from :

As S[y] is C([0,T] \ {t1,..,tn}), the jump parameters d; = S[](t;—) —
S[Y)(ti+) are well defined. Furthermore, d; > 0 due to the monotonicity of S[¢]
between the vaccination points.

d

£5[¢](t) =b—pS[HY] t#t

On the other hand, for all time points ¢t =t;, we have equality since

SW)(ti—) — SI(ti+) = d;
and

Slul(ti—) — S[ul(ti+) = d;.
For all t # t;,

dt
and the solution converges to zero by uniqueness of solutions and we also have
equality.

(b) Construction of ¢ from u:
Define
d; = S[ul(ti—) — S[u](ti+).

Take the interval (0,t;), as (;,t; +1) are assumed equal for all ¢ =1,2,....n.
The solution

SO = SOep(= [ uri@iry+b [ eapl= [ prveinia
= S(0)exp{—tpn—c;} + b/o exp{—(t — o)u — ¢i}do

~ 5Oesp{-c} {expi-tu o [ eap{—(t - wbis
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S[](ti+) = e “S[(ti—). (4.1)
Since d; is the weight of the jump at ¢;, we denote it by

di = S[¢](ti—) — e”“S[W](ti—) = S[Y](ti—) = S[Y](ti+)

Of course,
di = Sful(ti—) — S[ul(ti+)
So,
S[Y](t:) = Sul(t:)
Note that
e f=1-— 4 )
S[ylti—)

Take d; = S[¢](t;—), indicating that everyone is vaccinated at t¢;, then ¢; = oc.
In the alternative, consider

v = 57 {b _ STyl

If there exists a time point ¢; € [0, 7] s.t. S[¢)](t;+) = 0, then (¢;) is large and

o ti+e B tﬁ_EL B - ti+e LM
o= [ v - / g st / { e }dT,

0 — {In(S)(ti)) — In(STEl(Ei—)))
(S
= (smm))

As S[¢](t) is bounded,

12

t¢+€
lim b—pS(t)dt =0.
e—0 ti—e
This takes us back to (4.1) and we proceed similarly as above. O

We offer some clarification on u(t). We consider 1S[1] as a given inhomogeneity,
u = ¥S[Y]. We also note that wu(t;) is interpreted as the number of vaccination
dosages used at time point t; such that

u(t)=0 V t¢ {tl,tQ, ...,tn}.

Furthermore, S is smooth outside the vaccination support and we consider the

ti+e ¢ ti+e tit+e
/ ZS(ydt = / b— puS(t)dt + / u(t)dt
t t

i—€ i€ ti—e

integral

As before, we assume

ti+e
/ b— pS(t)dt =0,
t

i—E&
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follows if we are close to vaccination time and the susceptible population approaches
its maximum; S[¢] ~ b/pu. Thus € — 0,
ti+e

S(ti—) - S(ti+) = / u(t)dt

i—¢&

i.e., u(t;) reflects the number of vaccinations that take place at t;. We may denote
the total number of vaccination doses used as

u = Zn: dlétz (t)
=1

where d; = S(t;—) — S(t;+) are the number of vaccinated persons.

Lemma 4.1.3 Let u = Y ;| did, correspond to a strategy 1, then the costs are
C[¢] = Z?:l d;.
Proof:
T
cl = [ vwspl

—/TcwdterT—u/TS[z/}](t)dt
0 0

dt
= o [ st 2
0
due to periodicity, T 4s7el()
t
/0 2 dr =0 (43)
Since
dS|u 3
O _ st -2 Al -t
then,

TdS[ul(t) g -
/0 yr dt_bT—u/O S[u](t)dt—;di

0=Cly] - di
=1

follows from (4.2) and (4.3) and thus,

O
We intend to offer a reformulation of the functional F': ¥,, — R. We show that the
functional F[u] can be written as some constant minus the sum of the effects of all
vaccinations doses in a given vaccination strategy.
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Proposition 4.1.4 Define a function

G(t) = / h Bt)e =) dt.

Then, the functional F.] for the problem (4.1.1) reads

T T
Flu(t) = /0 B(t)b/pudt — /0 W(t)G(E) dt.

Proof: First, consider ¢ € L°, and replace in the system (1.1) the vaccinateds
R(t) by a class of vaccinateds structured by time since vaccination.

Consider o denotes S[¢] while p(t,a) denotes an age structured immune
group, R[¢](t,a), from which we obtain the marginal distribution R[](t).

oo = b—puo—yo
(O +a)p(t,a) = —pp(t,a),  p(t,0)=(t)o(t) = u(t)
o(0) = o(T), p(0,a) = p(T;a)

As 1) is periodic, we may replace the periodic boundary conditions by the require-
ment that o and p are globally bounded functions for ¢t € R and a € R;. Then,

& (04 [Totwaran) =v—u (ot + [~ ptea)aa).

Thus, for ¢t — oo, we have

<0(t) +/OOO p(t,a) da> —b/u

and since we select the globally bounded, i.e. periodic, solution of the partial differ-
ential equation, the solution is invariant under a time shift of nT', n € N., Thus, the
limit can be replaced by equality,

(o0 [ ptt.a)da) = by

hence
Slu](t) = b/p — Rlu](2).
The PDE has a solution,
p(t,a) = u(t —a)e M

which we integrate w.r.t a to obtain the marginal distribution

RYI() = /0 " ot a) da = /0 Tt — a)e"da,

The boundary condition is defined in terms of w in wu(t —a), we may define,

R[u](t) := /000 u(t —a)e *da
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and  S[ul(t) = b/p — Rlul(t),

T
Flu] = /0 B(8)S[u] (£)dt

where,

(t)b/pdt

v
Il
h
N~
=

Q = /0 B(t)u(t — a)e *dadt

0
Let 7 =t — a, then

T)e M) drdt

/-

/ Bt u(r)e Mt drdt
—i+1)

{ / / } e P drdt

/ﬂ e”tTdet

T —i+1)T
/ / e M) drdt

Alternating the 1ntegrals

Q = / / Bt u(r)e M dtdr
/ZH /ﬂ e“tTdth

://ﬂ e“tTdth

—I-Z/ / B(t) e Ht=7"+1T) qr 7! (" =7 +1iT)

/ / B(t) _“tTdth

z+1)T
/ / Je Mgl dr (' =t +4T)

Q =

/
I
[
-
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/

Due to periodicity, t' =t, 7
T T
Q = / / Bt)u(r)e ") dtdr
0 T
T o (+1)T
—i—/ Z/ B(t)u(r)e " dtdr
0o i Jir

N /OT /TOO Bt u(r)e " dtdr

= 7 and we have,

thus,

T T
Flu] = /0 B(t)b/dt — /0 W(t)G(#) dt

where

G(t) = / b Bt)e =) dt.

Corollary 4.1.5 Consider the optimization problem restricted to V,,, where the vac-

cination support is giwen by the points
0<ti<to<, - <tp<T.

At least one optimal strateqy (possibly not all) can be characterized by means of the

function

G0, TRy, tis / B(r)eHrD) dr.
t

That is, there is an optimal strategy of the restricted problem that satisfies the con-

ditions:

1. If {ti|limy—,+ S[Y](t) = 0} := lime when everyone is vaccinated and

{tjllimy s, + S[](t) > 0} :=time point where not everyone is vaccinated, then

G(t;) > G(t).

2. If {t;|limy—,+ S[Y](t) = 0} := everyone vaccinated,

{tiollimy—y,,+ S[Y](t) > 0} := part of the population vaccinated and
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{tjllimy—; + S[¥](t) = S[Y](tj—)} := no one vaccinated,
then

G(ti) = G(t,) = G(t;).

3. In all points but one vaccination point, either the complete population is vac-

cinated or no one is vaccinated

We already know that there is at least one optimal strategy. All we have to do
is to show that there is one strategy among these that satisfies the three conditions
listed above. The proof will be shown using the following lemmata.

We establish conditions that allow to move vaccination doses from one time point
t; to another time point ¢; without changing the costs.

Lemma 4.1.6 Consider v, ¢/ € W, corresponding to u = Y ;" | d;id:, respectively

u =30 didy,. If gk € {1,..,n} with dj > 0, S[u](txg+) > 0, then the strategy

with dj, = di + ¢ and d; = dj — € is feasible for all e < d; s.t. s[u](tp+) > 0. If
G(tj) > G(ty), its possible to obtain F[y'] < F[¢] for C[¢'] = C[¢]. Furthermore,
if G(tj) > G(tk), then F[wl] < F['Ib]

Proof: First of all, due to Lemma (4.1.2), a strategy 1’ is feasible (i.e. there
is a strategy ¢/ that corresponds to u').

Next, as the costs do not change, C(¢) = Y1 di =Y i, d; = C[{'].

Then,

T n
Fly) = /0 B ndr — 3 diG(t)
1

T n
Flv') = /0 B/ dr =3 diG(t)
1

Flp] = F'] = —d;iG(tj) — dpG(te) + djG(t5) + d.G(ty)
= —G(t;)(dj — d}) — G(tx)(dp — d})
— _eGty) + £Glty)
= e(G(ty) — G(ty))
Flyl = FY'l — e(G(tr) — G(t))-

If G(t;)—G(tx) > 0 or G(t;) —G(tx) < 0 (depending on the case), the result follows.
(]

Now we show that there is an optimal strategy satisfying conditions (1)-(3) of
corollary (4.1.5).
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Lemma 4.1.7 Consider a strategy " that satisfies condition 1 of corollary (4.1.5).
There is an strategy ' € W, s.t. C[Y'] = C[Y*] and F['] < F[*], that satisfies

condition (1) of corollary (4.1.5).

Proof:
By the said condition 1, if everyone is vaccinated at time point ¢;, and part of
the population vaccinated at ¢;, then

G(t;) > G(t).

By results of Lemma (4.1.6), we may reduce vaccination doses at time ¢; and add
the same amount at time ¢; to obtain a new strategy ¢’ for which F[¢'] < F[¢*]. O

Lemma 4.1.8 Consider a strategy ¢* that satisfies conditions 1 and 2 of corollary
(4.1.5). There is a strategy i)' € U, s.t. C[Y'] = C[¢*], F['] < F[*], that satisfies
condition (1) and (2) of corollary (4.1.5).

Proof:

Condition (2) reads: If ¢, is one time point, where only a part of the population
is vaccinated, ¢; is a time point where everyone is vaccinated, t; is a time point
where no one is vaccinated, then

G(t:) = G(t,) = G(t5).

We already know that there is an optimal strategy v’ that satisfies condition 1
(Lemma 4.1.7). Then, in a similar manner, for G(t;) > G(t;,) and G(t;,) > G(t;),
we are able to find by means of Lemma (4.1.6) a better strategy than the optimal
strategy . O

Lemma 4.1.9 There is an strategy ' € ¥,, s.t. C[{'] = C[¢*], F[¢'] < F[¢*],

both satisfying condition (1), (2) and (3) of the corollary (4.1.5).

Proof:

Condition (3) reads: In all points but one vaccination point, either the complete
population is vaccinated or no one is vaccinated. We already know that there is an
optimal strategy satisfying conditions (1) and (2). Consider the set of points, where
all (or none) of the population is vaccinated. We are (via Lemma (4.1.6) allowed to
move vaccination doses back and forth between these points, as G(.) is necessarily
the same for these time points. Thus, it is possible to satisfy condition (3). O
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Corollary 4.1.10 We define an optimal population profile using G(t;) and a con-

stant g. It 1s possible to conclude: there is a real number g, s.1.
i) G(ti) > g = everyone is vaccinated in t;
i) G(t;) <g = no one is vaccinated in t;
i11) if only a part of the population is vaccinated in t;, then G(t;) = g.

The optimal vaccination strategy is given by,

=0 +co(t —t;) + O‘X(O,T)\(Mﬂ{ti})'

Here ¢ representing the number of doses that vaccinates all susceptibles at time
t € M where M = {t|G(t) > g} and t; = {t|G(t) = g} denotes time points when

only part of the population is vaccinated.

4.1.1 Continuous limit

The idea now is to use the corollary (4.1.10) as starting point, to go to the limit, and
to characterize in this way one optimal strategy of the full problem (in degenerate
cases, there may be more than one optimal strategy, but it is sufficient for our
purposes to characterize one strategy).

Ingredient 1: (Approximation by the step function)

v {u

\Iln::{@belll

Define

supp,(v) C{0,T}; ¢ € Li"}

and

supp, (V) C{t;|0 <t; <T; i =1,2, ...,n}}

Then, V,, C V¥, and the sequence of sets W, approximate ¥. We claim that F, €
U,: st ¥, — Y in the topology of ¥, V¢ e V.

Proof: This is true, as step functions are dense in L'(B) for some measure
space B [Mueller 1998]. O

Ingredient 2: (Cost constraint)

We can improve ingredient(1) by including a cost constraint:
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We claim that 3 1, € ¥, N {C[Y] < ¢} : s.t ¥, — ¢ in the topology of
U, YoeUn{C[ <ecl
Proof: Let ¢ € VU, approximating ¢» € ¥. As the costs are continuous, we
know
lim Cl5] = Cly] < c.

n—oQ

Thus, we may construct a strategy Un by an convex combination of 1) and the
extremal strategy 1, = 0, such that ¢, — ¥, € ¥ N {C[¢] < c}.
The v, = 0 component will vanish for n — oo and thus,

lim CA + (1= N),] = lim CA\E] = AC[Y] <e¢; 0<A<1.

n— oo n—o0 -

Thus, 1/~)n — 1), and the statement is true. O

Ingredient 3: (The optimal strategy)

Let i)f be an optimal strategy for the optimization problem for mazimal cost
restriction c. For 1% such that ingredients (1) and (2) are true, then ¢} — * €
v,

Proof: Assume there exists 1), — ¢ an optimal strategy. By Lemma (4.1.6), it
is possible to construct a strategy ) by moving vaccination doses such that

Clynl <¢, FYy) < F(in)-

where

F@Wn) ¥V €Wy

is minimum. The sequence 1) converges to a point in ¢* € U by compactness. [J

Remark 4.1.1 If 5(t) has only a finite number of local minima and maxima in

[0,T], then G(t) has a finite number of minima and mazima.
Proposition 4.1.11 Let
I'y={te[0,T)|G(t) > g}.

Then, I'y consist of a finite number of closed intervals with a length larger zero, and
a finite number of points. For any optimal vaccination strategy v*, there is g € R,
s.t. supp,(V*) = T'g. Within the closed intervals of size larger zero, everyone is
vaccinated. We have only one point in the set of isolated points in I'y where only

a part of the population is vaccinated.
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Remark 4.1.2 As the points are isolated, there is only a finite number of points.

Proof: As V¥ is compact, We know that there is a converging subsequence
that converges to ¢* € W.

First, we show that there is g € R s.t. supp, (¢*) =T,.
Due to corollary (4.1.10) and the ingredients (1) to (3), there is for all ¢, a
number g, € R, s.t.

(i) G(t;) > gn, everyone is vaccinated at t;,
(ii) G(t;) = gn, only a part of the population is vaccinated at t,
(iii) G(ti) < gn, no one is vaccinated.

We may chose a subsequence (of our converging sequence) such that g, — g. Thus,
for all time points t; with G(t;) > g + € the vaccination strategies of the converging
subsequence will vaccinate everyone. As for n — oo the time points become dense
in {t|G(t) > g+¢e} and ¢* vaccinates everyone in this interval, for all £ > 0, hence
also true for {¢t|G(t) > g}. As the vaccination support is closed, this is also true
for the closure of the set {¢ | G(t) > g}. In this case, the last time point ¢y € [0, 7]
corresponds to {t | G(t) = g} as we intend to use the only the remaining vaccination

doses at this point.
With a similar argument, we see that no one is vaccinated in {t|G(t) < g}. We
have only an isolated point of I'y, where only a part of the population is vaccinated.
O

4.2 Candidate Optimal Strategies w.r.t instantaneous sta-
bility

From the stability criterion derived from singular perturbation theory, we recall the
following definition,

Definition 4.2.1 Define the instantaneous reproduction rate (in presence of vacci-

nation) R, : [0,T] — R by

We call the uninfected periodic orbit instantaneously stable, if

|Ry|le < R <1, for some constant R.



4.2. Candidate Optimal Strategies w.r.t instantaneous stability 53

We then define the optimal control problem,

Problem 4.2.1 For ¢ € LY(0,T), find the vaccination schedule that minimizes
|Ry[¢]|lLee = ||B(¢)S(t)||ree  under the constraint that the number of vaccination
doses C[] < Cuo is given.

We seek an infimum over S[i] since we can control it through vaccination. If we
consider an approximation of 3(t) with step functions 3, (t) for n=1,2,...,N; t €
[0, T, then we would represent for each class of (,;

[Ro[lllzee = [18n(£)S(#)]] o0
|Bnl [[S()]] Loe

4.2.1 Rectangular contact rate.

It is possible to represent a two level contact rate to mimic school holidays, when
contact rate is low by (; and school terms when the contact rate is higher by

Ba, s.t.
517 te [07 Tl];
t) =
/6() { ﬂz, tG[Tl,T].
where (1 > (2 and ((t) is a periodic.
Figure (4.1) depicts instantaneous control scenario for 3(t) = 3;: i =1,2. The

intervals [0,71] and [T1,7] assumed fixed. However, (71,72) € supp,(v) depends
on the vaccination strategy used and may change.

B

ADS(H)

A

Figure 4.1: Sketch graph of 5(¢)S[¢](t) for two level of contact rate.
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Proposition 4.2.2 Assume that Co being the maximum number of vaccination

doses to be used in [0,T], is fixed. Let top define a solution of problem (4.2.1) s.t

R :=ess sup{B(t)S[topt](t)}. For topt, we find

B(t)S[Woptl(t) 2 B Yt € suppy(vopt)

and
B(E)S[opt] (t) < RVt € [0,T]\ supp(opt).

Then, the optimal problem has a solution in the set,

A= {¢|¢ = 615(t - 7—1) + CQX[T17T2] + C3X[72,T]}

for some constants cy, ca, c3.

Proof:

The intervals [0,71] and [T7,7] are assumed fixed, being the beginning and
the end of school terms, or weather seasons. They are the contact rate intervals.
However, (71, 72) € supp,(¢) depends on the vaccination strategy used.

Step 1:

We define the constants ¢ : ¢ = 1,2,3 corresponding to a a feasible optimal strategy

o* that is S[¢*] € 6. Below, we obtain ¢} = zn{gmgg;g}, R T

c¢5 =0, for 9* optimal.

(i) We define ¢ as the weight of a delta peak, an impulse vaccination input
that either ensures ((¢)S[¢](t) < R, or fails to meet this target. If it fails,
we define ¢§ as a uniform distribution over [ri,72] and vaccinate until

B(m2)S[Y](m2) < R. In [0,T]\ [r1,7s], we have c5 =0.
(ii) Consider the population at its equilibrium, i.e.,

By us(e) -~ (o)) =0

(1) = S}t){b — uS(t)}.

Take |61|S[¥](m2) = R and ¢} uniform over the same interval, hence

*_ﬁl
Co =% —H

R
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At point 71, we have a delta peak. Consider the interval [r — e, 71 + ¢] and
Y(t) = cio(t — 1),

Sl = slin - e {- | R v(oyr}

T I e
= S[Yl(n+) = e_qs[lﬁ](ﬁ—;
i = w{gen )
Step 2:

Show that ¢* is optimal.
Define any other optimal strategy ¢ € W.
In [0, T\ [11,72], ®*=0. We have two possibilities:

e the strategy 1; either vaccinates no one in this interval,

S[P1(t) = S[W*)(),

e vaccinates at least someone in this interval, S[¢](t) < S[¥*](¢).

= Sl(t) <SW@):  tell,T].

Consider [r1, 7], we know that ||8()S[/*](t)||z=~ < R and C[y*] < C[¢)], for

all ¥ € W. That there exists any strategy C[¢)] < C[¢*] is a contradiction.
e ¢* optimal implies it has the minimal cost i.e., C[Y*] < C[¢y] for ¢ € U,

and we expect S[]|(t) < S[¢*](t). Furthermore, S[y|(t) < S[¢*|(t), else
we do not have control over ||S[¢]3(t)||pe.

Since S[](t) < S[*|(¢) : vV tel0,T],
Hence, C[1p*] < C[4p], so 9* is optimal. O

4.2.2 Approximating contact rate by size (n > 2) step function.

Now define ((t) by
G;: te [ti,ti+1], 1=0,1,2,...,n.

The aim is to approximate [((t) by a step function. Interest is the point(s) when
B = maz{B(t)}, as this gives information on when |[|3(£)S(t)||~ is large. We
conjecture that {t; € [0,7] : B(t;) = B} = [T1,T5] =: Imae is an ideal vaccination
time.

Once we know the susceptible profile at To € 1,4 and the vaccination doses used
after this time point, then by the periodic nature of [0,T], we know the susceptible
profile V¢ € [0,T]. Hence the vaccination strategy is well known.
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Proposition 4.2.3 Define 5,(t) = > i, BiX(, ti+1]- For fived mazimum costs and
R = ess sup{B,(t)S[](t)}, the optimal problem w.r.t instantaneous stability has

a solution in the set

—{ww 201 (t — 1) +Cg)x[t—71t]+cg)x[tt+T2]}

5.t. for Yop € W,

B(t)s[d]opt] (t) § R vVt € Suppv(wopt)

B(t)S[opt] (t) < RVt € [0,T]\ suppu(thopt)-

Proof:

Step 1:

We construct a strategy ¢* € W. Consider the interval (t;,t;, + 1) in which
B(t) = B. Assuming (ti, i, +1) C supp,(S(t)), then we know that S(t;, +1) = g
As in the case of step size n = 2, we are able to define the constants cg-io) g =
1,2,3 in the interval (¢;,,t;, +1) and by reconstruction, ; Vi=12.n: j=
1,2,3 such that there is a strategy which meets the requirements of proposition

(4.2.3).

Step 2:

We seek to know if the strategy 1™ defined in step 1 is optimal. From the proof
of optimal strategy using step size n =2 for 3, we can easily extend the same
arguments for step size n > 2.

As a result ©* is optimal. O

4.2.3 Continuous Limit

We have approximated 5(t)S[1](t) by a series of step functions and now wish to go
to the limit. Suppose [(,(t) goes to the limit, i.e., B,(t) — B(t) in L. We seek

to know if 3,(t)S[:] — B(t)S[y*] in L.

Theorem 4.2.4 Suppose (,(t) — B(t) in L>®, 1, — ¢ in ¥, and S[Y,](t) —

S[(t) in L', then Bn(t)S[nl(t) — B(t)S[¥](t) in L.

180 (£)S[¢hn] = B#)S[]ll L2 — 0O

Proof.
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We show that

1(Bn = B)SWnlllzr + 18(S[ton] — SWDII s

1B = B) | e 1S Teon]ll 1 + 181 Lo [|(STton] = SN[ 11
0

IAIA

l

The RHS converges to zero since [ and |[|3||f~ are assumed bounded, ||(8,—
Bl — 0, [IS[n]ll 1 is bounded since S[ipn](t) — S[¥](¢) in L', and [[(S[vn]—
S[Dllgr — 0. O

Corollary 4.2.5 If 3, — 3 in L™, w,?]’t approximates an optimal strategy and
solution to problem. (4.2.1), then there is a converging subsequence S[ipoF"] — S[oPt]

in &, where S[YPY] is a candidate optimal strategy with minimum costs.

Proof:
We need theorem (4.2.4) and the compactness of &. Hence there exists an optimal
strategy that can be approximated by a series of step functions. U

Corollary 4.2.6 If (3 s piecewise continuous L° function and has a unique

mazimum at time t, then the optimal strategy is characterized by
o Fori e supp,(v°Pt), S[WoP!(i+) = R/,
oV t € supp, (), S (t+) = R/B(t+),

o V t & supp,(YP'),  S[YP)(t4) < R/B(t+).






CHAPTER 5

Simulation

We consider the case of measles as one of the childhood diseases. Most childhood
diseases tend to have periodic outbreaks, occasioned by climatic factors and human
contact rate patterns, among other factors. The school going childhood age has
periodic contact due to school terms as one would expect higher contact rates during
school days and lower contact rates during holidays. Pre-vaccination era records
show a 2 year or less outbreak period for measles in most regions of the world, even
in sub-sahara Africa (Niger case [Ferrari 2008]). But this has improved to a five
year period in the post vaccination period. However, we use in this case a one year
vaccination period to match it with the contact period.

In most regions where vaccination is efficiently done, the prevalence of measles
has been kept very low. In Furopean countries, the incidence rate has been kept
at approximately 1 case per 1 million or even less. However, measles is endemic in
parts of Africa and Asia, going by the World Health organization (WHO) reports.

Statistics for deaths from measles by worldwide region are as follows: There were
about 311,000 deaths from measles in Africa in 2002, about 196,000 deaths from
measles in South East Asia in 2002, about 6,000 deaths from measles in Europe
in 2002, about 70,000 deaths from measles in Eastern Mediterranean in 2002 and
about 28,000 deaths from measles in Western Pacific in 2002 (The World Health
Report, WHO, 2004).

In table (5.1), we have reports of measles incidence by country from US Census
Bureau, Population Estimates, 2004 and US Census Bureau, International Data
Base, 2004. The cases here are the reported cases. Values for Africa might be
higher, as many cases go unreported.

Going by the United Nations report [Reports 2007], life expectancy in Europe
and specifically in Germany stood at 79.4 years about year 2007, hence a mortality
rate of about 0.013 per year, while birth rate was 8.2 births per 1000. Consider a
developing country like Kenya where the birth rate around year 2007 stood at 39.2
births per 1000 and a life expectancy of 54.1 years (corresponding to a mortality
rate of 0.02 per year approximately).

We simulate control strategies for measles using the following parameters: A to-
tal population size N(t)=1 million was assumed. This is typical of most cities (or ef-
fective interacting populations) around the world. Measles incidence rate fluctuates
even in endemic populations such as sub-sahara Africa and Asia. One could assume
an incidence of any value between 0 and 3000 cases per 1 million [Reports 2007].
We used an incidence 10 = 100 for our simulations. The contact rate is considered
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Select countries | Cases | Population | Incidence
Americas

USA 107 293,655,405 | 1 in 2 million
Canada 11 32,507,874 | -

Mexico 38 104,959,594 | -

Africa

Ethiopia 26 71,336,571 | -

Kenya 12 32,982,109 | 3 in 1 million
Tanzania 13 36,070,799 | -

Europe

Austria 3 8,174,762 -

Czech Republic | 0 1,0246,178 | -

Germany 30 82,424,609 | 3 in 1 million
Hungary 3 10,032,375 | -

Table 5.1: Measles incidence by country:

US Census Bureau, Population Estimates,

2004 and US Census Bureau, International Data Base, 2004

Parameter Symbol | Value(time unit=1year)
Contact/Vaccination period | T 1

Death rate " 0.0166

Birth rate b= 10%4 | 16,600

Recovery rate «@ 52

Measles Incidence I0 0-3000

Table 5.2: Parameter values: Human population dynamics (not specific to any

particular region) and Measles dynamics.
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periodic and we used,

126"

B(t) = {0.5+ 0.5cos(2nt/T) + 5.0008(47Tt/T)}b —70

Contact rate period may depict the school term and school holiday behavior among
school age children. During school term, the contact rate is higher and lower during
holidays. If vaccination rate is made periodic, then we may antagonize the spread
of the disease leading to effective control [Agur 1993]. The period T =1 year was
therefore used. Measles has a short infectious period, one to two weeks infection
period. Hence the rate a = 52 denotes one week infection period or o = 26 for
two weeks infection period.

Functional G(t) for Orbital Stability Contact Rate
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Figure 5.1: G(t), the threshold criterion from Orbital Stability and the simulated

periodic contact rate.

Under orbital stability, the idea is to vaccinate when the functional G(t) exceeds
some maximum value. The maximum is depicted in figure (5.1) at which point,
we have a vaccination time (t; ~ 0.3) and (¢; ~ 0.8). We simulated a periodic
contact rate ((t) and notice that vaccination points come at time points when
the vaccination rate is on the verge of increase. Under these circumstances, the
idea is to concentrate vaccination doses at the time when the contact rate begins
to increase, such as at the beginning of school terms. We observe the vaccination
strategies under orbital stability criterion, where the function G(t) is used (fig.
5.2). In this case the susceptible profile is given for the case when the vaccination
profile vaccinates a fraction of susceptibles at vaccination time, and the vaccination
profile empties the number of available susceptibles at vaccination time. We simulate
the susceptible profile for the instantenious stability case, a case when vaccination
is done when the functional R, hits a maximum threshold (see figures (5.4) for
u=1.66 and (5.3) for u = 0.0166 ).

The aim was to distinguish between orbital stability criterion and instantaneous
stability criterion. The hypothesis is that, for childhood diseases, we gain better



62

Chapter 5. Simulation

Vaccinate fraction of susceptibles Vaccinate all susceptibles
B 0
o
|
1)
~ <
D
o
D
D
(=]
wn
o
4 g 4
)
&
2 2
s 3 2
a [ o
o 2 L
2 2 9 |
Q 53 i3
8 - g
2 2
E 3
2] 2]
™
3
2 3 |
@ 3
L]
o o
3 | ? J
2 )
& T ° T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
Time Time

Figure 5.2: Susceptible profiles and vaccination time, under orbital stability.

=)
1S]
8ﬁ
n o )
N ° o
S o0
o0 °
N °
8 : :
°
S | °
1S] ° °
8 o N
o o ©
o °
N °
o o ° °©
a2 8 . o o
S 8 4 ° °
3 °
= o
g - ; o
k7] ° °
K N ° °
1 ° N
T o o R ° o
& 8 . )
@ 8 N R ° °
E ° °
° o o °
o ) ° °
o o o °
° o o o
o o o o
S > s )
S >
$ 9 $ 3

g
(
I

Time

Figure 5.3: Susceptible population under the instantaneous vaccination strategy

(1= 1.66).
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Figure 5.4: Susceptible population

(1 = 0.0166).
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control if we use instantaneous stability criterion to develop an optimal vaccination
strategy than we do when we use orbital stability criterion.

Now we consider a real situation where the human lifespan or life expectancy
is assumed to be 60 years. This corresponds to p = 0.0166. For such a case, the
mortality is small but the life span is too large in comparison to the period (T') of
contact and vaccination. The comparison of vaccination strategies under orbital and
instantaneous stabilities give the results of figure (5.5). There is no clear difference
between the two vaccination strategies, whether we use orbital or instantaneous
stability criterion. This can be given the following interpretation: The precise time
or phase at which a person is vaccinated will have only a small influence on the
time course of the susceptible population at equilibrium dynamics; the person is
protected for many periods, that is, the reduction of the susceptible population by
a single vaccination is almost uniform in time. Therefore, the distribution of doses
in time has only a little influence on the performance w.r.t. the different efficacy
measures.

Minimizing the functional F[psi])

25

— Instantenious case
- Orbital case

15
1

Flpsi]

10
1

T T T T
0 500000 1000000 1500000

Costs

Figure 5.6: Costs required to minimize F|[psi] under the two strategies (u = 1.66).

We consider a rather unrealistic situation. Suppose the human lifespan is short
and almost equal to the period of vaccination. We consider u = 1.66 corresponding
to a human lifespan of only 7 months. It is only when the lifespan is in the same
magnitude or shorter than the period of vaccination that a vaccination dose achieves
a local effect in time. Consider the results of figures (5.6) and (5.7), where = 1.66
is used. In this case, the two stability criteria behave differently. Since the Floquét
multiplier F¢] is an average over the complete period, it gives the same result for
both instantaneous strategy and orbital strategy, i.e., it is not important at which
time susceptibles are removed as long as the average value over [0,T] remains below
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Minimizing the functional R_v
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T T T T
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Figure 5.7: Costs required to minimize R, under the two strategies (1 = 1.66)

its threshold (fig. 5.6). But in the instantaneous stability criterion, there is a strong
effect on when to vaccinate. It may be important to place the vaccination doses at
any point when instantaneous stability is violated. We notice that instantaneous
stability is reached with less vaccination doses when we choose to minimize the
supremum R, (fig. 5.7). The hypothesis that the instantaneous stability offers
some benefit holds albeit in this extreme situation.

As a consequence and for practical purposes, these considerations and heuristical
arguments seem to imply that it is better to target at the instantaneous stability
criterion, as in most cases, this will lead to a Floquét multiplier that is close to the
optimal Floquét multiplier. Focusing only on the Floquét multiplier may lead to a
situation where the instantaneous stability is rather bad, and for some childhood
diseases such as measles, short time epidemics may appear.






SECTION B:

In this section, we model o specific case of Hepatitis B, centering attention on the
conditions that may lead to bi-stability in an age structured Hepatitis B model. Bi-
stability is also called Hysteresis in Bifurcation theory. Bi-stability may offer a
great challenge to vaccination campaign, since even in cases when vaccination 1s
effective, the possibility of co-existence of higher and lower disease endemic states

may complicate a vaccination effort aimed at disease control, as analyzed in literature
such as Medley([Medley 2001]).






CHAPTER 6
Hepatitis-B: Bi-stability in an age
structured model.

6.1 Introduction

The dynamics of Hepatitis B Virus (HBV) have been extensively studied for various
regions in the world. A major classification of HBV world prevalence regions is as
follows [Edmunds 1996]:

e Africa sub-sahara; where horizontal infection among lower age groups is the
dominant form of transmission, together with perinatal transmission (mother
to child transmission within the first year of the infant). The region is hyper-
endemic (over 10% carrier prevalence) since more infection among children
leads to more carrier prevalence.

e South East Asia where vertical transmission is reportedly more significant.
Then other forms of childhood infection also contribute. This region is hyper-
endemic as well.

e Furope and North Americas where only transmission among adults contribute
to infection. Sexual contact and intra-venous drug use are the key contact
pathways. The region is low-endemic as very few adults develop to carrier
state after acute infection.

The model structure in this case largely depicts a scenario of a developing coun-
try where vertical transmission could play a role in transmission, immunization
largely done at childbirth without screening and only heterosexual behavior in the
community. The parameters also largely reflect those of developing countries.

Although the disease Hepatitis B (HepB) can be effectively vaccinated against,
there are concerns about optimal vaccination against the disease. Recent develop-
ments in the dynamics of HepB virus indicate existence of complex dynamics such
as endemic state bi-stability, that may be of great concern to vaccination efforts.

In the context of a developing country (Sub-Sahara Africa scenario), we examine
causes for existence of bi-stable endemic scenario in an age structured model. This
phenomenon has been observed in a model without age structure [Medley 2001|. The
main result is that hyper-endemic populations, with high carrier prevalence are likely
to exhibit bi-stable dynamics. Bi-stability may offer a great challenge to vaccination
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campaign, since even in cases when vaccination is effective, the possibility of co-
existence of higher and lower disease endemic states may complicate a vaccination
effort aimed at disease control.

6.2 Model Structure

We develop a compartmental model in line with the formulation in [Edmunds 1996]
which modeled a study in Gambia-Africa, a hyper-endemic region.

We define a as the age of an individual and ¢ as time. The compartments in
the model include: S(a,t) are Susceptibles, L(a,t) are Latent individuals including
those infected but not yet infectious, I(a,t) are Acute Infected Individuals who are
very infectious, but move on quickly to Chronic infectious state hence contribute less
new infections. C(a,t) are Carriers who in some literature are referred to as chronic
infectious [Zhao 2000]. They stay in this state for so long and contribute more to
new infections than Acute infectious group. Finally R(a,t) are the Immunes, else
refereed to as recovered individuals.

o(B(t) - B, (1)) + w(1-v)B, (t)

Susceptibles-S(a,t)

o VB (t) ——— | Latent cases-L(a,t)

o
Infectious-l(@—vy (a)

a(A)r,

Carriers—C(E—’# (a)
72

A-a(A)7r,

il 1

(- BO-BO)+ (- ) —| MmunesR@0y ()

Figure 6.1: Flow chart of Hepatitis B virus(HBV) transmission.

The following parameters define movement among the compartments: A(t) is
the force of infection and varies with time; o defines the rate of movement from
latent state to infectious state; ¢(A(t)) is the probability that an individual who
is infectious becomes a carrier, hence (1 — g(A(t))) is the probability that such a
person becomes immune; vy, 2 are recovery rates from infectious and carrier states
respectively; b(a) is the age dependent birth rate affecting boundary conditions into
S(a,t), L(a,t) and R(a,t) states, while p(a) denotes the instantaneous mortality rate
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at age a.
A defines the force of infection and takes the form of standard incidence rate.

At) = /OOO k(a)B(b){I(b,t) + aC(b,t)}db/P(t) (6.1)

where « is the infectiousness of carriers relative to acute infections and P(t) =
Jo° N(a,t)da. This form of transmission kernel k(a,b) = k(a)B(b) is refereed to in
literature as the separable mixing case [Thieme 2003] and is very handy for our
computations in the equation for force of infection. The case of separable mix-
ing k(a,b) = k(a)B(b) is also used in [Dietz 1983, Mueller 1998|. Other forms
of transmission coefficient include constant case ((a,a’) = 3, and k(a,b) = 5(b)
[Gripenberg 1983].
The total population is given by

N(a,t) = S(a,t) + L(a,t) + I(a,t) + C(a,t) + R(a,t) (6.2)

and B(t) represents the total number of births, denoted by

B(t) = /000 N(a,t)b(a)da. (6.3)

The assumption that a € [0, 00) as in equation (6.3) is often used for computation
purposes, otherwise we know that an individuals age can never go beyond some
upper limit a. We assume that a = co. B.(t) for total number of births due to
carrier mothers is given by the equation

Bu(t) = /O ~ C(a, H)b(a)da (6.4)

Therefore { B(t) — B.(t)} represent births from non-carrier mothers. The model also
assumes that vaccination is done to newborns only.

Given w as the proportion of births that are not successfully immunized, (1 —w)
defines immunization coverage for new born children. Suppose also that a proportion
v of newborns babies of carrier mothers develop carriage and (1-v) such children do
not develop carriage. We have the following increments into S, L and R classes,
which define the boundary conditions in the model.

o W(B(t) — B.(t)) + w(l — v)B.(t) = w(B(t) — wvB.(t)) into the Susceptible
class,

e vwB.(t) into the Latent class,

o (1 -—w)(B(t) — B(t)) + (1 —w)B(t) = (1 —w)B(t) increment into the the
Immune class.

Under the above assumptions, we then describe the spread of Hepatitis B by the
system of PDE’s as
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(0y + 0y)S(a,t) = —AS(a,t) — pS(a,t)
S(0.8) = w /0 T (N () — vC(a, 1)) bla)da
(O + 04)L(a,t) = AS(a,t) —oL(a,t) — pL(a,t)
L(0,t) = Z/w/ C(a,t)b(a)da
(O 4+ 04)I(a,t) = oL(a,t)—y1I(a,t) — pl(a,t) (6.5)
100,t) = 0
(O +0a)C(a,t) = q(A,a)nl(a,t) —12C(a,t) — uCla,t)
C(,t) = 0
(0r 4+ 0q)R(a,t) = ~2C(a,t) to(l —q(A,a))1I(a,t) — pR(a,t)
R(0,t) = (1 w)/o N(a,t)b(a)da

In matrix form we denote this by,

(01 + 04) X (a,t) = AX (a,t) — pla)X(a,t); X(a,0) = Xo(a), (6.6)
where X (a,t) = (S(a,t), L(a,t),I(a,t),C(a,t), R(a,t))T and A:=A(a,t) is a con-

tinuous matrix valued function.
Consider the fractions of the compartments in the model at age a and time ¢ :

_ S(a,t) _ L(a,t) _ I(a,t)
s(a,t) := N(at) l(a,t) = N(a.1)’ (a,t) : N(at)
_ Cfa,t) _ R(a,t)
8= Fay "Y'= Fag
and we also define Niat
(0.0 =250 o) = pla)

i.e., p(a,t) has an asymptotic convergence [Webb 1985, Pruess 1984]
The total population has an exponential growth (we obtain this from the sum
of the equations in the system (6.5))

(O + 04)N(a,t) = —u(a)N(a,t)

N(0,1) :/ b(a)N (a,t)da
0
The projected susceptible population is thus obtained.

(O + 04)S(a,t)/N(a,t) = (9 +8( o) )( t) ]SV((C;:?) (O +Na(aa)];7)(a, t)
7AS(CL7t) - ,LL(CL)S(CL,t) S’(a,t) —M(Q)N(a’t)
N

N(a,t) ~ N(a,t) (a,t)
)

(Oy + 0y)s(a,t) = —As(a,t
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Proceeding the same way, we obtain the projected system (6.7), which is inde-
pendent of population dynamics. The birth rate however appears in the boundary

conditions.
Define N(a, )b(a)
") = TN (0, t(a)da
the system reads,
(O + 0g)s(a,t) = —As(a,t)
s(0,t) = w— wu/o c(a, t)b(a)da
(Or + 0a)l(a,t) = As(a,t) —ol(a,t)
[(0,t) = l/w/o c(a,t)b(a)da
(O + 04)i(a,t) = ol(a,t) —yi(a,t) (6.7)
I(0,t) = 0
(Or + da)c(a,t) = q(M)ni(a,t) —y2c(a,t)
c(0,t) = 0
(8t + aa)T‘(CL, t) 726(a7 t) + (1 - Q(A))Vli(ch t)
r(0,t) = 1-w

6.3 Case without vertical transmission

Vertical transmission characterizes a situation where a fraction of newborns are born
positive of the disease, having been infected at birth. In this setting, the parameter
v defines this fraction. If v = 0, then we do not have vertical transmission. For such
a subcase (v = 0), we know from a general and similar case in [Inaba 1990| that
if the initial age distributions are in L' and are non-negative, then the solutions
exist globally, remain non-negative and stay in L'. The semi-group methods are
used to prove existence of solutions. The case of existence of solutions when ver-
tical transmission exists is also worked out in [Inaba 2006|, again using semi-group
methods.

6.3.1 Fixed point equation for A

The equilibrium dynamics of model (6.7) can be classified using a fixed point equa-
tion for the force of infection. The fixed point equation reads,

A = AG(A),

and its solutions represent the trivial(disease free) or the non-trivial(endemic) equi-
libriums of the system.
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A = 0 corresponds to the trivial solution, while solutions to 1 = G(A) correspond
to the endemic equilibrium solutions. Bi-stable scenario occurs when 1 = G(A) has
two endemic solutions.

We consider case without vertical transmission (v = 0). To evaluate A(t), one
needs solutions of i(a,t) and c(a,t). We use model (6.7) at its equilibrium and
assume no time dependance,

das(a) = —Ak(a)s(a)
s(0) = w
d
—-l(a) = Ak(a)s(a) - ol(a)
[(0) = 0
d . ;
%z(a) = ol(a) —ni(a) (6.8)
i(0) = 0
d .
%c(a) = q(AM)mi(a) — yac(a)
c0) =0
%r(a) = ’)/QC(G) + (1 - q(A))’)/l’L(a)
r0) = l1-w

and

A = [T a0+ acwyare)
0

- > N{a, t) i ac
- /0 8(6) iy (i) + ac(b)) b
_ /O p(B)BH){i(b) + ac(b)ydb (6.9)

To evaluate (6.9) for A, we make the following convenience transformation on
(6.8), 1 = I/A, i = i/A and & = ¢/A, removing A dependance in all equations
except s(a). Thus,

i~ ~

—la) = k(a)s(a) - ol(a)
1(0) = 0

d - - -

%z(a) = ol(a) —mi(a) (6.10)
i(0) = 0

Do) = (w0 +a(W)mila) —efa)
&0) = 0
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Remark 6.3.1 We define the operator K; : L}r — L}r : 7=12 and Kj : Ll+ —

Ry: j=1,2 st

v — Kiz] = /anxp{—’yl(a—ﬁ)}afoﬁ exp {—o(m — 1)} 2(r)drodr

v — Kol = /ah(a 72)/72 exp {—y1(rs — 71) }/ exp {—a(r1 — 70)} 2(r)drodridr,
v Kilal = k) [ 0O ()]

v Rofa] = k() /0 aB(B)p(b) K [2(7)] db

where h(a,2) = exp{—72(a — 12)} o71.

Hence the solutions

a) = w /O " exp {—(a—m)}o /O " exp {—o(m — 7o)} exp{—Aro}drodr
= wkK;lexp(—A7o)]

and

E(a) = wq(A) /Oah(a,Tg) /0T2 exp{—’yl(Tg—7'1)}1(7'0,7'1)d7'1d7'2
= wq(A)Kslexp(—ATy)]

where (79, 71) = [§" exp{—0(m1 — 70)} exp{—A7o}dro and replace the solutions
n (6.9) to obtain

A = / B(b)p(b) {wK 1 [exp{—Aro}] + ag(A)wKaexp{—Aro}]} db

= A {le [exp{—Am}] + aq(A)wK> [exp{—ATo}]}
=: AG(A) (6.11)

This is the characteristic equation for the force of infection. Any non-negative
root A of the characteristic equation corresponds to a stationary solution of the
epidemic model. There is always a solution A = 0 satisfying (6.11) that corresponds
to the trivial solution. In the center of our interest are endemic solutions, that is,
solutions A # 0. In this case, these are solutions satisfying G(A) =1 where,

G(A) = {wkilexp{~Amo}] + ag(A)wRslexp{~Am}] } (6.12)

The fixed point equation defines the next generation operator for the infec-
tive population and thus, if we set A = 0, then G(A)|p—o is defined as the Ba-
sic Replacement Ratio if the population is not under vaccination or the Net Re-
placement Ratio if there is vaccination [Thieme 2003]. We consider the following
theorem|Thieme 2003, Theorem 22.1, pp350].
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Theorem 6.3.1 If q(A) is chosen such that G(A) is unimodal for A € R+, then

G(A)=1 has two solutions if
(i) G(0) <1
(ii)) 3 A* >0, s.t. G(A*) > 1.
(i#) limp oo G(A) = 0

Lemma 6.3.2 For A € R,

A, G =0
Proof
lim GA) = lim {wfcl[exp{—mo}]+aq(A)wK2[exp{—ATo}]}
= Ah~>nolo {wIA(l[eXp{—ATo}]}—i-Alijréo {aq(A)wKQ[eXp{—ATO}]}
=0

This follows as K; Vi = 1,2 approaches zero exponentially fast as A — oco. This
is independent of the form of g(A).
O

Corollary 6.3.3 If conditions in theorem (6.3.1) hold, then the model (6.8) has two

endemic solutions if

(i) wKi[1] +wq(0)ak,[l] < 1,

i * ¥} < (1=G(0))+wKi[1—exp{—A*70}]+wq(0)aKs[1]
(i) IA* >0, s.t. q(A*) > ko[l cxp{_A*7o]

Proof
Since,
G(A) = {w[A(l lexp{—AT0}] + aq(A)wf(g[exp{—ATo}]} ,
then G(0) < 1 implies,
G(0) = wKi[1] + wq(0)aks[1] < 1.
If 3A*>0,st. G(A*) > 1, then,

G(A") = {wf(l[exp{—A*To}] + aq(A*)wKQ[exp{—A*Tg}]} >1

and we obtain the expression of condition (ii) from the expression of G(A*).
(]
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6.4 Case with vertical transmission

We consider the model (6.7) at its equilibrium, when vertical transmission occurs
at birth (v # 0), and denote

Q= wy /O ” (a)b(a)da.

d

%s(a) = —Ak(a)s(a)
s(0) = w—9Q

d

%l(a) = Ak(a)s(a) — ol(a)
10y = ©

Lita) = ol(a) ~mila) (6.13)
i(0) = 0

d .

J-cla) = a(M)ni(a) = ()
c(0) = 0

%r(a) = ’}/26((1) + (1 - Q(A))’ylz(a)
r(0) = 1-w

Assume "
K3 = 0/0 exp{—i(a — )} exp{—o7 }dn
and

Ky = 'yl/ exp{—72(a — 1) } K3drs.
0

hence the solutions

i(a) = /Oa h(a, ) {Q exp{—o71} + (w— Q) /071 exp{—o(m1 —710)} eXp{—AT(]}dT()} dm
= QK3+ (w — Q)Kl[exp(—ATo)]

where

h(a,m) =exp{—yi(a—71)}o
and

da) = ma(d) /0 " exp{—a(a — 1) Yi(ra)drs
— QMK + (w0 — Qg(A) Kafexp(—Ar)]
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Thus,
A = Ak | " BE)pb) Qs + (@ — Q) K exp(—Am)]) db
+Ak(a) /OOO B(b)p(d) (aQq(A) Ky + (w — Q)g(A) Ka[exp(—ATp)]) db

— Aw {f{l exp{—Amo}] + aq(A) Ko [exp{—ATQ}]}

+ A { Ky — Kilexp{-Aro}] + ag(A) (K1 — Kafexp{-An}]) }

(6.14)
However, we have additional information in
0 = wy/ c(a)b(a)da
0
= Awv / (Qq(AN) Ky + (w — Q)g(A) K [exp(—Am)]) b(a)da
0
= AQwrq(A)Ks + Awr(w — Q)g(A) Kglexp(—ATp)]
= AQurg(A) {K5 — Kglexp(—Amo)]} + Awrvg(A) Kglexp(—AT)]
(6.15)
where -
Ky = / Kib(a)da
0
and

K¢ := /OOO Kslexp(—Ary)]b(a)da.

6.4.1 Fixed point equation for A

We now have a two dimensional case fixed point equation, with A and the new
variable Q. From (6.14) and (6.15), we form an eigenvalue problem,

(8)-am(2) 010

A(A):[an au]

where

an = w { Kilexp{~Aro}] + ag(A) Kefexp{~Am}] |
ag = A {f(?, — KiJexp{—Amp}] + ag(A) (K; e [exp{—Am}]) }

a1 = WQVQ(A)KG[QXP(—Am”
age = Awrq(A) { K5 — Kglexp(—ATp)]}
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The eigen value problem (6.16) has a feasible solution (A*, *) which corresponds
to the eigen value 1.

Proposition 6.4.1 If A € Ry, then Q s well defined and positive for all

parameters.

Proof:

Consider two extreme cases of the model (6.13), one for which all newborns are
disease free, and another in which all newborns are infected by disease. We also
consider S(a) 4+ {(a) +i(a) + c(a) + r(a) = 1, hence ignore the equation for r(a).
All the components z = (s, 1,4, c,r)T of the system (6.13) are positive, i.e., z(a) > 0.

Case 1: Suppose w— =1, all newborns enter susceptible class. Then 2 = 0.

Tsola) = —Ak(a)so(a)
s0(0) = 1
Liofa) = Ak(@)sola) — lo(a)
h(0) = 0
Liota) = oloa) ~min(a) (6.17)
i0(0) = 0
d%Co(a) = q(A)mio(a) — y2c0(a)
c(0) = 0
Case 2: Suppose 2 =1 and w—Q =0. All newborns enter the latent class,
i) = —Ab(a)sio)
s1(0) = 0
L) = Ak(@s(a) — oli(o)
1(0) = 1
Lisa) = oh(@ —mis(a) (6.18)
i(0) = 0
Lol = aWmie) - el
c1(0) = 0

The general equation is given by

x =xzo(w— Q) + Qax;
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for all the components x = (s,1,4,¢,7)T. For example, if Q@ =0 and w—Q =1,
then x = xg. Similarly, if 2 =1 and w—Q =0, then = =z;.
Considering the equation for €2,

QO = wv /0 Ooc(a)l;(a)da

= wu /0 Oo{co(a)(w — Q) + Qcy(a) }b(a)da

_ wzzofooo co(a)ls(a)daA (6.19)
1+wv [y (co(a) — ci(a))b(a)da

The numerator in (6.19) is positive, but we however need to investigate the
denominator. If 0 < ¢g(a),c1(a) < 1, ¢o(a) > 0, we have co(a) — ci(a) >
—ci(a) > —1. Hence, for ¢i(a) <1,

1+wr /Ooo(co(a) —c1(a)b(a)da > 1—wv /000 c1(a)b(a)da
> 1—wvr /00 b(a)da
0
= 1—wy; /oo b(a)da = 1.
> 0 ’

Hence € is positive and well defined over all parameter values.

Remark 6.4.1 From lemma (6.5.2), we know that

lim G(A) = 0,

A—oo
hence

lim Gi(A) = lim {G(A){I—Q}+XA} = 0.

A—oo w

Proposition 6.4.2 Bi-stability. Consider the eigen value problem (6.16). A =
0 satisfies the eigen value problem and corresponds to a trivial solution of model
(6.7). Otherwise, there exists an equation G1(A) = 1 defined by equation (6.21)
whose solutions corresponds to a non-trivial solution of model (6.7). G1(A) = 1,

can only have more than one non-trivial solution if w—Q s increasing in A and

G1(A) =1 satisfies conditions of G(A) =1 in theorem (6.3.1)
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Proof:

Suppose G1(\)1 statisfies conditions of theorem (6.3.1), then two non-trivial
solutions can occur. We proceed to prove that if w — € is decreasing, then we can
only have one non-trivial (endemic) solution utmost.

A = / " p)BO)(b) + ac(b))db

0
- / (0)B(b) (wio(b) + Qio(b) — io(b)) + aweo(b) + af(co(b) — co(b))db
- w(in(b) + aco(b)) + Q(io(b) — i1(b)) + a(co(b) — e1(b))]}db

. p
/0 T pmBm){(
/0 " p(B)AB) (wio(b) + aco())db + € /0 T pB)BO)(io(b) — i1(5)) + aleo(b) — ca(b))]db
AG(A)

w?v [ co(a)b(a)da o0 C By e (B) — ¢
o TR 0) — o (@)l | r®B0G00) — 1:0) + aleoft) - e )
— AG(A) — - (1_W)+W}}o(l_q(a))i)(a)da (AG(A)jw — A) (6.20)
wv [° co(a)b(a)da

The fixed point equation (6.20) has a solution A =0 or solutions A¥ satisfying,

1= G(A) {1 - 2} + %A = G (A) (6.21)
where
G - | " D)8 (@ (in(b) + aco(b))db
Q B w
ATy
and

A= / BB [in(b) + 1 (b) b,
0

Note that ¢p(a) is monotonously decreasing in A and ¢j(a) does not depend
on A. Hence /A is decreasing in A.

If ¢(A) independent of A, then G(A) is monotonously decreasing in A.

G1(A) =1 has two solutions if

is increasing in  A. O
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We therefore reach the following conclusion. An increasing (w — §2) implies an
increase in the newborns who join the susceptible class. If we limit the increase
in (w—Q), then we reduce the possibility of two non-trivial solutions and by im-
plication, no chances of bistable scenario. The possibility of reducing entry into
susceptible class is through mass infant vaccination. In epidemiological terms, re-
ducing the size of the susceptible class or entry into the susceptible class implies
in the long run, that we will have reduced the numbers of individuals who can get
infected (and hence individual who develop carriage) in the population.

The phenomenon of bi-stability for Hepatitis B model has been studied by Med-
ley [Medley 2001] in a model without age structure. Medley [Medley 2001] observes
that hyper-endemic populations, with high carrier prevalence are likely to exhibit
bi-stable dynamics. We try to extend his arguments to an age structured model to
further observe the causes of bi-stability. We note in the case when no vertical trans-
mission is present in the model (v = 0), that ¢(A) which represents the probability
of infected individuals moving on to carrier state, is solely responsible for possible
occurrence of bi-stability. If ¢(A) does not depend on A, then bi-stability cannot
occur as the equation G(A) =1 can have only one solution in the maximum.

In line with results in literature and our results from the case without vertical
transmission, we intended to show that even in the case with vertical transmission,
bi-stability may result from effect of an additional force of infection, such as the
situation caused by presence of carriers in Hepatitis B transmission. However, re-
sults for the case with vertical transmission show that other than just the role of
carriers, the number of susceptibles in a population also plays a significant role. The
arguments are complimentary and not contradictory.



CHAPTER 7

Discussion and Prospects.

Section A.
Stability analysis for periodic driven systems is done using standard tool of

Floquet theory. The averaging behavior that characterizes stability in the case of

Floquet theory, may be its shortcoming in dealing with childhood related diseases.
Most childhood related diseases such as measles have short span of outbreaks, some
outbreaks small especially in the post vaccination era and availability of treatment.

We conjecture that stability analysis that returns an instantaneous stability criterion

is more useful for control of childhood diseases than the orbital stability criterion.
We show this through the simulations at the end of the first section.

We note some prospects of research based on this work:

(1)

The work in this section involved an analysis of an SIR model with vaccination
in periodic settings. The analysis was carried out on a manifold I(t) = 0.

This scenario is true for the developed world where most childhood diseases are
almost extinct or affect a very small population of people if at all. A measles
epidemic would not affect more than 100 individuals before it is controlled.
The scenario is different in a developing country; this assumption would not
be realistic. It requires assuming an infective population that is non-zero, at
least at an initial time.

The optimal control problems were derived from Stability analysis conditions.
The idea is that a successful vaccination campaign should ensure the disease
is minimized or eradicated in a population. This is equivalent to the stabil-
ity of the disease free state. Hence we derived conditions for stability of the
disease free state, and used these conditions to define optimal control prob-
lems for vaccination. The technique we used to solve the control problems
involved deriving a set of solutions( & ) that guarantees existence of optimal
solutions. Since the set has infinitely many solutions, we derived candidate
optimal solution strategies that belong to this set of solutions.

The optimal control problem derived from Orbital stability turns out to be
a fine classical optimal control problem, "A Pontryagin Maximum Principle
Optimal control problem with a singular arc with infinite local order." We did
not tackle the problem fully in this direction and hence, one would wish to go
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further using any classical techniques of handling such problems available in
literature.

The optimal control problems derived from the instantaneous stability case
does not fit into the classical methods as it involves controlling a supremum of
a function. It would require certain modifications on the problem to fit it into
any classical form, hence seek optimal solutions using classical techniques.

Section B.

The phenomenon of bi-stability for Hepatitis B model has been observed by
Medley[Medley 2001] in a model without age structure. The main result in Medley’s
paper is that hyper-endemic populations, with high carrier prevalence are likely to
exhibit bi-stable dynamics. This results concur with our case for a scenario when
no vertical transmission is present in the model(r = 0). We observe that if the
probability of development of carriage ¢(A) does not depend on force of infection
A, then G(A) =1 has only one solution in the maximum, implying no bi-stability.

In line with these results, we chose, in the case when vertical transmission is
allowed for, to prove the following conjecture:

Remark 7.0.2 conjecture Bi-stability can only be realized in the model when there
is an additional influence of force of infection ot later steps of disease progression

other than at the first step of contact between susceptible and infected individuals.

We expected that,

1. If q(A(t)) :=the rate of development of carriers, does not depend on force of

infection A(t), then we cannot have a bi-stable scenario.

2. We conjecture that there is a A-dependent function q(A) that leads to multiple

equilibria.

3. Vertical transmission helps to reinforce the occurrence of a bi-stable condition.

The proof is not complete with similar results. We however found out that w —
which is a boundary condition into the susceptible class, plays the key role in bi-
stability.
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